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Introduction

In the last three decades or so, important questions in distinct areas of
mathematics such as the local analytic dynamics, the study of analytic
partial differential equations, the classification of geometric structures
(e.g. moduli for holomorphic foliations), or the semi-classical analysis of
Schrodinger equation have necessitated in a crucial way to handle deli-
cate asymptotics, with the formal series involved being generally diver-
gent, displaying specific growth patterns for their coefficients, namely
of Gevrey type. The modern study of Gevrey asymptotics, for questions
originating in geometry or analysis, goes together with an investigation of
rich underlying algebraic concepts, revealed by the application of Borel
resummation techniques.

Specifically, the study of the Stokes phenomenon has had spectacular
recent applications in questions of integrability, in dynamics and PDEs.
Some generalized form of Borel summation has been developed to han-
dle the relevant structured expansions — named transseries — which mix
series, exponentials and logarithms; these formal objects are in fact ubiq-
uitous in special function theory since the 19th century.

Perturbative Quantum Field Theory is also a domain where recent ad-
vances have been obtained, for series and transseries which are of a to-
tally different origin from the ones met in local dynamics and yet display
the same sort of phenomena with, strikingly, the very same underlying
algebraic objects.

Hopf algebras, e.g. with occurrences of shuffle and quasishuffle prod-
ucts that are important themes in the algebraic combinatorics community,
appear now natural and useful in local dynamics as well as in pQFT. One
common thread in many of the important advances for these questions
is the concept of resurgence, which has triggered substantial progress in
various areas in the near past.

An international conference took place on October 12th — October
16th, 2009, at the Centro di Ricerca Matematica Ennio De Giorgi, in
Pisa, to highlight recent achievements along these ideas.



Here is a complete list of the lectures delivered during this event:

Carl Bender, Complex dynamical systems
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David Broadhurst, Multiple zeta values in quantum field theory

Jean Ecalle, Four recent advances in resummation and resurgence theory
Adam Epstein, Limits of quadratic rational maps with degenerate
parabolic fixed points of multiplier €™ — 1

Gérard Tooss, On the existence of quasipattern solutions of the Swift-
Hohenberg equation and of the Rayleigh-Benard convection problem
Shingo Kamimoto, On a Schrodinger operator with a merging pair of a
simple pole and a simple turning point, I: WKB theoretic transformation
to the canonical form

Tatsuya Koike, On a Schrodinger operator with a merging pair of a sim-
ple pole and a simple turning point, I1: Computation of Voros coefficients
and its consequence

Dirk Kreimer, An analysis of Dyson Schwinger equations using Hopf
algebras

Joel Lebowitz, Time asymptotic behavior of Schrodinger equation of
model atomic systems with periodic forcings: to ionize or not
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Emmanuel Paul, Moduli space of foliations and curves defined by a
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Javier Ribon, Multi-summability of unfoldings of tangent to the identity
diffeomorphisms
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and Borel summability
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Saleh Tanveer, Borel summability methods applied to PDE initial value
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Jean-Yves Thibon, Noncommutative symmetric functions and combina-
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The present volume, together with a second one to appear in the same col-
lection, contains five contributions of invited speakers at this conference,
reflecting some of the leading themes outlined above.

We express our deep gratitude to the staff of the Scuola Normale Supe-
riore di Pisa and of the CRM Ennio de Giorgi, in particular to the Director
of the CRM, Professor Mariano Giaquinta, for their dedicated support in
the preparation of this meeting; all participants could thus benefit of the
wonderful and stimulating atmosphere in these institutions and around
Piazza dei Cavalieri. We are also very grateful for the possibility to
publish these two volumes in the CRM series. We acknowledge with
thankfulness the support of the CRM, of the ANR project “Resonances”,
of Université Paris 11 and of the Gruppo di Ricerca Europeo Franco-
Italiano: Fisica e Matematica, with also many thanks to Professor Jean-
Pierre Ramis. All our recognition for the members of the Scientific Board
for the conference: Professors Louis Boutet de Monvel (Univ. Paris 6),
Dominique Cerveau (Univ. Rennes), Takahiro Kawai (RIMS, Kyoto) and
Stefano Marmi (SNS Pisa).

Pisa, January 2011

Ovidiu Costin, Frédéric Fauvet,
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Complex elliptic pendulum

Carl M. Bender, Daniel W. Hook and Karta Singh Kooner

Abstract. This paper briefly summarizes previous work on complex classical
mechanics and its relation to quantum mechanics. It then introduces a previously
unstudied area of research involving the complex particle trajectories associated
with elliptic potentials.

1 Introduction

In generalizing the real number system to the complex number system
one loses the ordering property. (The inequality z; < z, is meaningless
if z;, zo € C.) However, extending real analysis into the complex do-
main is extremely useful because it makes easily accessible many of the
subtle features and concepts of real mathematics. For example, complex
analysis can be used to derive the fundamental theorem of algebra in just
a few lines. (The proof of this theorem using real analysis alone is long
and difficult.) Complex analysis explains why the Taylor series for the
function f(x) =1/ (1 + xz) converges in the finite domain —1 < x < 1
even though f(x) is smooth for all real x.

This paper describes and summarizes our ongoing research program to
extend conventional classical mechanics to complex classical mechan-
ics. In our exploration of the nature of complex classical mechanics
we have examined a large class of analytic potentials and have discov-
ered some remarkable phenomena, namely, that these systems can ex-
hibit behavior that one would normally expect to be displayed only by
quantum-mechanical systems. In particular, in our numerical studies we
have found that complex classical systems can exhibit tunneling-like be-
havior.

Among the complex potentials we have studied are periodic potentials,
and we have discovered the surprising result that such classical potentials
can have band structure. Our work on periodic potentials naturally leads



us to study the complex classical mechanics of doubly-periodic poten-
tials. We have chosen to examine elliptic potentials because such func-
tions are analytic and thus have well-defined complex continuations. This
is a rich and previously unexplored area of mathematical physics, and in
the current paper we report some new discoveries.

This paper is organized as follows: In Section 2 we give a brief review
of complex classical mechanics focusing on the complex behavior of a
classical particle in a periodic potential. In Section 3 we describe the
motion of a particle in an elliptic-function potential. Finally, in Section 4
we make some concluding remarks and describe the future objectives of
our research program.

ACKNOWLEDGEMENTS. CMB is grateful to Imperial College for its
hospitality and to the U.S. Department of Energy for financial support.
DWH thanks Symplectic Ltd. for financial support. Mathematica was
used to generate the figures in this paper.

2 Previous results on complex classical mechanics

During the past decade there has been an active research program to ex-
tend quantum mechanics into the complex domain. Specifically, it has
been shown that the requirement that a Hamiltonian be Dirac Hermitian
(we say that a Hamiltonian is Dirac-Hermitian if H = H', where T repre-
sents the combined operations of complex conjugation and matrix trans-
position) may be broadened to include complex non-Dirac-Hermitian
Hamiltonians that are P7 symmetric. This much wider class of Hamil-
tonians is physically acceptable because these Hamiltonians possess two
crucial features: (i) their eigenvalues are all real, and (ii) they describe
unitary time evolution. We say that a Hamiltonian is P7 symmetric if it
is invariant under combined spatial reflection P and time reversal 7 [1].

An example of a class of Hamiltonians that is not Dirac Hermitian but
which is P7 symmetric is given by

H = p* + x*(ix)¢ (€ > 0). (2.1)

When € = 0, H, which represents the familiar quantum harmonic oscil-
lator, is Dirac Hermitian. While H is no longer Dirac Hermitian when
€ increases from 0, H continues to be P7 symmetric, and its eigen-
values continue to be real, positive, and discrete [2—11]. Because a P7 -
symmetric quantum system in the complex domain retains the fundamen-
tal properties required of a physical quantum theory, much theoretical



research on such systems has been published and recent experimental
observations have confirmed some theoretical predictions [12-15].

Complex quantum mechanics has proved to be so interesting that the
research activity on P7 quantum mechanics has motivated studies of
complex classical mechanics. In the study of complex systems the com-
plex as well as the real solutions to Hamilton’s differential equations of
motion are considered. In this generalization of conventional classical
mechanics, classical particles are not constrained to move along the real
axis and may travel through the complex plane.

Early work on the particle trajectories in complex classical mechan-
ics is reported in [4, 16]. Subsequently, detailed studies of the complex
extensions of various one-dimensional conventional classical-mechanical
systems were undertaken: The remarkable properties of complex classi-
cal trajectories are examined in [17-21]. Higher dimensional complex
classical-mechanical systems, such as the Lotka-Volterra equations for
population dynamics and the Euler equations for rigid body rotation are
discussed in [22]. The complex P7 -symmetric Korteweg-de Vries equa-
tion has also been studied [23-29].

The objective in extending classical mechanics into the complex do-
main is to enhance our understanding of subtle mathematical and physi-
cal phenomena. For example, it was found that some of the complicated
properties of chaotic systems become more transparent when extended
into the complex domain [30]. Also, studies of exceptional points of
complex systems have revealed interesting and potentially observable ef-
fects [31,32]. Finally, recent work on the complex extension of quantum
probability density constitutes an advance in our understanding of the
quantum correspondence principle [33].

An elementary example that illustrates the extension of a conventional
classical-mechanical system into the complex plane is given by the clas-
sical harmonic oscillator, whose Hamiltonian is given in (2.1) withe = 0.
The standard classical equations of motion for this system are

x=2p, p=-—2x. 2.2)

However, we now treat the coordinate variable z(¢) and the momentum
variable p(t) to be complex functions of time ¢. That is, we consider this
system to have one complex degree of freedom. Thus, the equations of
motion become

F=2u, §=2v, i=-2r, ¥=—2s, 2.3)

where the complex coordinate is x = r 4 is and the complex momentum
is p = u + iv. For a particle having real energy E and initial position



r(0) =a > ~E, s(0) = 0, the solution to (2.3) is

r(t) = acos(2t), s(t) = va*— Esin(2¢). (2.4)

Thus, the possible classical trajectories are a family of ellipses param-
etrized by the initial position a:

r2 S2

—+
a? a*>—E

= 1. (2.5)

Five of these trajectories are shown in Figure 2.1. Each trajectory has the
same period T = m. The degenerate ellipse, whose foci are the turning
points at x = =++/E, is the familiar real solution. Note that classical
particles may visit the real axis in the classically forbidden regions |x| >
VE, but that the elliptical trajectories are orthogonal rather than parallel
to the real-x axis.

Imix)

- Reix)

Figure 2.1. Classical trajectories in the complex plane for the harmonic-
oscillator Hamiltonian H = p? 4 x2. These trajectories are nested ellipses.
Observe that when the harmonic oscillator is extended into the complex-x do-
main, the classical particles may pass through the classically forbidden regions
on the real axis outside the turning points. When the trajectories cross the real
axis, they are orthogonal to it.

In general, when classical mechanics is extended into the complex do-
main, classical particles are allowed to enter the classically forbidden
region. However, in the forbidden region there is no particle flow paral-
lel to the real axis and the flow of classical particles is orthogonal to the
axis. This feature is analogous to the vanishing flux of energy in the case
of total internal reflection.



In the case of total internal reflection when the angle of incidence is
less than a critical value, there is a reflected wave but no transmitted
wave. The electromagnetic field does cross the boundary and this field is
attenuated exponentially in a few wavelengths beyond the interface. Al-
though the field does not vanish in the classically forbidden region, there
is no flux of energy; that is, the Poynting vector vanishes in the classically
forbidden region beyond the interface. We emphasize that in the physical
world the cutoff at the boundary between the classically allowed and the
classically forbidden regions is not perfectly sharp. For example, in clas-
sical optics it is known that below the surface of an imperfect conductor,
the electromagnetic fields do not vanish abruptly. Rather, they decay ex-
ponentially as functions of the penetration depth. This effect is known as
skin depth [34].

Another model that illustrates the properties of the classically allowed
and classically forbidden regions is the anharmonic oscillator, whose
Hamiltonian is

H=1p*+x*. (2.6)

For this Hamiltonian there are four turning points, two on the real axis
and two on the imaginary axis. When the energy is real and positive, all
the classical trajectories are closed and periodic except for two special
trajectories that begin at the turning points on the imaginary axis. Four
trajectories for the case E = 1 are shown in Figure 2.2.

The topology of the classical trajectories changes dramatically if the
classical energy is allowed to be complex: When Im E # 0, the classical
paths are no longer closed. This feature is illustrated in Figure 2.3, which
shows the path of a particle of energy £ = 1 + 0.1/ in an anharmonic
potential.

The observation that classical orbits are closed and periodic when the
energy is real and open and nonperiodic when the energy is complex
was made in [22] and studied in detail in [35]. In these references it is
emphasized that the Bohr-Sommerfeld quantization condition

fdxp:(nJr%)n (2.7)
C

can only be applied if the classical orbits are closed. Thus, there is a deep
connection between real classical energies and the existence of associated
real quantum eigenvalues.

It was further argued in [35] that the measurement of a quantum energy
is inherently imprecise because of the time-energy uncertainty principle
AE At Z h/2. Specifically, since there is not an infinite amount of time
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Re x

Figure 2.2. Classical trajectories x(¢) in the complex-x plane for the an-
harmonic-oscillator Hamiltonian H = % p* + x*. All trajectories represent a
particle of energy E = 1. There is one real trajectory that oscillates between
the turning points at x = =1 and an infinite family of nested complex tra-
jectories that enclose the real turning points but lie inside the imaginary turn-
ing points at i. (The turning points are indicated by dots.) Two other tra-
jectories begin at the imaginary turning points and drift off to infinity along
the imaginary-x axis. Apart from the trajectories beginning at +i, all trajec-
tories are closed and periodic. All orbits in this figure have the same period

JA2T (}T)/r (g) —3.70815...

Im x

Figure 2.3. A single classical trajectory in the complex-x plane for a particle
governed by the anharmonic-oscillator Hamiltonian H = % p*+x*. This trajec-
tory begins at x = 1 and represents the complex path of a particle whose energy
E =1+ 0.1i is complex. The trajectory is not closed or periodic. The four
turning points are indicated by dots. The trajectory does not cross itself.



in which to make a quantum energy measurement, we expect that the un-
certainty in the energy A E is nonzero. If we then suppose that this uncer-
tainty has an imaginary component, it follows that in the corresponding
classical theory, while the particle trajectories are almost periodic, the or-
bits do not close exactly. The fact that the classical orbits with complex
energy are not closed means that in complex classical mechanics one can
observe tunneling-like phenomena that one normally expects to find only
in quantum systems.

We illustrate such tunneling-like phenomena by considering a particle
in a quartic double-well potential V (x) = x* — 5x2. Figure 2.4 shows
eight possible complex classical trajectories for a particle of real energy
E = —1. Each of these trajectories is closed and periodic. Observe that
for this energy the trajectories are localized either in the left well or the
right well and that no trajectory crosses from one side to the other side of
the imaginary axis.

Im x

]

Re x

Figure 2.4. Eight classical trajectories in the complex-x plane representing a
particle of energy E = —1 in the potential x* — 5x2. The turning points are
located at x = £2.19 and x = £0.46 and are indicated by dots. Because the
energy is real, the trajectories are all closed. The classical particle stays in either
the right-half or the left-half plane and cannot cross the imaginary axis. Thus,
when the energy is real, there is no effect analogous to tunneling.

What happens if we allow the classical energy to be complex [36]? In
this case the classical trajectory is no longer closed. However, it does
not spiral out to infinity like the trajectory shown in Figure 2.3. Rather,
the trajectory in Figure 2.5 unwinds around a pair of turning points for a
characteristic length of time and then crosses the imaginary axis. At this
point the trajectory does something remarkable: Rather than continuing
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Figure 2.5. Classical trajectory of a particle moving in the complex-x plane un-
der the influence of a double-well x* — 5x? potential. The particle has complex
energy E = —1 — i and thus its trajectory does not close. The trajectory spirals
outward around one pair of turning points, crosses the imaginary axis, and then
spirals inward around the other pair of turning points. It then spirals outward
again, crosses the imaginary axis, and goes back to the original pair of turning
points. The particle repeats this behavior endlessly but at no point does the tra-
jectory cross itself. This classical-particle motion is analogous to the behavior
of a quantum particle that repeatedly tunnels between two classically allowed
regions. Here, the particle does not disappear into the classically forbidden re-
gion during the tunneling process; rather, it moves along a well-defined path in
the complex-x plane from one well to the other.

its outward journey, it spirals inward towards the other pair of turning
points. Then, never crossing itself, the trajectory turns outward again,
and after the same characteristic length of time, returns to the vicinity of
the first pair of turning points. This oscillatory behavior, which shares the
qualitative characteristics of strange attractors, continues forever but the
trajectory never crosses itself. As in the case of quantum tunneling, the
particle spends a long time in proximity to a given pair of turning points
before crossing the imaginary axis to the other pair of turning points.
On average, the classical particle spends equal amounts of time on either
side of the imaginary axis. Interestingly, we find that as the imaginary
part of the classical energy increases, the characteristic “tunneling” time



decreases in inverse proportion, just as one would expect of a quantum
particle.

Having described the tunneling-like behavior of a classical particle
having complex energy in a double well, we examine the case of such
a particle in a periodic potential. Physically, this corresponds to a clas-
sical particle in a crystal lattice. A simple physical system that has a
periodic potential consists of a simple pendulum in a uniform gravita-
tional field [37]. Consider a pendulum consisting of a bob of mass m and
a string of length L in a uniform gravitational field of magnitude g (see
Figure 2.6). The gravitational potential energy of the system is defined
to be zero at the height of the pivot point of the string. The pendulum
bob swings through an angle 6. Therefore, the horizontal and vertical
cartesian coordinates X and Y are X = Lsinf and Y = —L cos 6, which
gives velocities X = LOsin@ and ¥ = —L#@ cos . The potential and ki-
netic energies are V = —mgLcosf and T = im(X> + Y?) = ImL?0".
The Hamiltonian H = T + V for the pendulum is therefore

H = ImL*?* —mgL cos6. (2.8)

Figure 2.6. Configuration of a simple pendulum of mass m in a uniform gravi-
tational field of strength g. The length of the string is L. The pendulum swings
through an angle 8. We define the potential energy to be O at the height of the
pivot.

Without loss of generality we setm = 1, g = 1, and L = 1 and then
make the change of variable 8 — x to get

H = %pz — Ccosx, (2.9)

where p = x. The classical equations of motion for this Hamiltonian are
. 0H . oH .

X =p, p= = —sinux. (2.10)

~op “ox
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The Hamiltonian H for this system is a constant of the motion and thus
the energy E is a time-independent quantity.

If we take the energy E to be real, we find that the classical trajectories
are confined to cells of horizontal width 27, as shown in Figure 2.7. This
is the periodic analog of Figures 2.1 and 2.2.

Figure 2.7. Classical trajectories in the complex-x plane for a particle of energy
E = —0.09754 in a — cos x potential. The motion is periodic and the particle
remains confined to a cell of width 2. Five trajectories are shown for each cell.
The trajectories shown here are the periodic analogs of the trajectories shown in
Figures 2.1 and 2.2.

If the energy of the classical particle in a periodic potential is taken to be
complex, the particle begins to hop from well to well in analogy to the
behavior of the particle in Figure 2.5. This hopping behavior is displayed
in Figure 2.8.

Im[X]

A= )
- - -
> - -
»- - -
|

Figure 2.8. A tunneling trajectory for the Hamiltonian (2.9) with E = 0.1 —
0.15:i. The classical particle hops from well to well in a random-walk fashion.
The particle starts at the origin and then hops left, right, left, left, right, left,
left, right, right. This is the sort of behavior normally associated with a particle
in a crystal at an energy that is not in a conduction band. At the end of this
simulation the particle is situated to the left of its initial position. The trajectory
never crosses itself.

The most interesting analogy between quantum mechanics and complex
classical mechanics is established by showing that there exist narrow con-
duction bands in the periodic potential for which the quantum particle
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exhibits resonant tunneling and the complex classical particle exhibits
unidirectional hopping [35,38]. This qualitative behavior is illustrated in
Figure 2.9.

RelX]

, M W Em I mEw wes W EEE S & Im[X]

e

Figure 2.9. A classical particle exhibiting a behavior analogous to that of a
quantum particle in a conduction band that is undergoing resonant tunneling.
Unlike the particle in Figure 2.8, this classical particle tunnels in one direction
only and drifts at a constant average velocity through the potential.

A detailed numerical analysis shows that the classical conduction bands
have a narrow but finite width (see Figure 2.10). Two magnified portions
of the conduction bands in Figure 2.10 are shown in Figure 2.11. These

Im[E]

-10 -05 0.0 05

Figure 2.10. Complex-energy plane showing those energies that lead to tunnel-
ing (hopping) behavior and those energies that give rise to conduction. Hopping
behavior is indicated by a hyphen - and conduction is indicated by an X. The
symbol & indicates that no tunneling takes place; tunneling does not occur for
energies whose imaginary part is close to 0. In some regions of the energy plane
we have done very intensive studies and the X’s and -’s are densely packed.
This picture suggests the features of band theory: If the imaginary part of the
energy is taken to be —0.9, then as the real part of the energy increases from —1
to +1, five narrow conduction bands are encountered. These bands are located
near Re E = —0.95, —0.7, —0.25, 0.15, 0.7. This picture is symmetric about
Im E = 0 and the bands get thicker as |Im E| increases. A total of 68689 points
were classified to make this plot. In most places the resolution (distance between
points) is 0.01, but in several regions the distance between points is shortened to
0.001. The regions indicated by arrows are blown up in Figure 2.11.
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magnifications show that the edges of the conduction bands are sharply
defined.

Im[E]
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Figure 2.11. Detailed portions of the complex-energy plane shown in Fig-
ure 2.10 containing a conduction band. Note that the edge of the conduction
band, where tunneling (hopping) behavior changes over to conducting behavior,
is very sharp.

3 Classical particle in a complex elliptic potential

Having reviewed in Section 2 the behavior of complex classical trajecto-
ries for trigonometric potentials, in this section we give a brief glimpse of
the rich and interesting behavior of classical particles moving in elliptic
potentials. Elliptic potentials are natural doubly-periodic generalizations
of trigonometric potentials.
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The Hamiltonian that we have chosen to study is a simple extension of
that in (2.9):
H = 1p* —Cn(x, k), 3.1

where Cn(x, k) is a cnoidal function [39,40]. When the parameter kK = 0,
the cnoidal function reduces to the singly periodic function cosx and
when k& = 1, the cnoidal function becomes tanh x. When 0 < k£ < 1, the
cnoidal function is periodic in both the real and imaginary directions and
it is meromorphic (analytic in the finite-x plane except for pole singular-
ities) and has infinitely many simple poles. The real part of the cnoidal
potential Cn(x, k) is plotted in Figure 3.1.

N

BO{
T
Cn(x.k) g #
=30\
<

B ]

,'//2: cnixkigl 4 e ¥
. /Ulnuzn 2z
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Figure 3.1. Real part of the cnoidal elliptic function Cn(x, k) in the complex-
x plane for two values of k, k = 0 and k = 1/5. When k£ = 0, this cnoidal
function reduces to the trigonometric function cosx, and this function grows
exponentially in the imaginary-x direction. When k£ > 0, the cnoidal function is
doubly periodic; that is, periodic in the real-x and in the imaginary-x directions.
While cos x is entire, the cnoidal functions for k& # 0 are meromorphic and have
periodic simple poles.

The classical particle trajectories satisfy Hamilton’s equations

. 0H
X = — = )
ap P
) OH
p=-p-= —Sn(x, k)Dn(x, k). (3.2)
X

The trajectories for £ > 0 are remarkable in that the classical particles
seem to prefer to move vertically rather than horizontally. In Figure 3.2
a trajectory, similar to that in Figure 2.8, is shown for the case k = 0.
This trajectory is superimposed on a plot of the real part of the cosine
potential. The particle oscillates horizontally. In Figure 3.3 a complex
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trajectory for the case k = 1/5 is shown. This more exotic path escapes
from the initial pair of turning points, and rather than ”tunneling” to a
horizontally adjacent pair of turning points, it travels downward. The en-
suing wavy vertical motion passes close to many poles before the particle
gets captured by another pair of turning points. The particle winds in-
wards and outwards around these turning points and eventually returns
to the original pair of turning points. After escaping from these turning
points again, the particle now moves in the positive-imaginary direction.

k=0

"
o
"
-

Imaxi

Retx)

Figure 3.2. Complex classical trajectory for a particle of energy E = 0.5+0.05{
in a cosine potential (a cnoidal potential with & = 0). The trajectory begins at
the red dot at x = 0.5i on the left side of the figure and spirals outward around
the left pair of turning points. The trajectory then “tunnels” to the right and
spirals inward and then outward around the right pair of turning points. In the
background is a plot of the real part of the cosine potential, which is shown in
detail in Figure 3.1.

It is clear that classical trajectories associated with doubly periodic poten-
tials have an immensely interesting structure and should be investigated
in much greater detail to determine if there is a behavior analogous to
band structure shown in Figures 2.10 and 2.11.
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Figure 3.3. Complex classical trajectory for a particle of energy E = 0.5+0.05i
in a cnoidal potential with k = 1/5. The trajectory begins at the red dot at
x = 0.5i near the top of the central pane. The trajectory spirals outward around
the two turning points and, when it gets very close to a pole, it suddenly be-
gins to travel downward in a wavy fashion in the negative-imaginary direction.
The trajectory bobs and weaves past many simple poles and continues on in
the left pane of the figure. It eventually gets very close to a simple pole, gets
trapped, and spirals inward towards a pair of turning points. After spiraling in-
wards, it then spirals outwards (never crossing itself) and goes upward along
a path extremely close to the downward wavy path. It is then recaptured by
the original pair of turning points in the central pane. After spiraling inwards
and outwards once more it now escapes and travels upward, bobbing and weav-
ing along a wavy path in the right pane of the figure. Evidently, the particle
trajectory strongly prefers to move vertically upward and downward, and not
horizontally. The vertical motion distinguishes cnoidal trajectories from those
in Figures 2.8, 2.9, and 3.2 associated with the cosine potential.

4 Summary and discussion

The relationship between quantum mechanics and classical mechanics
is subtle. Quantum mechanics is essentially wavelike; probability ampli-
tudes are described by a wave equation and physical observations involve
such wavelike phenomena as interference patterns and nodes. In contrast,
classical mechanics describes the motion of particles and exhibits none
of these wavelike features. Nevertheless, there is a deep connection be-
tween quantum mechanics and complex classical mechanics. In the com-
plex domain the classical trajectories exhibit a remarkable behavior that
is analogous to quantum tunneling.

Periodic potentials exhibit a surprising and intricate feature that closely
resembles quantum band structure. It is especially noteworthy that the
classical bands, just like the quantum bands, have finite width.
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Our early work on singly periodic potentials strongly suggests that
further detailed analysis should be done on doubly periodic potentials.
Doubly periodic potentials are particularly interesting because they have
singularities. Two important and so far unanswered questions are as fol-
lows: (i) Does a complex classical particle in a doubly periodic potential
undergo a random walk in two dimensions and eventually visit all lattice
sites? (ii) Are there special bands of energy for which the classical parti-
cle no longer undergoes random hopping behavior and begins to drift in
one direction through the lattice?
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Parabolic attitude

Filippo Bracci

Abstract. Being parabolic in complex dynamics is not a state of fact, but it is
more an attitude. In these notes we explain the philosophy under this assertion.

1 Introduction

The word “dynamics” is one of the most used in mathematics. Here we
use it in the sense of local discrete holomorphic dynamics, namely, the
study of iterates of a germ of a holomorphic map in C”, n > 1 near a fixed
point. Aside from its own interest, the study of such dynamics is useful
to understand global dynamics of foliations or vector fields (considering
the germ as the holonomy on a compact leaf). Although the germ might
be non-invertible, here we will concentrate only on holomorphic diffeo-
morphisms.

Let F denote such a germ of holomorphic diffeomorphism in a neigh-
borhood of the origin 0 in C". As expected, the dynamical behavior of the
sequence of iterates {F°?},cn of F in a neighborhood of 0 is described at
the first order by the dynamics of its differential d F. In fact, depending
on the eigenvalues Aq, ..., A, of dFp, in some cases both dynamics are
the same.

The so-called “hyperbolic case” is the generic case, that is, when none
of the eigenvalues is of modulus 1. In this case the map is topolog-
ically conjugate to its differential (by the Hartman-Grobman theorem
[21,22,27]) and the dynamics is then completely clear. In case the eigen-
values have either all modulus strictly smaller than one or all strictly
greater than one, then the origin is an attracting or respectively repelling
fixed point for an open neighborhood of 0. Also, by the stable/unstable
manifold theorem, there exists a holomorphic (germ of) manifold invari-
ant under F' and tangent to the sum of the eigenspaces of those A ;’s such
that [A;| < 1 (respectively |X;| > 1) which is attracted to (respectively
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repelled from) 0. However, already in case when all eigenvalues have
modulus different from 1, holomorphic linearization is not always pos-
sible due to the presence of resonances among the eigenvalues (see, for
instance, [7, Chapter IV]).

The “non-hyperbolic case” is the most interesting from a dynamical
point of view. In dimension one, F(z) = Az + ... and |A| = 1, the
dynamics depends on the arithmetic properties of A. Namely, if A is a root
of 1 (the so called “parabolic case”) then either F is linearizable (which
is the case if and only if F°" = id for some m € N) or there exist certain
F-invariant sets, called “petals”, which form a pointed neighborhood of
0 and which are alternatively attracting and repelling (and permuted each
other by the multiplicity of A as a root of unity). On such petals the map
F (or F~')is conjugate to an Abel translation of the type z > z+1 viaa
change of coordinates which is nowadays known as “Fatou coordinates”.
This is the content of the famous Leau-Fatou flower theorem, which we
will recall in detail in Section 2. In such a parabolic (non linearizable)
case, the topological classification is rather simple (see [14] and [28]),
in fact, the map is topologically equivalent to z > Az(1 + z%), where
A™ = 1. While, from the formal point of view, the map F is conjugate
to z > Az + ™! 4 az?™+! for some “index” a € C which can be
computed as a residue around the origin. The holomorphic classification
is however much more complicated and it is due to Voronin [41] and
Ecalle [17,18]. The very rough idea for germs tangent to identity is to
consider the changes of Fatou coordinates on the intersection between an
attracting petal and the subsequent repelling petal. This provides twice
the multiplicity of F of certain holomorphic functions which are known
as “sectorial invariants”. These invariants, together with the multiplicity
and the index, are the sought complete system of holomorphic invariants.

In case A has modulus one but it is not a root of unity, the map is called
“elliptic”. In such a case the germ is always formally linearizable, but,
as strange as it might be, it is holomorphically linearizable if and only if
topologically linearizable (and this last condition is related to bounded-
ness of the orbits in a neighborhood of 0). Writing A = 2™ first Siegel
and later Bruno and Yoccoz [42] showed that holomorphic linearization
depends on the arithmetic properties of 8 € R. In particular they showed
that for almost every 6 € R the germ is holomorphically linearizable.
Later Yoccoz proved that the arithmetic condition for which every map
starting with ¢>"%z + .. is linearizable can be characterized exactly (in
the sequel we will refer to such a condition as the “Bruno condition”, but
we are not going to write it here explicitly). In particular, the quadratic
polynomial ¢>7? 7+ 72 is holomorphically linearizable if and only if § sat-
isfies the Bruno condition. Non-linearizable elliptic germs present very
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interesting dynamics that we are not going to describe in details here,
leaving it to the reader to check the survey papers [2,8,9].

In higher dimension, the situation is much more complicated. To be
precise, only the definition of “hyperbolic germs” makes really sense.
There is not such a clear distinction between parabolic or elliptic germs.
And, as we will try to make clear in these notes, this is not just a matter of
definition, but it is really a matter of dynamics that, in higher dimension,
can mix different types of behaviors without privileging none. We will
concentrate on the parabolic behavior. And we will see how, even germs
which one would call “elliptic” can have a parabolic attitude.

The first instance of parabolic behavior in higher dimension is clearly a
map tangent to the identity. This is the prototype of parabolic dynamics.
It has been proved by Bcalle [18] and Hakim [26] that generically there
exist “petals”, also called “parabolic curves”, namely, one-dimensional
F-invariant analytic discs having the origin in their boundary and on
which the dynamics is of “parabolic type”, namely, the restriction of the
map is a Abel type translation. Later, Abate [1] (see also [3]) proved that
such petals always exist in dimension two. Hakim also gave conditions
for which the petals are “fat” in the sense that there exist basins of attrac-
tion modeled on such parabolic curves. We will describe such results in
details in Section 3.

Other examples of parabolic behaviors are when one eigenvalue is 1.
However, in such a case it is not always clear that some “parabolic at-
titude” exists, depending on the other eigenvalues and some invariants.
Hakim [25] (based on the previous work by Fatou [19] and Ueda [39,40]
in C?) studied the semi-attractive case, with one eigenvalue equal to 1 and
the rest of eigenvalues having modulus less than 1. She proved that either
there exists a curve of fixed points or there exist attracting open petals,
modeled on parabolic curves. Such a result has been later generalized by
Rivi [33] and Rong [37].

The case when one eigenvalue is 1 and the other has modulus equal to
one but is not a root of unity has been studied in [10] — the so-called
“quasi-parabolic” case — and it has been proved that, under a certain
generic hypothesis called “dynamical separation”, there exist petals tan-
gent to the eigenspace of 1, so that, in such a case, there is a parabolic
attitude. Such a result has been generalized to higher dimension by
Rong [34-36]. We will describe more in details such results in Section 4.

However, as recently proved in [12], parabolic behavior can appear,
maybe unexpected, also in those situations when no eigenvalue is a root
of unity. Indeed, the new phenomenon, which generates “parabolic atti-
tude” discovered in [12] can be roughly summarized as follows. Assume
for simplicity that the eigenvalues A, ..., A, of the differential d F;y have
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a unique one-dimensional resonance of type A{" - - - A% = 1. Let F be the
formal Poincaré-Dulac normal form of F. For the moment, assume that
F and the formal conjugation are converging. Then F has an invariant
one-codimensional foliation given by F := {z{" - - - z% = const} (and so
does F'). Considering the map ¢ : C* — C given by ¢(z,...,2,) =
z‘f‘ -+ - zon, it follows that ¢ o ﬁ(z) = f(¢(2)), where f is a germ in C
tangent to the identity. In other words, F acts as a germ tangent to the
identity on the space of leaves of the foliation . The idea is then that
the parabolic dynamics (petals) on such a space can be pulled back to C"
and creates invariant sets that, under some suitable conditions, are basins
of attraction for F (and thus for F). In fact, the similar argument is cor-
rect also when the conjugation of F to its formal Poincaré-Dulac normal
form is not converging, although much more complicated. We will de-
scribe more in details that in Section 5, where we also provide explicit
examples.

A final warning about the paper. These notes are by no means intended
to be a survey paper on parabolic dynamics in higher dimensions, so that
we are not going to cite all the results proved in this direction so far: for
this, we refer the readers to the papers [8] and, mainly, [2]. These notes
are intended to be a hint of what the word “parabolic” should mean in
higher dimensional local holomorphic dynamics.
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tation to the workshop “Asymptotics in Dynamics, Geometry and PDEs;
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The author also thanks the referee for precious suggestions.

2 Parabolic dynamics in one variable

Definition 2.1. Let f(z) = z + ai4125! + O(z¥*?) be a holomorphic
germ in C at 0 with @z # 0. Let u = ayy1/|ar+1]| and v € 3DD; we say
that v is an attracting direction if pv* = —1, we say that v is a repelling
direction if pv* = 1.

Clearly there exist exactly & attracting and & repelling directions.

Remark 2.2. The attracting directions of f are the repelling directions
of ! and conversely the repelling directions of f are the attracting
directions of f~!.
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Definition 2.3. Let f(z) = z + ai4125! + O(z¥*?) be a holomorphic
germ in C at O with a;| # 0. An attracting petal centered at an attracting
direction v is a simply connected open set P, such that

(1) O € 9Py;
2) f(Py) © Py

(3) lim, .o f"(z) = O and lim,, o ; ;Onggl =vforallz € P,.

A repelling petal centered at a repelling direction v is an attracting petal
for f~! centered at the attracting direction v (for f~).

As a matter of notation, let f(z) = z + a1 + 0(ZF?) with
ars1 7= 0. We write U1+’ e v,:“ for the attracting directions of f and
vy, ..., v, forthe repelling directions of f, ordered so that starting from
1 and moving counterclockwise on 9D the first point we meet is v}, then
v, then v;“ and so on.

Here we state the following version of the Leau-Fatou flower theorem:

Theorem 2.4 (Leau-Fatou). Let f(z) = z + aj1 2" + O(**?) be a
holomorphic germin C atQ with a1 # 0. Let{vf”, - v,j, Vi, U )
be the ordered attracting and repelling directions of f. Then:

(1) for any v there exists an attracting/repelling petal P, : centered at

U:!:;

2) P+ﬂP+=@andP-ﬂP—:@f0rj;£l'
3) for any attracting petal P, + the function f|p . is holomorphically

conjugate to { +— ¢ + 1 deﬁned on{t e C: Re; > C} for some
C > 0;
@ 1f"@~Lforallze Py, j=1,... k.
J

Proof. The proof can be found, e.g. in [16] or [29]. We only mention
here how (4) is obtained. Up to a dilation one can assume a;; = —1/k
and v] = 1. By the Leau-Fatou construction, if C > 0 is sufficiently
large, then setting H := {w € C : Rew > C}, ¥(w) := w~* for
w € H with the k-th root chosen such that 1'/¥ = 1 and P := W(H), the
conjugate map ¢ := W' o fo W: H — H satisfies

pw)=w+1+0(w|™, weH.
From this, (4) follows at once. O

3 Germs tangent to the identity

Definition 3.1. Let F be a germ of C” fixing O and tangent to the iden-
tity at O. Let F(X) = X + P,(X) + ..., h > 2 be the expansion of F in



24

homogeneous polynomials, P, (X) # 0. The polynomial P,(X) is called
the Hakim polynomial and the integer / the order of F at O.

Let v € C" be a nonzero vector such that P, (v) = av for some o € C.
Then v is called a characteristic direction for F. If moreover « # 0 then
v is said a nondegenerate characteristic direction.

A parabolic curve for a map F tangent to the identity is a holomorphic
map ¢ : D — C" from the unit disc to C", continuous up to the boundary
and such that F (D)) C ¢(D) and F°"(¢(¢)) — O forall ¢ € D.
Moreover, the parabolic curve ¢ is tangent to a direction v € C" \ {0} if
[p(¢)] — [v]inP*!asD 5 ¢ — O (here [v] denotes the class of v in
Pn—l).

It can be proved that if P is a parabolic curve for F at O tangent
to v then v is a characteristic direction. However there exist examples of
germs tangent to the identity with a parabolic curve not tangent to a single
direction (that is with tangent cone spanning a vector space of dimension
greater than one).

Theorem 3.2 (Ecalle, Hakim). Let F be a germ of holomorphic diffeo-
morphism of C" fixing O and tangent to the identity at O with order h.
If v is a nondegenerate characteristic direction for F then there exist (at
least) h — 1 parabolic curves tangent to v.

Hakim’s proof relies essentially on a finite number of blow-ups and
changes of coordinates in such a way that the map assumes a good form
and one can define an operator (which is a contraction) on a suitable space
of curves. The fixed point of such an operator is the wanted curve.

Actually Hakim’s work provides the existence of basins of attraction or
lower dimensional invariant manifolds which are attracted to the origin,
called parabolic manifolds, according to other invariants related to any
nondegenerate characteristic direction. Let v be a nondegenerate char-
acteristic direction for F' and let P, be the Hakim polynomial. We de-
note by A(v) := d(Py)p — id : Tj,CP""! — T;,,CP"~!. Then we
have

Theorem 3.3 (Hakim). Let F be a germ of holomorphic diffeomorphism
of C" fixing O and tangent to the identity at O. Let v be a nondegener-
ate characteristic direction. Let By, ..., B,—1 € C be the eigenvalues
of A(v). Moreover assume Re B,...,RepB, > 0 and ReB,.1,...,
Re 8,_1 < 0 for some m < n—1 and let E be the sum of the eigenspaces
associated to By, ..., Bn. Then there exists a parabolic manifold M of
dimension m + 1 tangent to Cv @ E at O such that for all p € M the
sequence {F°*(p)} tends to O along a trajectory tangent to v.



25

In particular if all the eigenvalues of A(v) have positive real part then
there exists a basin of attraction for F at O.
In [1] Abate proved the following:

Theorem 3.4 (Abate). Let F be a germ of holomorphic diffeomorphism
of C? having the origin as an isolated fixed point and tangent to the iden-
tity at O with order h. Then there exist (at least) h — 1 parabolic curves.

The original proof of Abate is rather involved. Other simpler or clearer
proofs have been discovered later. In [3], a very general construction
explaining the essence of the argument in Abate’s proof has been devel-
oped. In [13] Brochero, Cano and Hernanz gave a proof of such a theorem
which relies on foliations. Namely, they associate to the germ F' a formal
vector field X such that exp(X) = F. Then they perform a number of
blow-ups to “solve” the singularities of X using the Seidenberg theorem
(which holds in the formal category) and then use the Camacho-Sad con-
struction [15] proving that, on a smooth component of the exceptional
divisor, there exists a suitable “good” singularity for X. Such a good
singularity corresponds to the existence of a nondegenerate characteris-
tic direction for the blow-up of F, hence applying Theorem 3.2 one gets
parabolic curves that can be projected downstairs.

This method of taking a germ tangent to the identity and associating a
formal vector field whose time one flow is the germ itself is a good way
to transfer the result from the better known theory of vector fields to the
study of germs tangent to the identity. However, there is a disadvantage
with respect to more direct methods: since the vector field is in general
only formal, deep problems of resurgence can occur. It is likely that one
could prove Abate’s theorem directly in the category of formal vector
fields (namely, without using Theorem 3.2) by using resurgence to study
a formal separatrix of the formal vector field associated with the map and
obtain the parabolic curves by summation.

In the same direction, in the recent paper [6], Abate and Tovena stud-
ied real dynamics of complex homogeneous vector fields. Besides its
intrinsic interest, this is an useful problem to study because the discrete
dynamics of the time 1-map is encoded in the real integral curves of the
vector field, and time 1-maps of homogeneous vector fields are prototyp-
ical examples of holomorphic maps tangent to the identity at the origin.
The main idea here is that, roughly speaking, integral curves for homo-
geneous vector fields are geodesics for a meromorphic connection on a
projective space.

More generally, thanks to a result by Takens [38] (see also [24, Chap-
ter 1]), in case of diffeomorphisms with unipotent linear part, one can
embed such germs in the flow of formal vector fields, so that this type
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of argument might be used also in such cases. On the other hand, when
the linear part of the diffeomorphism is not unipotent, the author is not
aware of any general result about embedding such a diffeomorphism into
the flow of a formal vector field. In fact, one encounters somewhat unex-
pected differences between the dynamics of diffeomorphisms and that of
vector fields, see Raissy [32].

In [3] (see also [4,5,11]) a different point of view, more abstract but
more intrinsic, has been adopted. Blowing up the origin one obtains a
new germs of diffeomorphism pointwise fixing the exceptional divisor.
Thus the situation is that of considering a holomorphic self-map of a com-
plex manifold having a (hyper)surface of fixed points. Roughly speaking,
the differential of the map acts on the normal bundle of such a hypersur-
face in a natural way and thus creates a meromorphic connection, whose
singularities essentially rule the dynamics of the map.

4 Semiattractive and quasi-parabolic germs
4.1 Semiattractive germs

We say that a parabolic germ F is semi-attractive if 1 is an eigenvalue of
dFo and all the other eigenvalues have modulus strictly less than 1 (if all
the other eigenvalues have modulus strictly greater than 1 we argue on
F~1). There are essentially two cases to be distinguished here: either F
has or has not a submanifold of fixed points.

In case F has a submanifold of fixed points (of the right dimension)
there is a result due to Nishimura [30] which roughly speaking says that,
in absence of resonances, F' is conjugate along S to its action on the
normal bundle Ng to S in C".

In case F has no curves of fixed points, Hakim [25] (based on the
previous work by Fatou [19] and Ueda [39,40] in C?) proved that, un-
der suitable generic hypotheses, there exist “fat petals” (called parabolic
manifolds or basins of attraction when they have dimension n) for F at
O. That is

Theorem 4.1 (Hakim). Let F be a semi-attractive parabolic germ at O,
with 1 as eigenvalue of dF¢o of (algebraic) multiplicity 1. If O is an
isolated fixed point of F then there exist k disjoint basins of attraction for
F at O, where k + 1 > 2 is the “order” of F —id at O.

It is worth noticing that if F is an automorphism of C? then each basin
of attraction provided by Theorem 4.1 is biholomorphic to C? (the exis-
tence of proper subsets of C" biholomorphic to C" for n > 1 is known as
the Fatou-Bierbach phenomenon).
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Theorem 4.1 is a special case of the procedure described in the Intro-
duction and in Section 5. Indeed, write the map F as

F(z, w) = (zta" PO (| zw, [lwll, 12172, AwtO(lz]|%, llzwll, [w]?),

where w € C"!, Lisa (n — 1) x (n — 1) matrix with eigenvalues of
modulus strictly less than one, k € N U {oo} and a € C \ {0} . The case
k = oo (namely, no pure terms in z are present in the first component)
corresponds to the existence of a curve of fixed points. So we assume &k €
N. The monomials in w are not resonant in the first component, thus they
can be killed by means of a Poincaré-Dulac formal change of coordinates.
Hence, the foliation {z = const} is invariant by the formal normal form
of F, and the action on the “space of leaves” (which is nothing but C) is
given exactly by z > z + az¥*! 4 ... If we perform the Poincaré-Dulac
procedure solving only finitely many homological equations to kill terms
in w in the first component, the map F has the form:

F(z,w) = (z+az"™' + 0 + o(w|"), aw +...)

with / >> 1 as big as we want. Hence, the map F does not preserve the
foliation {z = const}, but it moves it slowly at order / in w. This implies
that the preimage under the map (z, w) +— z of a (suitable) sector §
contained in some petals of z +> z + az*"! is in fact invariant for F.
Taking open sets of the form {(z, w) : |w]|| < |z|?,z € S} for a suitable
B > 0, it can be then proved that such open sets are invariant and, via the
dynamics “downstair”, they are actually basins of attraction for F.

4.2 Quasi-parabolic germs

We call quasi-parabolic a germ if all eigenvalues of d Fp have modulus 1
and at least one, but not all of them, is a root of unity. Replacing the germ
with one of its iterates, we can assume that all the eigenvalues which are
roots of unity are 1.

Let us then write the spectrum of d Fp as the disjoint union {1} U E.
In case the eigenvalues in E have no resonances and satisfy a Bruno-type
condition, a result of Poschel [31] assures the existence of a complex
manifold M tangent to the eigenspace associated to E at O which is
F-invariant and such that the restriction of F' to M is holomorphically
conjugate to the restriction of d F to this eigenspace.

We describe here the “parabolic attitude” of quasi-parabolic germs in
C2. For results in C" we refer to [34,35]. As strange as it may seem, it is
not known whether all quasi-parabolic germs have “parabolic attitude”!
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Using Poincaré-Dulac theory, since all resonances are of the type
(1, (m,0)), (2, (m, 1)) (namely, in the first coordinate the resonant mono-
mials are just z”* and in the second coordinate the resonant monomials are
z"w), the map F is formally conjugate to a map of the form

o0 o0
I:"(z, w) = (Z+Zajz/,e2”i9w+2bjz/w> , 4.1)
j=v J=n

where we assume that either a, # 0 or v = oo if a; = 0 for all ;.
Similarly for b,,.

As it is proved in [10], the number v(F') := v is a formal invariant of
F. Moreover, it is proved that, in case v < 400, the sign of ®(F) :=
v—u—1is a formal invariant. The map F is said dynamically separating
if v < +o00and O(F) < 0.

The next proposition is proved in [12] and its proof is a simple argu-
ment based on the implicit function theorem:

Proposition 4.2. Let F be a quasi-parabolic germ of diffeomorphism
of C* at 0. Then v(F) = +oo if and only if there exists a germ of
(holomorphic) curve through O that consists of fixed points of F.

In case v(F) < 400, the following result is proved in [10]:

Theorem 4.3. Let F be a quasi-parabolic germ of diffeomorphism of C?
at 0. If F is dynamically separating then there exist v(F) — 1 parabolic
curves for F at 0.

The argument in [10] is based on a series of blow-ups and changes of
coordinates which allow to write F into a suitable form so that one can
write a similar operator to the one defined by Hakim and prove that its
fixed points in a certain Banach space of curves are exactly the sought
parabolic curves.

As in the semi-attractive case, one can argue using the invariant formal
foliation {z = const}. Contractiveness in the w-variable is however not
for free here. Indeed, in [12] (see also Section 5) it is proved

Proposition 4.4. Let F be a dynamically separating quasi-parabolic
germ, formally conjugate to (4.1). If

bv—l
Re <m) > 0,

then there exist v(F) — 1 disjoint connected basins of attraction for F
at 0.



29

It should be remarked that the condition in the previous proposition is
destroyed under blow-ups.

The non-dynamically separating case is still open. In such a case there
is still a formal foliation {z = const} which is invariant, but the w-variable
cannot be controlled appropriately by the z variable.

F. Fauvet [20] told me that using Ecalle’s resurgence theory it is possi-
ble to prove that parabolic curves exist also in the non-dynamically sepa-
rating case when the other eigenvalue satisfies a Bruno-type condition.

S One-resonant germs

Let F be a germ of holomorphic diffeomorphism in C”" fixing 0. Let

A1, ..., A, be the eigenvalues of the linear part. We say that F' is one-

resonant with respect to the first m eigenvalues {\i, ..., 1y} (1 < m <

n) (or partially one-resonant) if there exists a fixed multi-index o =

(o, ..., 0, 0,...,0) % 0 € N" such that for s < m, the resonances
. . k .

A =TI kf’ are precisely of the form A, = A [[}_, 2 ja’, where

k > 1 € N is arbitrary.

This notion has been introduced in [12]. The main advantage of such
a notion of partial one-resonance is that it can be applied to the subset of
all eigenvalues of modulus equal to 1, regardless of the relations which
might occur among the other eigenvalues.

In case of partial one-resonance, the classical Poincaré-Dulac theory
implies that, whenever F is not formally linearizable in the first m com-
ponents, F' is formally conjugate to a map whose first m components are
of the form A;z; + a;z%*z; + R;(z), j = 1,...,m, where, the number
k € Nis an invariant, called the order of F with respect to {A1, ..., An},
the vector (ay, ..., a,) # 0 is invariant up to a scalar multiple and the
R;’s contain only resonant terms. The fact that the number

m

A(F) = Zz—]aj

j=1

is equal or not to zero is an invariant, and the map F is said to be non-
degenerate provided A(F) # 0. In fact, one can always rescale the map
to make A(F) = 1 provided it is not zero.

In [12] it is proved that a partially one-resonant non-degenerate germ
F has a simple formal normal form F such that

. o
Fi(2) = Ajz; +a;2%z; +Mx_jZ2kaZj, j=1...,m.
j

Although none of the eigenvalues A;, j = 1,...,m, might be roots of
unity, such a normal form is the exact analogue of the formal normal form
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for parabolic germs in C. In fact, a one-resonant germ acts as a parabolic
germ on the space of leaves of the formal invariant foliation {z* = const}
and that is the reason for this parabolic-like behavior.

Let F be a one-resonant non-degenerate diffeomorphism with respect

to the eigenvalues {A{, ..., A,,}. We say that F is parabolically attracting
with respect to {1y, ..., A} if
a; 1
IAjl=1, Re (—J—> >0, j=1,...,m.
Aj A(F)

Again, such a condition is invariant, indeed, conjugating the map, both
A(F) and the a;’s vary suitably and the sign of the previous expression
is unchanged. Such a condition is vacuous in dimension 1 or whenever
m = 1 since in that case @« = (1,0, ...,0) with oy > 0. In [12] it is
proved the following:

Theorem 5.1. Let F be a holomorphic diffeomorphism germ at O that is
one-resonant, non-degenerate and parabolically attracting with respect
to {A1, ..., An). Suppose that |1;| < 1 for j > m. Let k € N be the
order of F with respect to {A, ..., Ay}. Then F has k disjoint basins of
attraction having 0 on the boundary.

The different basins of attraction for F' (that may or may not be con-
nected) project via the map z — u = z“ into different petals of the germ
u > u+ AF)uFt!,

A semi-attractive germ is always one-resonant, non-degenerate and
parabolically attracting, thus the previous theorem is a generalization of
Hakim’s result.

It should be noticed that the conditions about non-degeneracy and par-
abolically attractiveness are sharp. In [12] examples are given of one-
resonant germs for which such conditions are not satisfied and that have
no basins of attractions.

More interesting for the purpose of these notes is the following exam-
ple (still from [12]). Let A = ¢?*"? for some # € R \ Q. Let

F(z,w):(Az+azzw+...,k_1w+bzw2+...),

with |a| = |b| = 1. Then F is one-resonant with index of resonance
(1, 1) and for each choice of (a, b) such that the germ is non-degenerate
(i.e. ar™! + b # 0), there exists a basin of attraction for F at 0. Indeed,
it can be checked that the non-degeneracy condition implies that F is
parabolically attracting with respect to {A, A~!} and hence Theorem 5.1
applies.
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A similar argument can be applied to F~!, producing a basin of repul-
sion for F at 0. Hence we have a parabolic type dynamics for F.

On the other hand, suppose further that 6 satisfies a Bruno condition.
Since A? # X for all ¢ € N, it follows from Poschel’s theorem [31,
Theorem 1] that there exist two analytic discs through 0, tangent to the
z-axis and to the w-axis respectively, which are F-invariant and such
that the restriction of F' on each such a disc is conjugate to { +— A¢ or
¢ — A7t respectively. Thus, in such a case, the elliptic and parabolic
dynamics mix, although the spectrum of d Fj is only of elliptic type.
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1 Introduction
1.1 Power series with coefficients of sum-product type

The notion of SP series
Sum-product series (or SP-series for short) are Taylor series:

J@) =" Jm¢" (1.1)

n>0
whose coefficients are syntactically of sum-product (SP) type:

Jmy=>"T] F(S)

e<m<ne<k<m

=Zexp<—z f(%)) (e € {0,1}).

e<m<n e<k<m

(1.2)

Summation starts at € = 0 unless F(0) € {0, oo}, in which case it starts
at e = 1. It always ends at n — 1, not n.! The two driving functions F

! This choice is to ensure near-invariance under the change F(x) — 1/F(1 — x). See Section 3.5.
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and f are connected under F' = exp(—f). Unless stated otherwise, F
will be assumed to be meromorphic, and special attention shall be paid to
the case when F' has neither zeros nor poles, i.e. when f is holomorphic.

The importance of SP-series comes from their analytic properties (iso-
lated singularities of a quite distinctive type) and their frequent occurence
in various fields of mathematics (ODEs, knot theory etc.).

As for the above definition, it is less arbitrary than may seem at first
sight. Indeed, none of the following changes:

(i) changing the grid {k/n} to {Constk/n}
(ii) changing the lower summation bounds from O or 1 t0 2,3 ...
(ii1) changing the upper summation bound fromn —1tonorn—2,n—3
etc. or a multiple thereof
(iv) replacing the 0-accumulating products [ [ F (%) by l-accumulating
products [ F (%)

— none of these changes, we claim, would make much difference or
even (allowing for minor adjustments) take us beyond the class
of SP-series.

Special cases of SP series

For F a polynomial or rational function (respectively a trigonometric
polynomial) and for Taylor coefficients J(n) defined by pure products
[] (rather than sum-products ) []) the series j(¢) would be of hyper-
geometric (respectively g-hypergeometric) type. Thus the theory of SP-
series extends — and bridges — two important fields. But it covers wider
ground. In fact, the main impulse for developping it came from knot the-
ory, and we didn’t get involved in the subject until Stavros Garoufalidis?
and Ovidiu Costin® drew our attention to its potential.

Overview
In this first paper, halfway between survey and full treatment*, we shall
attempt five things:

(i) bring out the main analytic features of SP-series, such as the di-
chotomy between their two types of singularities (outer/inner), and
produce complete systems of resurgence equations, which encode in
compact form the whole Riemann surface structure;

2 An expert in knot theory who visited Orsay in the fall of 2006.

3 An analyst who together with S. Garoufalidis has been pursuing an approach to the subject parallel
to ours, but distinct: for a comparison, see Section 12.1.

4 Two follow-up investigations [15, 16] are being planned.
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(ii) localise and formalise the problem, i.e. break it down into the sep-
arate study of a number of /ocal singularities, each of which is pro-
duced by a specific non-linear functional transform capable of a full
analytical description, which reduces everything to formal manipu-
lations on power series;

(iii) sketch the general picture for arbitrary driving functions F and f —
pending a future, detailed investigation;

(iv) show that in many instances ( f polynomial, ' monomial or even
just rational) our local singularities satisfy ordinary differential
equations, but of a very distinctive type, which accounts for the
“rigidity” of their resurgence equations, i.e. the occurrence in them
of essentially discrete Stokes constants;’

(v) sketch numerous examples and then give a careful treatment, the-
oretical and numerical, of one special case chosen for its didactic
value (it illustrates all the main SP-phenomena) and its practical rel-
evance to knot theory (specifically, to the knot 4,).

1.2 The outer/inner dichotomy and the ingress factor

The outer/inner dichotomy

Under analytic continuation, SP-series give rise to two distinct types of
singularities, also referred to as generators, since under alien derivation
they generate the resurgence algebra of our SP-series. On the one hand,
we have the outer generators, so-called because they never recur under
alien derivation (but produce inner generators), and on the other hand we
have the inner generators, so-called because they recur indefinitely under
alien derivation (but never re-produce the outer generators). These two
are, by any account, the main types of generators, but for completeness
we add two further classes: the original generators (i.e. the SP-series
themselves) and the exceptional generators, which don’t occur naturally,
but can prove useful as auxiliary adjuncts.

A gratifying surprise: the mir-transform

We shall see that outer generators can be viewed as infinite sums of inner
generators, and that the latter can be constructed quite explicitly by sub-
jecting the driving function F to a chain of nine local transforms, all of
which are elementary, save for one crucial step: the mir-transform. Fur-
thermore, this mir-transform , though resulting from an unpromising mix

5 Contrary to the usual situation, where these Stokes or resurgence constants are free to vary contin-
uously.
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of complex operations®, will turn out to be an integro-differential oper-
ator, of infinite order but with a transparent expression that sheds much
light on its analytic properties. We regard this fascinating mir-transform,
popping out of nowhere yet highly helpful, as the centre-piece of this
investigation.

The ingress factor and the cleansing of SP-series

Actually, rather than directly considering the SP-series j(¢) with coeffi-
cients J (n), it shall prove expedient to study the slightly modified series
j*(¢) with coefficients J#(n) obtained after division by a suitably defined
ingress factor Igr(n) of strictly local character:

F@=Y_Jme with  JHn) = T0)/Igr(n).  (13)
This purely technical trick involves no loss of information’ and achieves
two things:

(i) the various outer and inner generators will now appear as purely
local transforms of the driving function F viewed as an analytic
germ at O or at some other suitable base point xy (in [0, 1] or even

outside);
(ii) distinct series jr, (¢) relative to distinct base points x; (or, put an-
other way, to distinct translates F;(x) := F(x + x;) of the same

driving function) will lead to exactly the same inner generators and
so to the same inner algebra — which wouldn’t be the case but for
the pre-emptive removal of Igp.

In any case, as we shall see, the ingress factor is a relatively innocuous
function and (even when it is divergent-resurgent, as may happen) the
effect not only of removing it but also, if we so wish, of putting it back
can be completely mastered.

1.3 The four gates to the inner algebra

We have just described the various types of singularities or “genera-
tors” we are liable to encounter when analytically continuing a SP-series.
Amongst these, as we saw, the inner generators stand out. They span the
inner algebra, which is the problem’s hard, invariant core. Let us now
review the situation once again, but from another angle, by asking: how
many gates are there for entering the unique inner algebra? There are, in
effect, four types:

6 Two Laplace transforms, direct and inverse, with a few violently non-linear operations thrown in.

7 Since information about j# immediately translates into information about j, and vice versa.
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Gates of type 1: original generators. We may of course enter through
an original generator, i.e. through a SP series, relative to any base point
xo of our choosing. Provided we remove the corresponding ingress factor,
we shall always arrive at the same inner algebra.

Gates of type 2: outer generators. We may enter through an outer
generator, i.e. through the mechanism of the nine-link chain of Section
5, again relative to any base point. Still, when F does have zeros x;, these
qualify as privileged base points, since in that case we can make do with
the simpler four-link chain of Section 5.

Gates of type 3: inner generators. We may enter through an inner
generator, i.e. via the mechanism of the nine-link chain of Section 4, but
only from a base point x; where f (not F !) vanishes. By so doing, we do
not properly speaking enter the inner algebra, but rather start right there.
Due to the ping-pong phenomenon, this inner generator then generates
all the other ones. The method, though, has the drawback of introducing
a jarring dissymmetry, by giving precedence to one inner generator over
all others.

Gates of type 4: exceptional generators. We may enter through a
exceptional or “mobile” generator, i.e. once again via the mechanism
of the nine-link chain of Section 4, but relative to any base point xg
where f doesn’t vanish.® It turns out that any such “exceptional genera-
tor” generates all the inner generators (— and what’s more, symmetrically
so —), but isn’t generated by them. In other words, it gracefully self-
eliminates, thereby atoning for its parasitical character. Exceptional gen-
erators, being “mobile”, have the added advantage that their base point
Xo can be taken arbitrarily close to the base point x; of any given in-
ner generator, which fact proves quite helpful, computationally and also
theoretically.

ACKNOWLEDGEMENTS. Since our interest in knot-connected power se-
ries (i.e. the series G%P and G,’é associated with a knot K: c¢f. Section
9.1) and the closely related notion of SP-series (a natural and concep-
tually more appealing generalisation, in terms of which we chose to re-
frame the problem) was first awakened after the 2006 visit to Orsay of
Stavros Garoufalidis and his pioneering joint work with Ovidiu Costin

8 So that the so-called tangency order is k = 0, whereas for the inner generators it is > 1 and
generically = 1. See Section 4.
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and since, despite tackling the problem from very different angles, we
have been keeping in touch for about one year, comparing methods and
results, we feel we owe it to the reader to outline the main differences
between our two approaches — to justify, as it were, their parallel exis-
tence.

The very first step is the same in both cases: we all rely on a quite
natural method® for deducing the shape of a function’s closest singular-
ity, or singularities, from the exact asymptotics of its Taylor coefficients
at 0.1

But then comes the question of handling the other singularities — those
farther afield — and this is where our approaches start diverging. In [3-6],
the idea is to re-write the functions under investigation in the form of
multiple integrals amenable to the Riemann-Hilbert theory and then use
the well-oiled machinery that goes with that theory. In this approach, the
global picture (exact location of the singularities on the various Riemann
leaves, rough nature of these singularities etc.) emerges first, and the ex-
act description of each singularity, while also achievable at the cost of
some extra work, comes second.

Our own approach reverses this sequence: the local aspect takes prece-
dence, and we then piece the global picture together from the local data.
To that end, we distinguish three types of “resurgence generators” (i.e. lo-
cal singularities that generate the resurgence algebra under alien deriva-
tion): the actually occuring inner and outer generators'!, and the aux-
iliary exceptional or movable generators. The basic object here is the
inner resurgence algebra, spanned by the inner generators, which recur
indefinitely under alien derivation. The outer generators, on the other
hand, produce only inner ones under alien derivation.'> We give exact
descriptions of both the inner and outer generators by means of spe-
cial integro-differential functionals of infinite order: nir, mir and nur,
mur.

9 See O. C. and Section 2.3 of the present paper.

10 Thjs convergence is hardly surprising: the functions on hand (knot-related or SP) tend to verify
no useable equations, whether differential or functional, that might give us a handle on their analytic
properties, and so the Taylor coefficients are all we have to go by. Two of us (O. C. in [2] and J.E. in
a 1993 letter to prof. G. K. Immink) hit independently on the same method — which must also have
occurred, time and again, more or less explicitly, to many an analyst grappling with singularities.

1 While there are only two outer generators (which may coalesce into one), there can be any number
of inner generators.

12 Which is only natural, since the outer generators can be interpreted as infinite sums of (self-
reproducing) inner generators.



43

So much for the local aspect. To arrive at the global picture, we resort
to an auxiliary construct, the so-called exceptional or movable generators,
which are very useful on account of three features:

(i) they depend on a arbitrary base point, which can be taken as close
as we wish to any particular singularity we want to zoom in onto;'?

(ii) their own set of singularities include all the inner generators of the
SP function;

(iii) they may also possess parasitical singularities'* (i.e. singularities
other than the above), but these always lie farther away from the
base point than the closest inner generators.

Thus, by moving the base point around, we can reduce the global
investigation to a local, or should we say, semi-local one, and derive
the full picture, beginning with the crucial inner algebra.

A further difference between our approaches is this: while O. Costin and
S. Garoufalidis are more directly concerned with the knot-related series
G and Gf and the so-called volume conjecture which looms omi-
nously over the whole field, the framework we have chosen for our in-
vestigation is that of SP-series, i.e. general Taylor series with coefficients
that are syntactically of sum-product type. But this latter difference might
well be less than appears, since each of the two methods would seem, in
principle, to be capable of extension in both directions.

2 Some resurgence background
2.1 Resurgent functions and their three models

The four models: formal, geometric, upper/lower convolutive
Resurgent “functions” exist in three/four types of models:

(i) The formal model, consisting of formal power series ¢(z) of a vari-
able z ~ oo. The tilda points to the quality of being “formal”, i.e.
possibly divergent;

(ii) the geometric models of direction 6. They consist of sectorial ana-
Iytic germs ¢y (z) of the same variable z ~ oo, defined on sectors of
aperture > 7 and bisected by the axis arg(z~!) = 6;

13 Thus bringing it within the purview of the method of Taylor coefficient asymptotics (see above).

14 This is the case iff the driving function F has at least one zero or one pole.
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(ii1) the convolutive model, consisting of global microfunctions of a vari-
able ¢ ~ 0. Each microfunction possesses one minor (exactly de-
fined, but with some information missing) and many majors (defined
up to regular germs at the origin, i.e. with some redundant informa-
tion). However, under a frequently fulfilled integrability condition at
¢ ~ 0, the minor contains all the information, i.e. fully determines
the microfunction, in which case all calculations reduce to manipu-
lations on the sole minors. As for the globalness of our microfunc-
tions, it means that their minors possess the property of “endless
analytic continuation”: they can be continued analytically in the ¢-
plane along any given (self-avoiding or self-intersecting, whole or
punctured'®) broken line starting from 0 and ending anywhere we
like.

Usually, one makes do with a single convolutive model, but here it will
be convenient to adduce two of them: the upper and lower models. In
both, the minor-major relation has the same form ;

minor major

— 1 - . N .
upper ¢ (¢) — (@ e™)— 9 (ce™))

2mi

1 v . v .
—(P@Ce™—9 (ce™)

lower $ ) -
2mi

while the upper-lower correspondence goes like this:

PO =000 9@ =—09 Q). @.1)

One of the points of resurgent analysis is to resum divergent series of
“natural origin”, i.e. to go from the formal model to the geometric one
via one of the two convolutive models. Concretely, we go from formal
to convolutive by means of a formal or term-wise Borel transform'® and
from convolutive to geometric by means of a 6-polarised Laplace trans-

15 The broken line may be punctured at a finite number of singularity-carrying points 1, ..., ¢y, in
which case we demand analytic continuability along all the 2" paths that follow the broken line but
circumvent each ¢; to the right or to the left.

-1
16 Thus upper (respectively lower) Borel takes > a, z " to Y ay 5"—',' (respectively S an %)
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form, i.e. with integration along the half-axis arg(¢) = 6.

upper lower
geometric ©o ©o
N Lo N £y
convolutive <2 8
/B /B
formal @ @

Resurgent algebras: the multiplicative structure

Resurgent functions are stable not just under addition (which has the
same form in all models) but also under a product whose shape varies
from model to model:

(1) in the formal model, it is the ordinary multiplication of power series;
(i1) in the geometric model, it is the pointwise multiplication of analytic
germs;
(iii) in the convolutive models, it is the upper/lower convolution, with
distinct expressions for minors!” and majors:
minor convolution

upper ¥ (91 F (@) == [ 91(C—5) dP2(8)

N A g A A
lower * (1% 92)(C) = / P1(&—8) P2(8)dE
0

major convolution

- 1 - -
upper (L1 % 92)(¢) = T Y1(E—82) dPa2(82)
1(¢,u)
Vv v 1 v v
lower * (@1 x92)(¢) = e $1(C—8) P2(8) di
1(¢,u)

with 1(¢,u) = [5¢ + 3 u, 1+ e u] and 0 < £ « 1. For major
convolution we first fix an auxiliary point u close enough to 0 (so as to

7 Minor convolution is possible only under a suitable integrability condition at the origin. That

- v
condition is automatically met when one (hence all) majors verify ¢(¢) — Oor ¢ ¢ () — 0 as
¢ — 0 uniformly on any sector of finite aperture.
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steer clear of possible singularities in the convolution factors (;,- or <Z,~)
and then calculate the convolution integral for ¢ closer still to 0. The
resulting integral does depend on u, but only up to a regular germ at 0,
which doesn’t affect the class of the convolution-major.

The upper/lower Borel-Laplace transforms

For simplicity, let us fix the polarisation & = 0 and drop the index 6 in
the geometric model ¢y(z). We get the familiar formulas, reproduced
here just for definiteness:

multiplicative convolutive

Cupper GO = (9(0), @)
B /T

¢ (2) \Lag R »L—a;
BN\N £

lower $(§)= {é’(g“),ﬁ\f;(é“)}

minors Borel Laplace

= | c+ioo dz oo -
upper w(;)zm/‘ o) w(z)=/0 e de ()

=100

A 1 c+ioco +00 A
lower ¢ (¢) = —/ e“*p(2)dz ¢(2) =f e 9()de
270 Je—ioo 0

majors Laplace Borel
- +00 3 dz | cyx+ioo _
upper ¢ (¢) =/ e g“Z«)(Z)7 p(@)=—57 e de ()
c Cy—100
v +o0 1 Ccx+ioo v
lower ¢ ()= / edz = [ & g
c 27” Cx—I00

Interpretation: Let us assume for definiteness that 0 < { € 1 K z.
In the Borel-Laplace integrals from z to ¢ the constant ¢ > 1 has to be
taken large enough to leave all singularities of the integrand to its left,

i.e. in RN(z) < c. In the Borel integral from 5(;) or (Z(g“) to ¢(z), on
the other hand, any positive c,, large or small, will do, but the integrand

~ Vv

¥ (¢) or ¢ (¢) must be suitably chosen in its equivalence class to ensure
integrability (which is always possible, for any given c, or even for all c,
at once).
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Monomials in all four models

The following table covers not only the monomials J,(z) := z~“ but
also'® the whole range of binomials J, ,(z) := z ° log"(z) with o €
C,n eN. )

minor major

o &7  upper, Q) =¢7/T(+0), Jo(&) =T (—0)
S/
J,@) =277 Lo L=,

lower J, (£) = ¢/ T(0) . Jo@)=¢"""T(1 — o)

- 1
seNT  wpper  Ji(O)=5¢  , Ji(@)=(=0)"log <—>

¢
V4
() =2""* | o 1 =0,

A v 1
lower J,(¢) = (s_ll), ot I =(=¢)og <E)

—~ - 1

upper Jo(¢) = . Js(&) =log (Z)
V4

Jo(@) =1 Vo V=0
NN |
lower Jo()=0 , JV(C)ZE

s eN*  upper JL@) =0 , J (O =(—-D¢"

V4

Js)=7 d 0 s
NN ,
lower J-s(&)=0 ;o T (@) =t

The pros and cons of the upper/lower choices
Advantages of the lower choice:

(i) {B, L, *} are more usual/natural choices than {3, £, ¥};

18 After o-differentiation.
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(i) the operators (3, + w)~! and (e®% — 1)~! which constantly occur
in the theory of singular differential or difference equations and are
ultimately responsible for the frequent occurrence, in this theory,
of both divergence and resurgence, turn into minor multiplication
by (=¢ + @)~ or (7 — 1)~! in the ¢-plane!®, whereas with the
upper choice we would be saddled with the more unwieldy operators
;' (—¢ +®) '3 and 3, (e~ — 1)~'a,.

Advantages of the upper choice:

(i) the “monomial” formulas for J, (supra) assume a smoother shape,
with the simple sign change —o + o instead of —0 > o — 1;
(ii) upper convolution * and pointwise multiplication (both in the ¢-

plane) have the same unit element, namely 60 (¢) = 1, which is
extremely useful when studying dimorphy phenomena®, e.g. the
dimorphy of poly- or hyperlogarithms.

In the present investigation, we shall resort to both choices, because:

(i) the lower choice leads to simpler formulas when deriving a func-
tion’s singularities from its Taylor coefficient asymptotics (see Sec-
tion 2.3 infra);

(ii) the upper choice is the one naturally favoured by the functional
transforms (nir/mir and nur/mur) that lead to the inner and outer
generators of SP-series (see Section 4-5 and Section 5.3-5 infra).

2.2 Alien derivations as a tool for Riemann surface description

Resurgent functions are acted upon by a huge range of exotic deriva-
tions, the so-called alien derivations A, with indices » ranging through

the whole of C, := C — {0}. In other words, arg(w) is defined exactly
rather than mod 2m. Together, these A, generate a free Lie algebra on
C,. Alien derivations, by pull-back, act on all three models. There be-
ing no scope for confusion, the same symbols A, can be used in each
model. Alien derivations, however, are linear operators which quantita-
tively measure the singularities of minors in the ¢-plane. To interpret or
calculate alien derivatives, we must therefore go to (either of) the convo-
lutive models, which in that sense enjoy an undoubted primacy. However,

19 or major multiplication by (¢ + o) Lor(e® — 1)1

20 J.¢. the simultancous stability of certain function rings unter rwo unrelated products, like point-
wise multiplication and some form or other of convolution.



49

for notational ease, it is often convenient to write down resurgence equa-
tions®! in the multplicative models (formal or geometric), the product
there being the more familiar multiplication.

For simplicity, in all the following definitions/identities the indices w
are assumed to be on RT C C,. Adaptation to the general case is imme-
diate.

Definition of the operators A, and AE

multiplicative convolutive convolutive
0 ~ < 0 ~ <
P:=1{9,¢} > @,:={Ps, P}
Aot @ = @
O AV O AV
P:=1{¢, ¢} > ¢,:={Py, o}
v A
Do (é-) = Z )Mel ,,,,, €1 % ((1) - é‘)
€1, €p_1
00 ()= Y. o A
Yo (§) = P )"el ,,,,, €1 ® w+¢
S 2mi
(pw é‘ = A . )“61,...,6,1 ® Q“f‘;
€05 €r—1 27Tl @ c
0 €
A €0 € v (@g:-n0,)
(pa) (;) = . )\'61 ..... €r—1 (p (Q_ é‘)
60;@ 27Tl
O=twy <) <w) <  <W_) <W—] <O ‘=W
(gi = —w;, Vi).
The above relations should first be interpreted locally, i.e. for ¢/ < 1,
(&
and then extended globally by analytic continuation in ¢. Here Q/D\ “ or

V(@)
¢ denotes the branch corresponding to the left or right circumvention
of each intervening singularity w; if €; is + or —, and to a branch weigh-

tage A that doesn’t depend on the increments w;:

rqt
’ €=+ €=—

E )‘61,...,6,,1 = ]
€

2 Ie. any relation E (¢, Ap @y Ao, @) = 0, linear or not, between a resurgent function ¢ and
one or several of its alien derivatives.
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The lateral operators A{ : ¢ — ¢, (with index € = *£) are defined by
the same formulas as above, but with weights A, .., replaced by the

much more elementary 27 iA$ :
Ireees€r—1

Mo, =lifaa=ca=---=¢_1 =€ €+l
:= 0 otherwise.

Thus, the minor-to-major and minor-to-minor formulas read:

v Aoy e )

Po. () = 2mi @ (w—12¢)

A Aoy oy o)

P ()= & ¢ (@ +2).

This settles the action of alien operators in the lower convolutive model.
Their action in the upper model is exactly the same. Their action in the
multiplicative models is defined indirectly, by pull-back from the convo-
lutive models (with the same notation A,, holding for all models).

The operators A, are derivations but the simpler A are not
Indeed, for any two test functions ¢, ¢, the identities hold?? :

Au(p1 92) = (Awp1) 92+ @1 (Aup2)
(%1>0,a;—2>0
AL(@r@) = (ASp) o2+ o1 (AZe) + D (AL o) (AL ).

w]twry=w

Lateral and median singularities
The lateral and median operators are related by the following identities:

1+ ° AL = exp <:|:2m' > e Aw) (2.2)

w>0 w>0
2mi Y 1” A, = *log (1 +y A;f) . (2.3)
w>0 w>0

Interpretation: we first expand exp and log the usual way, then equate the
contributions of each power ¢“ from the left- and right-hand sides. Al-
though the above formulas express each AZ as an infinite sum of (finite)

22 For simplicity, we write the following identities in the multiplicative models. When transposing
them to the ¢-plane, where they make more direct sense, multiplication must of course be replaced
by convolution.
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A,-products, and vice versa, when applied to any given test function
¢ the infinite sums actually reduce to a finite number of non-vanishing
summands.??

Compact description of Riemann surfaces
Knowing all the alien derivatives (of first and higher orders) of a minor

A —
@ (¢) or ¢ (¢) enables one to piece together that minor’s behaviour on its
entire Riemann surface R from the behaviour of its various alien deriva-
tives on their sole holomorphy stars, by means of the general formula:

r>1 w,‘E(C.

Here, ¢, denotes any chosen point on R, reached from 0 by following a
broken line T" in the ¢-plane. Both sums ), and )", are finite.** The
coefficients H are in Z. Unlike in (2.2), (2.3), t“ in (2.4) should no
longer be viewed as the symbolic power of a free variable ¢, but as an
shift operator acting on functions of ¢ and changing ¢ into ¢ + w. 3

To sum up:

(1) alien derivations “uniformise” everything;

(ii) afull knowledge of a minor’s alien derivatives (given for example by
a complete system of resurgence equations) implies a full knowlege
of that minor’s Riemann surface.

Strong versus weak resurgence
“Proper” resurgence equations are relations of the form:

E(p, App) =0 or E(p, Ay, ..., A0) =0 (2.5)

with expressions E that are typically non-linear (at least in ¢) and that
may involve arbitrary scalar- or function-valued coefficients. Such equa-
tions express unexpected self-reproduction properties — that is to say, non-
trivial relations between the minor (as a germ at { = 0) and its various
singularities. Moreover, when the resurgent function ¢, in the multiplica-
tive model, happens to be the formal solution of some equation or system

23 Due to the minors having only isolated singularities.

24 That is to say, when applied to any given resurgent function, they carry only finitely many non-
vanishing terms.

25 With ¢ close to 0 and suitably positioned, to ensure that { 4+ w be in the holomorphy star of the
test function.
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S(¢) = 0 (think for example of a singular differential, or difference, or
functional, equation), the resurgence of ¢ as well as the exact shape of its
resurgence equations (2.5), can usually be derived almost without anal-
ysis, merely by letting each A, act on S(p) in accordance with certain
formal rules. Put another way: we can deduce deep analytic facts from
purely formal-algebraic manipulations. What we have here is full-fledged
resurgence — resurgence at its best and most useful.

But two types of situations may arise which lead to watered-down
forms of resurgence.

One is the case when, due to severe constraints built into the resur-
gence-generating problem, the coefficients inside E are no longer free to
vary continuously, but must assume discrete, usually entire values: we
then speak of rigid resurgence.

Another is the case when the expressions E are linear or affine func-
tions of their arguments ¢ and A, ¢. The self-reproduction aspect, to
which resurgence owes its name, then completely disappears, and makes
way for a simple exchange or ping-pong between singularities (in the
linear case) with possible “annihilations” (in the affine case).

Both restrictions entail a severe impoverishment of the resurgence phe-
nomenon. As it happens, and as we propose to show in this paper, SP-
series combine these two restrictions: they lead to fairly degenerate resur-
gence patterns that are both rigid and affine. Furthermore, as a rule, SP-
series verify no useful equation or system S(¢) = 0O that might give us
a clue as to their resurgence properties. In cases such as this, the resur-
gence apparatus (alien derivations etc.) ceases to be a vehicle for proving
things and retains only its (non-negligible !) notational value (as a device
for describing Riemann surfaces etc.) while the onus of proving the hard
analytic facts falls on altogether different tools, like Taylor coefficient
asymptotics®® and the nir/mir-transforms.?’

The pros and cons of the 277i factor

On balance, we gain more than we lose by inserting the 2w factor into
the above definitions of alien derivations. True, by removing it there
we would also eliminate it from the identities relating minors to majors
(see Section 2.1), but the factor would sneak back into the J,-identities
supra, thus spoiling the whole set of “monomial” formulas. Worse still,
real-indexed derivations A, acting on real-analytic derivands ¢ would no

26 See Section 2.3.

27 See Section 4.4, Section 4.5.
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longer produce real-analytic derivatives A,¢ — which would be particu-
larly damaging in “all-real” settings, e.g. when dealing with chirality 1
knots like 4, (see Section 9 infra).

2.3 Retrieving the resurgence of a series from the resurgence
of its Taylor coefficients

SP-series are one of those rare instances where there is no shortcut for
calculating the singularities: we have no option but to deduce them from
a close examination of the asymptotics of the Taylor coefficients.?

The better to respect the symmetry between our series ¢ and its Tay-
lor coefficients J, we shall view them both as resurgent functions of the
variables z respectively n in the multiplicative models and ¢ respectively
v in the (lower) convolutive models. The aim then is to understand the
correspondence between the triplets:

- O - O
{0(2),¢(0), (@)} «— {J(n), J (v), J(n)} (2.6)
and the alien derivatives attached to them.

Retrieving closest singularities

N
Let us start with the simplest case, when ¢ has a single singularity on the
boundary of its disk of convergence, say at {y,. We can of course assume
o to be real positive.

$@) =Y (m+D1J(m)z"" (divergent') 2.7)
0<n

é)ﬁ?’ €)= Z](n) c" (convergent’ on|¢| <p). (2.8)
0<n

A
In order to deduce the closest singularity of ¢ from the closest singularity

of } , we first express J (n) as a Cauchy integral on a circle |¢| = || — €.
We then deform that circle to a contour C which coincides with the larger
circle [¢| = |&o| + € except for a slit I' around the interval [y, & +
€] to avoid crossing the axis [y, co]. Then we retain only I', thereby
neglecting a contribution exponentially small in n. Lastly, we transform

28 The present section is based on a private communication (1992) by J.E. to Prof. G.K. Immink.
An independent, more detailed treatment was later given by O. Costin in [2].
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" into T, (respectively I', = —I',) under the change ¢ = {oe" .

1 A
Sy =5 55 @) de 2.9)

T 2w

2mwi
efnvo

2mi

e—l’lv()

2mi

—n
e 0

2mi

92 @) tde (contour deformation)
C

Qg (©)¢™"'d¢ +0(¢;™) (contour deformation)  (2.10)
r

/ ¢ (oe") e™™ dv + o(e™™)
Iy
(setting ¢ := ¢pe’ = e"™)

/ (;4“0 (&o — Coe”) e dv + o(e™"™) (always) (2.11)

*

/ Oe (G0 — Coe™") e dv +o(e™™) (always)  (2.12)
r,

¢ O
:e‘””"/o é{o (Coe" —to) e ""dv+o(e™") (if ¢, integrable). (2.13)

Therefore

J(n) =e " Jy(n) +o(e™"™) (with vy :=log(&)) (2.14)

where J,,, denotes the (lower, and if need be, truncated) Borel transform

O O A
of a resurgent function J,, linked to ¢,,:= A, ¢ by:

T =0 0. T M) 9 =05 ). 95 ()}

‘/]\VO (V)=$§o (Goe” — o) §2;0 (§)=}v0 (log (1 + ?)) (minors)
0

}vo (V)=§7’§o (Go—%oe™) (73;0 (é’):}vo (—log (1 — é)) (majors).

Retrieving distant singularities
The procedure actually extends to farther-lying singularities. In fact, if

A A

J is endlessly continuable, so is ¢, and the former’s resurgence pattern
neatly translates into the latter’s, under a set of linear but non-trivial for-
mulas. Here, however, we shall only require knowledge of those singu-

larities of (2 which lie on its (O-centered, closed) star of holomorphy. All
the other singularities will follow under repeated alien differentiation.
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3 The ingress factor

We must first describe the asymptotics of the “product” part (for m = n)
of our “sum-product” coefficients. This involves a trifactorisation:

k - ~
[TF (_) =: Pp(n) ~ g (n) ™" Egp(n)
0<k<n n
3.1)

1
with v, =/f(x)dx
0

with

(1) an ingress factor 1:91: resummable to /g, and purely local at x = 0;
(i1) an exponential fagtor e ™" global on [0, 1];
(iii) an egress factor Egp resummable to Egy and purely local at x = 1.

The non-trivial factors (ingress/egress) may be divergent-resurgent (hence
the tilda) but, at least for holomorphic data F, they always remain fairly
elementary. They often vanish (when F is even at 0 or 1) and, even when
divergent, they can always be resummed in a canonical way. Lastly, as
already hinted, it will prove technically convenient to factor out the first
of these (ingress), thereby replacing the original SP-series j(¢) by its
‘cleansed’ and more regular version j*(¢).

3.1 Bernoulli numbers and polynomials

For future use, let us collect a few formulas about two convenient variants
of the classical Bernoulli numbers B; and Bernoulli polynomials By ().

The Bernoulli numbers and polynomials

b:0) B (1)

by = = ke —-1+N 3.2
FETR T D! ke-1+N) (3:2)
b(r)': _Zbkr _r—1+1+— —iﬁ (3.3)
' = 212 1200 T

by () := b(9;) ok keC, k#£-1 (3.4)

e'tet 1

ok 2 0 _ N
b (7, ¢) : _k;bk(z) =b(@) e = —— ;- (3.5)
For k € N, we have b; = (llgjj()‘, for the scalars, and the series bj(7)

essentially coincide with the Bernoulli polynomials. For all other values
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of k, the scalars by are no longer defined and the b; (7) become divergent
series in decreasing powers of 7.

* ,_ k! Bk+l(7+l) .
bi(1) = S_E_:l b, T (k STl (if k e N) (3.6)
RESS I'tk+1) .
* R k—s _
bi(1) = S;l b, T R (f keC—-27) @3.7)
B L
bi(7) == —i—éo( 1)°b 7(_](_1)! (if ke—2—N). (3.8)

The Euler-Bernoulli numbers and polynomials

1
BE(0) Bi11 (§>

B = 0= D! (ke —1+N) (3.9)
= _ ] 7 3.10
B(r):= et/z — Zﬂk = 2Tt 5gt G0
Bi(r):= B(d,) T* (keC, k#—-1) (3.11)

ok . * é‘k T er; 1
B (ng):;ﬁk(f)ﬁzﬂ(ar)e C:m—z 3.12)

For k € N, the B/ () essentially coincide with the Euler-Bernoulli poly-
nomials. For all other values of &, they are divergent series in decreasing
powers of 7.

k Xl By <T+ 2)
Bi(r)=) B ——= (if keN) (3.13)

=~ (k—s)! k+1
RESS C(k+1 ,

IBZ(I):Z ﬁsfk_sﬁ ifkeC—-272) (3.19)
s=—1
_ _ s —k=Db

Bi(r):= k+1+;0( 1)'B 7 71)! (if ke 2—N). (3.15)

For all k € N we have the parity relations 3, =0, 87 (—7) = 1)**1 8} (7).
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The Euler-MacLaurin formula
We shall make constant use of the basic identities (Vs € N):

S ok _ K* — * l _ * l
Bs+](m+1) - Bs+l(l)

s+ 1
and of these variants of the Euler-MacLaurin formula:

k -z
Ofﬁf,\

k 0 X
> 7 (5) ~n oo+ T2 LD
k (3.16)
+ Z L(fO@ - FO0)
1<s odd
0<k<x _
~ k i JO)  f(x)
Xk: f(;) ~nfy pods+ 22 4 2x
) (3.17)
+ Y ==L 1)
1<s odd n

where f; and f; denote the Taylor coefficients of f at 0 and x.

3.2 Resurgence of the Gamma function

Lemma 3.1 (Exact asymptotics of the Gamma function). The func-
tions ©, 0 defined on {N(n) > 0} C C by

O(m) =™ := Qn) T (n+1)n""2e" (0(n) real if n real) (3.18)
possess resurgent-resummable asymptotic expansions as N(n) — +00:
Om)=14) O,n™% 0m)=) 6O1ion" "> (odd powers) (3.19)
1<s 0<s
with explicit lower/upper Borel transforms:
1 1 1

0 (v) = _ﬁ + E m (3.20)

5w 1 N 1 /”/2 1 dr 1 1,
V) =+—+ < — ==V - —V
v 2Jo tanh(r) ¢ 12 2160

3.21)
1 1 1
+ v — v+ v
151200 8467200 431101440
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This immediately follows from I'’s functional equation. We get succes-
sively:

9("+) < .
HUCS)RUCS)

—v 3;1<(e'_”/2 —e"?) b (v)) =—vtelt—ev?

) (3
-3) e
)-
)=

5(1}) — (") 19, (P — eV

I PR —
V=—-—t+ -
v2  2vtanh(v/2)

Laplace summation along arg(v) = 0 yields the exact values 6(n) and
®(n). The only non-vanishing alien derivatives are (in multiplicative
notation):

A, 0 = Vo € 2mil* (3.22)

A, O®=—06 VYo € 2miZ*. (3.23)

El—=el~

Using formula (3.23) and its iterates for crossing the vertical axis in the v-
plane, we can evaluate the quotient of the regular resummations of @(v)
along arg(v) = 0 and arg(v) = =, and the result of course agrees with
the complement formula®’:

| .
_ s VneC (3.24)
I T(1—n) -

29 For details, see [9, pages 243-244].
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3.3 Monomial/binomial/exponential factors

In view of definition (3.1) and formula (3.16), for a generic input F :=
e~/ with F(0), F(1) # 0, co we get the asymptotic expansions:

- 1 by
Ig .(n) = exp <—§f(0) + Z ;f(s) (0)) (3.25)

1<s odd

~ 1 b
Eg,(n) = exp <—§f(1) - > —Sf(”(l)> (3.26)

1<s odd
and the important parity relation®:
{FF@) =1/F(1-x))
- ~ - ~ (3.27)
= (1 =Ig, (0 Eg, (n) =Ig,_(n)Eg,(n).}

But we are also interested in meromorphic inputs F' that may have zeros
and poles at O or 1. Since the mappings F + I~gF and F — FEg v
are clearly multiplicative and since meromorphic functions F possess
convergent Hadamard products:

. ; ki . s=K; 1 x5
F(x) = cx@ eXo=t &% ]_[ <1 — i) R IRy
. a; (3.28)

(k,' EZ, K; EN)

=

we require the exact form of the ingress factors for monomial, binomial
and even/odd exponential factors. Here are the results:

1

Fron(x)=c I:gmon(n) =ct?
Fron()=cx? (d #0) Tgmon(m)=c"7 2n)*
Fon@) =] J1 = a7 "x)" Igyn(n) =] [ (B(ain))”

1 1

Feven(x):exp <_ Z f2esven st) Ijgeven(n)zl

s>1

; ~ 63,41(0)
Foda(x) =€XP(—E IfﬁiﬂzH) 1804a(n) =eXP<+Zf2(}(f1 22;1“ )

520 5>0

30 1n Section 5 it will account for the relation between the two outer generators which are always
present in the generic case (i.e. when F(0) and F (1) # 0, 00).
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Monomial factors

The discontinuity between the first two expressions of Ig, . (n) stems
from the fact that for d = 0 the product in (1.2) start from & = 0 as usual,
whereas for d # 0 it has to start from £ = 1. The case d = 0 is trivial,
and the case d # 0 by multiplicativity reduces to the case d = 1. To
calculate the corresponding ingress factor, we may specialise the identity

k ~ -
1_[ F (;) ~ Igp(n) e ™" Egp(n) (3.29)

1<k=<n

to convenient test functions. Here are the two simplest choices:

2 T
test function F;(x)=x| test function F>(x) = — sin (§x)
b4

k=n ' k=n k

l_[ ( ) it an <—> =27""n'? by elem. trigon.
k=1 k=1 \"

Igr

. (n) = unknown I:g () = I~g F (1) by parity of Ex;
1 X
Ve =1 v, = —logm
Egp(n) = ©(n) Egp,(n)=1 by parity of F>(14x).

With the choice F3, all we have to do is plug the data in the second column
into (3.29) and we immediately get Ig, (n) = (27 n)"/? but before that
we have to check the first line’s elementary trigonometric identity. With
the choice Fi, on the other hand, we need to check that the egress factor
does indeed coincide with ®. This readily follows from:

Fi(1+x)=-exp (Z(—l)x%) = Egpl (n) = exp(egp, (n)) with

1<s

grm= Y (1" ") = Y a7t s = Dby =

1<sodd 1<sodd
A L 11
e E b, = — I
g () = = (e”—l v 2)
1 1 1 A
=t e =0 ().

2 v tanh(v/2)

We then plug everything into (3.29) and use formula (3.18) of Section 3.2
to eliminate both n!/n" and ® (n).
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Binomial factors
By multiplicativity and homogeneity, it is enough to check the idendity
Igp,(n) = ©(n) for the test function F3(x) = 1 — x. But since F5 =

1/F 1;: with the notations of the preceding para, the parity relations yield:
£€F3 (n) = 1/E~81/Flh (n) = E~gF||: (n) = O(n) (see above)
which is precisely the required identity. We alse notice that:
F(x) = (1 - f) (1 n )—C) —  fgp(n) = Oan)O(—an) = 1
a a

which agrees with the trivialness of the ingress factor for an even input F.

Exponential factors

For them, the expression of the ingress/egress factors directly follows
from (3.17). Moreover, since the exponentials occurring in the Hadamard
product (3.28) carry only polynomials or entire functions, the correspond-
ing ingress/egress factors are actually convergent.

3.4 Resummability of the total ingress factor

As announced, we shall have to change our SP-series j(¢) = > J(n) "
into j7(¢) = I #(n) ¢", which involves dividing the coefficients J (n),
not by the asymptotic series I~g r(n), but by its exact resummation Ig ;(n).
Luckily, this presents no difficulty for meromorphic?! inputs F. Indeed,
the contributions to /g r of the isolated factors in (3.28) are separetely
resummable:

— for the monomial factors F),,, this is trivial;

— for the binomial factors Fj,;, this follows from O’s resummability (see
Section 3.2);

— for the exponential factors F,,, this follows from log F.,, being either
polynomial or entire.

As for the global Ig,, one easily checks that the Hadamard product
(3.28), rewritten as

F = Fmon Feven Fodd l_[ Fbin,i (330)

translates into a product of resurgent functions:

Ing = I?gFmon I~gFeven I~gFodd 1_[ ingin,i (331)
i

31 For simplicity, let us assume that F' has no purely imaginary poles or zeros.
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which converges in all three models (formal, convolutive, geometric —
respective to the corresponding topology) to a limit that doesn’t depend
on the actual Hadamard decomposition chosen in (3.28), i.e. on the actual
choice of the truncation-defining integers K;.
3.5 Parity relations
Starting from the elementary parity relations for the Bernoulli numbers
and polynomials:

by =0 (s = 1); P =0  (s=0)

by(1) = (=D b (=t = 1); B() = (=D (—1) (Vs 20)

and setting

FF(x):=1/F(1—x)

m=n

Pe(n):=[| F (%)

m=0
_ Pp(n) _
Igr(n) Egr(n)

we easily check that:

1
Pi(n) : (wp)"  with wp = exp(— / F(x)dx)
0

lg, () Eg, m)=1  and lg (n)Fg,(n)=1
Jpe(n) = Jp(n)/Pr(n) and Jf_(n) = JE(n)/Pr(n)
Jr=(@) # jr(CJwp)  but (@) = jE(C/wr)

4 Inner generators
4.1 Some heuristics

Consider a simple, yet typical case. Assume the driving function f to
be entire (or even think of it as polynomial, for simplicity), steadily in-
creasing on the real interval [0, 1], with a unique zero at x €]0, 1[ on that
interval, and no other zeros, real or complex, inside the disk {|x| < |x|}:

0<¥<l, f(0)<0, f(®)=0, f(1)>0, f'(x)>0Vxe[0,1]. (4.1)

As a consequence, the primitive f*(x) := fox f(x")dx" will display a unique
minimum at X and, for any given large n, the products ],Zgz F(k/n) =
exp(— Zizg’ f(k/n)) will be maximal for m ~ nx. It is natural, there-
fore, to split the Taylor coefficients J (n) of our sum-product series (1.2)
into a global but fairly elementary factor J; ; 3(n), which subsumes all
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the pre-critical terms F (k/n), and a purely local but analytically more
challenging factor J4(n), which accounts for the contribution of all near-
critical terms F(k/n). Here are the definitions:

J(n) = Jip3(n) Ja(n) (4.2)

Jmy= > ] F(S) (4.3)

0<m=<n 0<k<m

Jiasm= [] F(E) with 7 := ent(n ¥) 4.4)

0<k<m

k
Ji(n) = ( ]_[ F (—)) (4.5)
0<m<n \0<k<m 0<k<m h

+ (2 LD (O + (D (D)
= +F(;")+1+F("’;fl) . (4.6)
+F () F(22) 4 F(2H) F(22) F(28) 4 .

The asymptotics of the global factor J; »3(n) as n — oo easily results
from the variant (3.17) of the Euler-MacLaurin formula and J; ;3(n)
splits into three subfactors:

(i) a factor Jy(n), local at x = 0, which is none other than the ingress
factor /gr(n) studied at length in Section 3;
(ii) an elementary factor J>(n), which reduces to an exponential and
carries no divergence;
(iii) a factor Jz(n), local at x = x and analogous to the “egress factor”
of Section 3, but with base point x instead of 1.

That leaves the really sensitive factor Jy(n), which like J3(n) is local
at x = X, but far more complex. In view of its expression as the dis-
crete sum (4.6), we should expect its asymptotics to be described by a
Laurent series Y, Cx/2 n~*/? involving both integral and semi-integral
powers of 1/n. That turns out to be the case indeed, but we shall see
that there is a way of jettisoning the integral powers and retaining only
the semi-integral ones, i.e. Y ;.o Cit12n*71/2. To do this, we must
perform a little sleight-of-hand and attach the egress factor J3 to Jy so
as to produce the joint factor J3 4. In fact, as we shall see, the gains that
accrue from merging J3 and J4 go way beyond the elimination of integral
powers.
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But rather than rushing ahead,~ let us describe our four factors J;(n)
and their asymptotic expansions J;(n):

J(n):=Ji1p3(n)Ja(n)=J1(n)Jo(n)J3(n) Ja(n) = Ji 2(n) J3 4(n)

J123(n):= l_[ F(f—l)=exp< Z f( )) with 7 :=ent(nx)

0<k<m 0<k<m

7 1 b;(0) £} . ©(0
Ji(n):=exp (—5 f0+2%) with f; 1= / s!( ) 4.7)

1<s

J}(n)::exp(—n V) with v := /X fx)dx (4.8)
0

y 1 - OV ©(x
J3(n) :=exp (_§f0 — Z%) with f; := / S!(x) 4.9)

1<s

=Y exp(z f(x——)>

0<m<in 0<k<m
_ k
fy e~ X r(54Y)
0<m=(I—%)n 1 <k=sm n
In the last identity, the first exponential inside the second sum, namely
eXP(Z15k§o(- ..)), should of course be taken as exp(0) = 1. Let us now
simplify J3 by using the fact that fy = f(¥) = 0 and let us replace

in Jy the finite m-summation (up to x n or (1 — x) n) by an infinite m-
summation, up to +o00, which won’t change the asymptotics®? in n:

] b*(0) -
Jo(n) = exp (— 3 # fs) (4.10)

1<s

1<m 1<k<m
e==l1

Jan) =24 exp (—62 f<x+ef)> (4.11)

1<m 1<s
e=*1

J4(n) =2+ Z exp (—Z

— b (0))f> 4.12)

32 1t will merely change the transasymptotics by adding exponentially small summands. In terms

A —
of the Borel transforms J3 4 (v) or J3 4 (v), it means that their nearest singularities will remain
unchanged.
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We can now regroup the factors J3 and Jj into f3,4 and switch from the
Bernoulli-type polynomials b} () over to their Euler-Bernoulli counter-
parts B (m). These have the advantage of being odd/even function of m
is s is even/odd, which will enable us to replace m-summation on N by
m-summation on % + Z, eventually easing the change from m-summation
to t-integration. Using the parity properties of 5*(t) (see Section 3.1) we
successively find:

J3.4(n)=2exp (—Z—b fs>+Zexp (—Z ) (4.13)
1<s

1<s 1<m
Ja(n) =) exp (—Z “m) ﬁ) (4.14)
€0<:rtn1 =
Jam)= " exp (—Z ) (4.15)
€0<:;.':n1 =
J3.4(n) = Z exp (-Z B (em +e—) ﬁ) (by parity!) (4.16)
O<m 1<s

J3.4(n)= Z exp (‘Z — B (m)f¥> 4.17)

meS+Z I=s

This last identity should actually be construed as:

Jam = 3 exp (—%,Bf‘(m) ﬁ) expy (-3 %ﬁ:(m) f). @)

me 3+7 2<s

Here, the first exponential exp decreases fast as m grows, since

Bi(m) fi = —m 2h= —mzf/(i)>0.

The second exponential expy, on the other hand, should be expanded as
a power series of its argument and each of the resulting terms m*! n™*2
should be dealt with separately, leading to a string of clearly convergent
series. We can now replace the discrete m-summation in (4.17) by a con-
tinuous t-integration: here again, that may change the transasymptotics
in n, but not the asymptotics.>> We find, using the parity properties of the

33 Indeed, the summation/integration bounds are 0o, with a summand/integrand that vanishes
exponentially fast there.
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B¥ and maintaining throughout the distinction between exp (unexpanded)
and exp, (expanded):

N +o00 1 _ 1 _
J3.4(n) =/ exp (—;ﬁf(r) fl) expy (—Z ;ﬁj(r) J%)dr (4.19)

2<s

» +00 1 _ 1 _
Bam=)_ | exp (—;ﬁf(er)fl)exp#<—z ;ﬂf(ef)fs)df (4.20)

e=+170 2<s

S

» +o00 1 _ s+1 _
J3.4(n) =Z/O exp(——ﬁf(r) f]>exp#(—z en—S,BS*(t) fs>dr 4.21)
2<s

e==1

- +oo | R |
J3.4(n) =2 fo exp (—;,31 (1) fl) expy (— > LD fs)

3<sodd

x cosh#(— > %,Bj(r) f) dt (4.22)

2<seven

~ +o00 1 B 1 B

J4(n)=2 [ / exp (——ﬂi“(r)ﬂ)eXP# (—Z —sﬁ;"(r)fs>dr} . (423)

0 n o=y n demi

= integ.

part
The notation in (4.23) means that we retain only the demi-integral pow-
ersof n=!in [ e ] In view of the results of Section 2.3 about the corre-
spondence between singularities and Taylor coefficient asymptotics, the

Borel transform 2 i(v) :=.? 34 (v) of f3,4(n), or rather its counterpart

2 i(¢) :=2 i(log(1 + af—F)) in the ¢-plane, must in our test-case (4.1) de-
scribe the closest singularities of the sum-product function j(¢) or rather
its “cleansed” variant j#(¢).

Singularities such as Li shall be referred to as inner generators of the
resurgence algebra. They differ from the three other types of generators
(original, exceptional, outer) first and foremost by their stability: unlike
these, they self-reproduce indefinitely under alien differentiation. An-
other difference is this: inner generators (minors and majors alike) tend
to carry only demi-integral®* powers of ¢ or v, as we just saw, whereas

34 In our test-case, i.e. for a driving function f with a simple zero at x. For zeros of odd order
7 > 1 (7 has to be odd to produce an extremum in f*) we would get ramifications of order (—7 +
2s)/(t +1) with s € N, which again rules out entire powers. See Section 4.2-5 and also Section 6.1.
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the other types of generators tend to carry only integral powers (in the
minors) and logarithmic terms (in the majors).

So far, so good. But what about the two omitted factors J;(n) and
J>(n)? The second one, J>(n), which is a mere exponential exp(—nv),
simply accounts for the location ¢ = e’ at which Li is seen in the ¢-
plane. As for the ingress factor Jy(n), keeping it (i.e. merging it with
J3.4(n)) would have rendered Li dependent on the ingress point x = 0,
whereas removing it ensures that Li (and by extension the whole inner
algebra) is totally independent of the ‘accidents’ of its construction, such
as the choice of ingress point in the x-plane.

As for the move from {b}} to {8}, apart from easing the change from
summation to integration, it brings another, even greater benefit: by re-
moving the crucial coefficient By in (3.10) (which vanishes, unlike by in
(3.3)), it shall enable us to express the future mir-transform as a purely
integro-differential operator.>

One last remark, before bringing these heuristics to a close. We have
chosen here the simplest possible way of producing an inner generator,
namely directly from the original generator i.e. the sum-product series
itself. To do this, rather stringent assumptions on the driving function f
had to be made.>® However, even when these assumptions are not met, the
original generator always produces so-called outer generators (at least
one, but generally two), which in turn always produce inner generators.
So these two types — outer and inner — are a universal feature of sum-
product series.

4.2 The long chain behind nir/mir

Let us now introduce two non-linear functional transforms central to this
investigation. The nir-transform is directly inspired by the above heuris-
tics. It splits into a chain of subtransforms, all of which are elementary,
save for one: the mir-transform.

Both nir and mir depend on a coherent choice of scalars 8; and poly-
nomials B/ (t). The standard choice, or Euler-Bernoulli choice, corre-
sponds to the definitions (3.9)-(3.15). It is the one that is relevant in
most applications to analysis and SP-series. However, to gain a better
insight into the S-dependence of nir/mir, it is also useful to consider the
non-standard choice, with free coefficients 8, and accordingly redefined

35 Indeed, if it By didn’t vanish, that lone coefficient would suffice to ruin nearly all the basic
formulae (infra) about mir and nir.

36 Like (4.1).
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polynomials B} (7):

standard choice non-standard choice
B(t):=——p5 1Zkﬁk T B(r) = Zk B, o
Bess (,Jrl)
B (t):=B(3;) " = le
Bi(r) = B(o) :Si,gs i DD

As we shall see, even in the non-standard case it is often necessary to as-
sume that S_; = 1 and By = O (like in the standard case) to get interesting
results. The further coefficients, however, can be anything.

The long, nine-link chain:

. . A A
» o555 X H H=1Li or Le
1 Lo
3 VA A
0 = g N h' h = ti or lLe
T 12 AT 18
&y g ) h =i or e
M E 1
F £ s
mir.

Details of the nine steps:

A precomposition : F — f with f(x):=—log F(x)
2 . integration : f— f* with f*(x) = / £ (xo) dxo
0

2 reciprocation : f* — g* with frfogt=id

d
4 derivation : g¥—> g with g(y) = d—g*(y)

y
2 inversion : g— & with g(y) =1/g(y)
% . mir functional : £ — h with int.-diff. expression below
L. inversion : - h with h() = 1/A()
5 derivation  : h— K with W) = —h()

%

2 : postcomposition : A’ — H with H(¢) := h’(log <1+£>>
a)

2.7 . . . . .
— : mir functional : g — h with see Section 4.3 infra.
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“Compact” and “layered” expansions of mir

The “sensitive” part of the nine-link chain, namely the mir-transform, is
a non-linear integro-differential functional of infinite order. Pending its
detailed description in Section 4-5, let us write down the general shape of
its two expansions: the “compact” expansion, which merely isolates the
r-linear parts, and the more precise “layered” expansion, which takes the
differential order into account. We have:

1 1 1
5 = ——|—1 ; H,(g) = ;-1- Z '™ D,(g) (“compact”)
<r eodd 1<r e odd
1 1 1 —s 113 4
==+ Y Hu(®=—+ Y 03D (layered’)
3 1<r eodd 3 1<r eodd
%(r+l)§s‘§r %(r+1)§s§r

with r-linear, purely differential operators D, D, ; of the form

D, (g) = Z M0t l_[ (gD)n (“compact”)

> nj=r 0<i<r-—1
> inj=r—1
Do(g) =Y Miromm T (g0)" (“layered”)
S ni=r O0<is<s
Minj=s

and connected by:
ID (= Y ITD(e) (vVr e {1,3,5...)).
l(r—i-l)fsfr
2

The B-dependence is of course hidden in the definition of the differential
operators D, D, ;: ¢f. Section 4.5 infra. All the information about the
mir transform is thus carried by the two rational-valued, integer-indexed
moulds *Mir and Mir.

4.3 The nir transform

Integral expression of nir
Starting from f we define f™" and f'#" as follows:

fo) =) fix =1, f #0)
k>k
(1) = BD,) f (1) with 8, = O (424)
n ot
=D fon B (4.25)
k>k
n-« TK+1 .
._ 18
= f—— + "o, (4.26)
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These definitions apply in the standard and non-standard cases alike. Re-
Bri1(t+3)
k+1

of t for k odd/even, with leading term 2:1 .
The nir-transform f +— h is then defined as follows:

call that in the standard case §; (1) = is an even/odd function

1 c+ioo dn 00 4 g
h(v)=— exp(nv) — exp’ (—f" (n,1))dt 4.27)
270 Je—ico n Jo

1 n*KTK+l

c+ioo dn )
:%/c_ioo exp(n v) 7/0 exp<—f,(7/( 1 )exp#(—fTﬁ (n, r)) dt

where exp, (X) (respectively exp”(X)) denotes the exponential expanded
as a power series of X (respectively of X minus its leading term). Here,
we first perform term-by-term, ramified Laplace integration in t:

o0 n—« .[K+l P+l p+1 p+1 k(p+1)
exp|—f ———— )tPdr=(f.) = (k+1)=17'T o
[ el i =t e ()

(with the main determination of ( f,()_ﬁ when N(f,) > 0) and then
term-by-term (upper) Borel integration in n:
1 c=ioo dn v

e = —

270 Jo—ioo n g
Lemma 4.1 (The nir-transform preserves convergence). Starting from
a (locally) convergent f, the T-integration in (4.27) usually destroys con-
vergence, but the subsequent n-integration always restores it. This holds
not only in the standard case, but also in the non-standard one, provided
B(t) has positive convergence radius.

4.4 The reciprocation transform

Let us first examine what becomes of the nine-link chain in the simplest
non-standard case, i.e. with B(t) 1= 77\

Lemma 4.2 (The simplest instance of nir-transform). For the choice
B(t) = 17!, the pair {h, h} coincides with the pair {g, €}. In other
words, mir degenerates into the identity, and nir essentially reduces to
changing the germ f* into its functional inverse g* (“reciprocation”).

Since g = h, the third column in the “long chain” becomes redundant
here, and the focus shifts to the first two columns, to which we adjoin
a new entry # := 1/f for the sake of symmetry. Lagrange’s classical
inversion formula fittingly describes the involutions f* < g* and f <
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g, and the simplest way of proving the above lemma is indeed by using
Lagrange’s formula. On its own, however, that formula gives no direct
information about the involution # <> ¢ or the cross-correspondences
+ < g and f < £ which are highly relevant to an understanding of
the nine-link chain, including in the general case, i.e. for an arbitrary
B(t). So let us first redraw the nine-link chain in the “all-trivial case”
{B(r) = 7',k =0, f(0) = g(0) = 1} and then proceed with a
description of the three afore-mentioned correspondences.

nir nir

> 5 5> > > H  (Trivial case: B(r) =171

1 ! 19

1 S et L g o =x+at(x) gf () =y+b*0)

(R

— f g &£ B ¢ fo=l4alx) gy =1+b(y)
S [E 17

F o f g —'— g Fm=lt+ak) g()=1+b).

mir=id

Lemma 4.3 (Three variants of Lagrange’sinversion formula). The en-
tries a, b, & b in the above diagram are connected by:

a=Y bo. withby. = Y M= plnml o (428)

r>1 ny+-tnp=r

a= Zb{r} with 'b{r} _ Z Pt plnts.ny] (4.29)
r>1 ny+--+np=r

a=> by withby = Y Qurpltenl o (430)
r>1 nytetn=r

with differentially neutral®’ and symmetral®® integro-differential expres-
sions "1 defined as follows:

Q) = f e (1) ... 9" () dty ... dt,  (4.31)
O<tf<..<ty <t

37 Indeed, since n 1 + -+ 4+ n, =r, we integrate as many times as we differentiate.

38 Meaning that for any two sequences n’ = (n}) and n” = (n), we have the multiplication rule

(p[“/]q)["ﬂ] = Y o™ with a sum running through all n € shuffle(n’, n”).
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and with scalar moulds M*, P*, Q° easily inferred from the relations:

_1 r
> Mebl = %af(l b)’ (4.32)
r.
loll=r
Z P Bl = 9pb I, ... 0xb 1, (r times) (4.33)
lloll=r

-1
L+ 0l = (1 +y P'b[°]> . (4.34)

Remark 4.1. In (4.32), 9 as usual stands for differentiation and / = 9!
for integration from 0. In (4.33), dg denotes the differentiation operator
acting on everything to its right and I} = 0, ! denotes the integration
operator (with integration starting, again, from 0) acting on everything to

its left.
Thus we find:
a = b<1> +b<2> +b<3> +...
b<1> == _b[l]

b<2> = +b[0’2] + b[l'l]

b<3> — _b[0,0,3] _ 4b[0,1,2] _ 4b[1,0,2] _ 3b[0,2,1] - 15 b[l,l,l]

a = b+ bpy + b+
by = +4!1!
by = +51020 4 plt1l
b‘{?,} — +‘b'[0’0’3] +2b'[0’1’2] + b_[l,O,Z] + b[0,2,1] + b[l'l’l]

& = by + by + b+ ...
by = 4!
by = 45111 — pl02]
'b‘[3] — —'b'[l’l’l] _ 5[0,0,3] 4 _b[O,Z,l] 4 _b_[l,O,Z]
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Remark 4.2. The coefficients M*®, P*, Q° verify the following identi-
ties, all of which are elementary, save for the last one (involving Y |Q*|):

Dy m= ) M =1 (4.35)

Iel=r Iol=r
2 PT= ) IPtl=r! (4.36)
lell=r loll=r

"= o @r=bt
I-IZrzzQ =0 |.”Z;ZZIQ =0 (4.37)

Remark 4.3. a interms of b is an elementary consequence of Lagrange’s
formula for functional inversion, but a in terms of # and & in terms of &
are not.

Remark 4.4. The formulas (4.28) through (4.30) involve only sublinear

sequences n = {ny, ..., n,; n; > 0}, i.e. sequences verifying:
n+---4+n <i Vi and ni+---+n,=r. (4.38)
@n)!

The number of such series is exactly T (Catalan number), which puts
them in one-to-one correspondence with r-node binary trees. Moreover,
these sublinear sequences are stable under shuffling and this establishes a
link with the “classical product” on binary trees.*

Remark 4.5. The various @11 even for sublinear sequences[n;, . . .,
n,], are not linearly independent, but this does not detract from the canon-
icity of the expansions in (4.28), (4.29), (4.30) because the induction rules
(4.32), (4.33), (4.34) behind the definition of M*, P*, O°® unambiguously
define a privileged set of coefficients.

4.5 The mir transform

Lemma 4.4 (Formula for mir in the standard case). The mir trans-
forms g +— h is explicitly given by:

r>1

1 1 r r
) |:g(v) EXPy (‘ Z:Br 1" (8(v)dy) g<v>>:|,:3—1 . (439

39 fact, that product is of recent introduction: see Loday, Ronco, Novelli, Thibon, Hivert in [13]
and [14].
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Mind the proper sequence of operations:

— first, we expand the blocks (g(v)d,)" g(v).

— second, we expand exp,(. . . ), which involves taking the suitable pow-
ers of the formal variable I (with “I” standing for integration).

— third , we divide by g(v).
— fourth, we move each I” to the left-most position.*’

— fifth, we replace each I" by the operator 9 which stands for n suc-
cessive formal integrations from O to v.

— sixth, we carry out these integrations.

Lemma 4.5 (The integro-differential components D, ; of mir). The
mir functional admits a canonical expansion:

1 1 1 _
s=t §  He(®)=—+ E 0 D s(g)  (4.40)
& 1<r e odd & 1< codd
%(rfl)gssr %(V*I)SSSr

with r-linear differential operators D, s of total order d:

D () =y Miromm T (g9)" (4.41)
S ni=r 0<i<s
>inj=s

and coefficients Mir""o"" ¢ % Z[B1, B2, B3, ... which are themselves
homogeneous of “degree” r + 1 and “order” s if to each B; we assign the
“degree” 1+ 1 and “order” i.

For the standard choice f(t) := ﬁ, we have 0 = 8, = B4 =

..., and so we get only integro-differential components D, ; which have

40 This means that all the powers of €, ¢/, £ etc. must be put to the right of I".
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all odd degreesr = 1,3,5.... Thus:

1
D =+— (<
1,1 +24(§)
1
D — - /2
3.2 +1152(8‘§ )
7 ,
Dys = - (&7 + '8 +42e'e)
1
]D) — 2 73
53 = T a500 (87 87)
7 / /)
Dsq = — oo (28 + '8¢ +42°2")
]D)S,S = +967680 (_g_/s + _g_4_g_(5) + 11 _g_3_g_/_g_(4) + 32 _g_2_g_/2_g_///

4 15g3g”g/”+26gg/3g”+34g2g/g”2).

However the mir formula has a wider range:

Lemma 4.6 (Formula for mir in the non-standard case). The formula
(4.39) and (4.40) for mir remains valid if we replace B(t) := W
by any series of the form B(t) := Y, _ | B, t" subjectto f_; =1, By =
0. The even-indexed coefficients B, need not vanish. When they don'’t,
the expansion (4.40) may involves homogeneous components H, ; of any
degree 1, odd or even.

Dropping the condition f_; = 1 would bring about only minimal
changes, but allowing a non-vanishing 8, would deeply alter and com-
plicate the shape of the mir transform: it would cease to be a purely
integro-differential functional. We must therefore be thankful for the par-
ity phenomenon (see Section 4.1 supra) responsible for the occurence, in
the nir integral, of the Bernoulli polynomials with shift 1,/2 rather than 1.

Lemma 4.7 (Alternative interpretation for the mir formula). The pro-
cedure implicit in formula (4.39) can be rephrased as follows:

(D) Form h(w, y) := 3, % (£(»)3,)".y:
(i) Formk(w,y) = ., B "5 (&(3)3,) .€();
(iii) Interpret g(y)d, as an infinitesimal generator and h°"(y) =

h(w,y) = g*(w+ f*(y)) as the corresponding group of iterates:
hoW1 o pow2 = po(witwa).

(iv) Interpret k(w, y) as the Hadamard product, with respect to the w
variable, of B(w) and 3,h(w, y);
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(v) Calculate the convolution exponential K (w, y) := exp,(—k(w, y))
relative to the unit-preserving convolution x acting on the w vari-

able;
(vi) Integrate fov K@ — v, v)(g)  dy =: £(v).
4.6 Translocation of the nir transform

If wesetn := fOE f(x)dx and then wish to compare:

(i) f(x) and its translates £ (x) = e f(x) = f(x + €);
(ii) A(v) and its translates "h(v) = " h(v) = h(v + 1n);

there are a priori four possibilities to choose from:
choice 1: (" nir — nir e%) f as a function of (e, f)
choice 2 : (" nir — nir e%) f as a function of (3, f)
choice 3 : (nir — e "% nir %) f as a function of (e, f)
choice 4 : (nir — e "% nir %) f as a function of (n, f).

In the event, however, the best option turns out to be choice 3. So let us
define the finite (respectively infinitesimal) increments Vi (respectively
dmh) accordingly:

Vh(e,v) = Z((Smh)(v) " = nir(f)(v) —nir(*f)(v—n) 4.42)
with fx):=f(x+e€) and n:= /6 f(x)dx. (4.43)
0
Going back to Section 4.3, we can calculate nir(f)(v) by means of the

familiar double integral (4.27), and then nir(* f)(v—n) by using that same
double integral, but after carrying out the substitutions:

V> v—n=v ;f(")( )(k+1)' ka (4.44)
¢ (ki + k) g,
Fx) = f(x) =k|;20 fmkzwe" Xk (4.45)
(k1 + 2)

fPo e m 0= fiu

k1,k2>0

T € B @40)

Singling out the contribution of the various powers of €, we see that each
infinitesimal increment §,,/(v) is, once again, given by the double nir-
integral, the only difference being that the integrand must now be multi-
plied by an elementary factor D,, (n, T) polynomial in n~! and 7. Massive
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cancellations occur, which wouldn’t occur under any of the other choices
1, 2 or 4, and we can then regroup all the infinitesimal increments §,,h(v)
into one global and remarkably simple expressions for the finite incre-
ment:

Lemma 4.8 (The finite increment V/: compact expression). Like nir
itself, its finite increment is given by a double integral:

Vh(e, v)= —— / ‘%eW‘i—” /0 ey (07 (2))ar @an

2mi c—ioco
but with truncated Laplace integral and with exp, instead of exp.

The presence in (4.47) of exp, instead of exp” means that we must
now expand everything within exp, including the leading term (unlike
in (4.27)). So we no longer have proper Laplace integration here. Still,
due to the truncation foen(. ..)dt of the integration interval, the integral
continues to make sense, at least term-by-term. Due to the form en of
the upper bound, it yields infinitely many summands » ™, with positive
and negative s. However, the second integration ['>( (...)% Kill off

the n™° with negative s, and turns those with posmve s into Z—j If we

correctly interpret and carefully execute the above procedure, we are led
to the following analytical expressions for the increment:

Lemma 4.9 (The finite increment V/: analytical expression). We have:

Vh(e,v)::Z(_;)s > % l:[(fplﬁq, _ !)') (4.48)

s>1 T pi=0, pizgq; Coi=1
qi>z—1,qi#0

with m:=1+Y pi—Y g, ni=—14+Y q. (449

i

n

=|<

Equivalently, we may write:

Vh(e,v) =Y 8uu(f. ) €" V"  with (4.50)
m>1
n>1

m+n K i=s
e =2 1oty X5 T ™).

m;>0,m;i>—n; Yy m; :mf 1i=1

ni#0,n;>—1 > nj=n
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Let us now examine the infinitesimal increments §,,h of (4.42). Their
analytical expression clearly follows from (4.50), but they also admit

very useful compact expressions. To write these down, we require two
~fm
sets of power series, the " and their upper Borel transforms f . These

series enter the T-expansion of f17:

Ym0y =P+ )+ fPm)+ .. (4.51)
As a consequence, they depend bilinearly on the coefficients of f and B:
fOm) =Y " plfpByn” SO W) = foBpv”
0<p O0=p
(r=0)

! » !
Frm = Y By @)= Y fBpn

m—1<p " m—1=<p

We also require the “upper” variant % of the finite-path convolution:
t

(AxB)(t) :=/ At — tl)dB(tl)zf Bt —1t)dA() (4.52)
0 0

1¥1 =1, g§g = ﬂ (4.53)
pl q! (p+9)!

along with the corresponding convolution exponential exp;:

1 1
exp; A =14+A+4+ §A¥A + 8A§A§A +... (4.54)

Lemma 4.10 (Infinitesimal increments §,,/1: compact expression). The
infinitesimal increments 8,,h, as defined by the e€-expansion Vh(e,v) =
Zosm €" (8uh)(v) , admit the compact expressions:

51h =3, expy(— 1) 4.55)
1

s =3 02((= ') wexp,(— /™)) (4.56)

Sl — % - ((- g % (—fﬁ1)¥(—fﬁl)> Eexm(—fﬁo)) 4.57)

s h_ o Z 1_[(_f:ti)¥ki _ 0
mh=— 0 — xexpg(—f7) | . (4.58)
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Lemma 4.11 (The increments in the non-standard case). The above
expressions for §,h and Vh remain valid even if we replace B(t) =
ﬁ by any series of the form B(t) := anfl B., t"  subject
only to B_1=1,8y=0.

Lemma 4.12 (Entireness of §,,4 and V#h). For any polynomial or entire
input f, each 8,,h(v) is an entire function of v and Vh(e, v) is an entire
ﬁmction of (e, v). This holds not only for the standard choice B(t) =
m but also for any series B(t) = ) ,._ PBn T" with positive
convergence radius.*!

This extremely useful lemma actually results from a sharper statement:

Lemma 4.13 (V/ bounded in terms of f and S).

Const 2AB €
1—2aev XP (T (l—abv))'
Here, of course, for any two power series {¢, ¥}, the notation ¢ <

Y is short-hand for “i¢» dominates ¢”, i.e. |¢,| < ¥, VYn. Under the
A B

assumption f(x) < 1=~ and B(7) < 15,- we get:
) < Ko = —22
V) < V) = —
‘ 1—abv
~m AB am vl

foow) < K@) =

@b ml T—abv
After some easy majorisations, this leads to:
m 1 T ey
Smh(v) < 37 Y E(1(,,“*1r<,,12>|<...K,m)(u)

1<s<m
my+---+mg=m

Const a) v
< 2 <ab> (1 — abv)y

I<s<m !

and eventually to:

Const { AB\’ 1
Vi , - - 2 m. m—s
(€v) < s! (ab ) (1 —abv)* ;( ae)’v

Const 2AB €
< —exp| ————— ).
1 — 2aev b (1 —abv)

41 Subject as usual to f_| = 1, By = 0.
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In the standard case we may take B = 1,b = % so that the bound
becomes:
Vhie. v) Cons 4mr A€
€,V) < ———exp| ———
1—2aev P -2
2

Since Const is independent of a, A, this immediately implies that VA (e,v)
is bi-entire (in € and v) if f(x) is entire in x.*?

4.7 Alternative factorisations of nir. The /ir transform

The nir transform and its two factorisations

In some applications, two alternative factorisations of the nir-transform
are preferable to the one corresponding to the nine-link chain of Sec-
tion 4.2. Graphically:

oS g T (f*=09""f.g =099
t ! )
f g h

oo

& —> h (g:=1/g . h:=1/g)
o e TG g (q* := 87 'q . h* := 8 'h).
t1 )
f l) q h

In the first alternative, we go by imir (“integral” mir) from the indefinite
integral g* of g to the indefinite integral i#* of &, rather than from g to
fi. In the second alternative, the middle column (g, g*) gets replaced
by (g, q*) with g* denoting the functional inverse of 2*. In that last
scenario, the non-elementary factor-transform becomes /ir (from f to q)
or ilir (from f* to g*). We get get for these transforms expansions similar

42 And only if f is entire - but this part is harder to prove and not required in practice.
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to, but in some respects simpler than, the expansions for mir:

: ¢ — h with —_—+ Z H, ()
1<r odd

lir: f—>gq withg=f+ Y Q(f)

3<rodd

imir: g* — h* with 2" =g+ »  IH.(g)
1<rodd
ilir: f*— q* withg* = f*+ ) 1Q,(/).

3<r odd

Each term on the right-hand sides is a polynomial in the f and the
following integro-differential expressions:

frfzd)m ..... srh . (I .f)s—d.(f—l f(Sl)...f(Sr)) (4.59)
= (Igf)" " oIg o (fOV ... f) (4.60)
= Igefedgef .. dgofodge(FSV .. FO)

withd > —1,m >r,s;,...,s5, > land 1+m+d=r+s. Here I :=
07!l = fo denotes the integration operator that starts from O and acts on
everything standing on the right. The “monomial” f@1-5) has total
degree m (i.e. it is m-linear in f) and total differential order d. The
notation is slightly redundant since 1 +m+d =r+s =) (1 +s;) but
very convenient, since it makes it easy to check that each summand in
the expression of H, (f) (respectively IH, (f)) has global degree r and
global order O (respectively -1). The operators IH, and IQ, are simpler
and in a sense more basic than the H, and Q,.

Proof. Let us write the two reciprocal (formal) functions 4* (known) and
q* (unknown) as sums of a leading term plus a perturbation:

h*(x) = g"(x) + IH(x)
g*(x) = f*(x) +IQ(x).

The identity id = h* o ¢* may be expressed as:
id = (g" +1IH) o (f* +HQ)
— id+THo f* + Z @0y (8r(g + HH)) 1.

1<r
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But 2* may be written as
h*(x) = (x + JH) o g*(x) 4.61)

and the identity id = h* o g* now becomes:

0= JH—i—Z—(HQ) (f79)"+ (x + JH). (4.62)

1<r

The benefit from changing IH into JH is that we are now handling direct
functions of f. Indeed, in view of the argument in Section 4.2 we have:

JH= ) 1Y (ﬁﬂi) (Ige ) FE50 (flljf“')). (4.63)

1<r1<s;

The right-hand side turns out to be a linear combination of monomials
(4.59) of order d = —1:

JH= > (-1 (H,B) AR e (4.64)

1<r,1<s;
If we now adduce the obvious rules for differentiating these monomials:
(f_l’ 8)5 . f(d)[S], f(d+5){sl ’’’’’ sy} (lf ) <m _r)

S A (fs=1+m—r)

=(f_1' a)5+r—m—£ f—l f(s]) . f(S])
(ifé=24+m—r)

we see at once that the identity (4.62) yields an inductive rule for cal-
culating, for each m, the m-linear part IQ,, of IQQ. At the same time, it
shows that any such IQ,, will be exactly of global differential order —1,
and a priori expressible as a polynomial in f~!, f, fV, f@ O
and finitely many monomials f, @150} The only point left to check is
the non-occurence of negative powers of f, which would seem to result
from the above differentiation rules, but actually cancel out in the end

result.

4.8 Application: kernel of the nir transform

For any input f of the form plog(x) 4+ Reg(x) with p € Z and Reg a
regular analytic germ, the image /. of f under nir is also a regular analytic
germ:

nir 1 f(x) = p log(x) + Reg;(x) — Regy(x).
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The singular part of /, which alone has intrinsic significance, is thus 0.
In other words, germs f with logarithmic singularities that are entire
multiples of log(x) belong to the kernel of nir and produce no inner gen-
erators. This important and totally non-trivial fact is essential when it
comes to describing the inner algebra of SP series jr constructed from
a meromorphic F. It may be proven (see [15]) either by using the al-
ternative factorisations of the nir transform mentioned in the preceding
subsection, or by using an exceptional generator f(x — xo) with base-
point x( arbitrarily close to 0. An alternative proof, valid in the special
case when Reg; = 0 and relying on the existence in that case of a simple
ODE for the nir-transform, shall be given in Section 6.6-7 below.

4.9 Comparing/extending/inverting nir and mir

Lemma 4.14 (The case of generalised power-series f). The nir trans-
form can be extended to generalised power series

) =" fox (ki t4oo; ki € RE{—1)) (4.65)
ki>m

in a consistent manner (i.e. one that agrees with mir and ensures that £(v)
converges whenever f(x) does) by replacing in the double nir-integral
(4.27) the polynomials B; (t) by the Laurent-type series:

=X . Tk+1 Thtl I
* . k—s _
Bi(t) == E Bi T F(k+1_s)—k+1+s§=1(...). (4.66)

s=—1

As usual, this applies both to the standard and non-standard™® choices of
B.

We may also take advantage of the identity f1° := B(d,) /(%) to for-
mally extend the nir-transform to functions f derived from an F' with a
zero/pole of order p at x = 0:

F(x)=e/ =xPe™™ with peZ* with w(.) regular atO.

That formal extension would read:
c+ioco

formally 1 dn
= exp(nv) —
n

= 5 - Ooon’”exp (p)»(r)—,B(BJw(%)) dt

Mr) = B@(ogr) =tlogr —T+) Byt @) T 7

0<s

h(v)

43 For non-standard choices, the series B(t) := > Bs ¥ has to be convergent if nir is to preserve
convergence.
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with A denoting the Borel-Laplace resummation of the divergent series
A. However, in the above formula for 4(v), the first integration (in 1)
makes no sense at infinity** and one would have to exchange the order
of integration (first n, then 7), among other things, to make sense of the
formula and arrive at the correct result, namely that the nir-transform
turns functions of the form f(x) = plogx + Reg into Reg.*> In other
words, there is no inner generator attached to the corresponding base
point x = 0. But it would be difficult to turn the argument into a rigorous
proof, and so the best approaches remain the ones just outlined in the
preceding subsection.

Directly extending nir to even more general test functions f would be
possible, but increasingly difficult and of doubtful advantage. Extending
mir, on the other hand, poses no difficulties.

Lemma 4.15 (Extending mir’ s domain). The mir transform ¢ — F
extends, formally and analytically, to general transserial inputs g of in-
finitesimal type, i.e. €(y) = 0o(y), y ~ 0, and even to those with moder-
ate growth g(y) = O(y™7), o > 0.

We face a similar situation when investigating the behaviour of /(v)
over v = 00% for inputs f of the form:

f(x) = polynomial(x) or polynomial(x)
i=N

+ Zpi log(x —x;) (pi € doZ").
i=1

Then the (4.40) expansion for 4 (v) still converges in some suitable (ram-
ified) neighbourhood of oo to some analytic germ, but the latter is no
longer described by a power series (or a Laurent series, as we might ex-
pect a infinity) nor even by a (well-ordered) transseries, but by a complex
combination both kinds of infinitesimals: small and large.*’

Lemma 4.16 (Inverting mir). The mir transform admits a formal inverse
mir™! : & — & that acts, not just formally but also analytically, on
general transserial inputs h of infinitesimal type. Like mir, this inverse

44 Even when interpreted term-by-term, i.e. after expanding exp(— ﬁ(a,)(w(%)) .
45 Aslongas p € Z.

46 Under the change ¢ = ¢”, this behaviour at —00 in the v-plane translates into the behaviour over
0 in the ¢-plane.

47 When re-interprented as a germ over O in the ¢ -plane, it typically produces an essential singularity
there, with Stokes phenomena and exponential growth or decrease, depending on the sector.
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mir~! admits well-defined integro-differential components ID,.; of degree
r and order s, but these are no longer of the form 0=°D, ; with a neat
separation of the differentiations (coming first) and integrations (coming
last).

4.10 Parity relations

With the standard choice for 8, we have the following parity relations for
the nir-transform:

Fr(x):=1/F(=x), [ (x):=—f(=x) —
(tangency « = 0)
nir( f7)(v) = —nir(f)(v) (tangency k = 0)
nir( f ™ and nir( f) unrelated (tangency k even > 2)
nir(fF)(v) = —nir(f) (¢, v) with e,f% =—1 (tangency k odd > 1)

= h" = (=1 "h . with: (£, f7) 2k, 1)
T o+
(tangency k odd > 1).

For the mir-transform the parity relation doesn’t depend on « and as-
sumes the elementary form :

mir(—g) = —mir(g).

5 Outer generators
5.1 Some heuristics

In the heuristical excursus at the beginning of the preceding section, we
had chosen the driving function f such as to make the nearest singular-
ity an inner generator. We must now hone f to ensure that the nearest
singularity be an outer generator. For maximal simplicity, let us assume
that:

0< f(0) <400 and 0< f(x) <400 for 0<x<1. (5.1)

Thus f*(x) := fox f(x")dx" will be > 0 on the whole interval 10, 1].
Since we insist, as usual, on F := exp(—f) being meromorphic (5.1)
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leaves but three possibilities:

k=00
Case1: 0= F(0); f) = —plogx) + > fix*
k=0
k=00
Case2: 0<FO)<1li fx)=) fix (fo>0)
k=0
k=00
Case3: F(0) =1, f(x):kaxk (fe >0,k >1).
k=«k

In all three cases, the nearest singularity of j(¢) (c¢f. (1.1)) is located at
¢ = 1 and reflects the n-asymptotics of the Taylor coefficients J (n).

k=m—1
I1 F(E) (e€f0.1}) = J(n):=)_ jin*. (5.2)
k=€

n =0

J(n):=

1
m=e

Case 1. Is simplest.*® By truncating the Y [] expansion at m = mq, we
get the exact values of all coefficients j; up to k = p my.

Case 2. Corresponds to tangency 0. Here, finite truncations yield only
approximate values. To get the exact coefficients, we must harness the
full ) [ ] expansion but we still end up with closed expressions for each

Jk-

Case 3. Corresponds to tangency k > 1 case. Here, again, the full ) ]
expansion must be taken into account, but the difference is that we now
get coefficients j, which, though exact, are no longer neatly expressible
in terms of elementary functions.

5.2 The short and long chains behind nur/mur

Let us now translate the above heuristics into precise (non-linear) func-
tionals. For Case 1, the definition is straightforward:

The short, four-link chain:

1 2 3 , 4 ~ A A
F — %k — h — h — H h=fu,  =fu, H=Lu .

48 Here, we must take € = 0 to avoid an all-zero result.
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Details of the four steps:

F(x)=Fix+FEx>+Fx3+... (converg')
\Ll

k() :==(F(H)+F(L)F(3)+F(L)F(3)F(2)+...)/Igr(n) (diverg")
I

k(n) :=lX: kg n]_k (N.B. k = J* asin (1.3)) (diverg”)

12

h(v) :22 ks Z_j (converg')
I<s :

13

h(v) —Z ks (converg')

W

H(¢):=h"(log(1 + ¢)).
Mark the effect of removing the ingress factor Igr after the first step. If
F(x) = cox? F,(x) with F,(x) = 1+ --- € C{x?} (respectively C{x})

then, according to the results of Section 3, removing /gy amounts to
dividing k() by ¢;'/*(27rn)4/? and integrating d /2 times the functions*
h(v) or h'(v). The removal of the ingress factor thus has three main
effects:

(i) as already pointed out, it makes the outer generators independent of
the ingress point;>
(ii) depending on the sign of d, it renders the singularities smoother (for
d > 0) or less smooth (for d < 0), in the v- or {-planes alike;
(iii) depending on the parity of d, it leads in the Taylor expansions of the
minors fu (v) := h(v) and KAu (v) := h'(v) either to integral pow-
ers of v (for d even) or to strictly semi- 1ntegral powers (for d odd).

This means that the corresponding majors Eu and Eu and, by way of

49 Or more accurately 0(1)/2(2n)*d/2h(v) and c(l)/z(Zn)*d/zh’(v).

50 Just as was the case with the inner generators.
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consequence, the inner generators themselves, will carry logarith-
mic singularities (for d even) or strictly semi-integral powers (for d
odd).!

Time now to deal with the Cases 2 and 3 (i.e. F'(0) #~ 0). These cases lead
to a nine-link chain quite similar to that which in Section 4.2 did service
for the inner generators, but with the key steps nir and mir significantly

altered into nur and mur:

The long, nine-link chain:

nur nur

> o> 5> > > H H=Lu
1 \ 19
3 AN
VA AR = lu
1 12 ool 18
Xy g 2o h = lu
M 15 A
F £ s h
mur
Details of the nine steps:
A : precomposition : F — f with  f(x):= —log F(x)
A integration  : f — f* with f*(x) =[5 f(x0)dxo
> reciprocation : f* — g* with frog*=1id
A derivation : g¥—> g with g(y) = divg*(y)
> inversion : g— & with £(y) =1/g()
% . mur functional : g — h see Section 5.4 infra
2 inversion.  : h— h  with h() = 1/h(v)
Y derivation : h— W h(v) = %h(v)
2 : postcomposition : A’ — H with H(¢) := h/'(log(1 +¢)
2. nur functional g — h with see Section 5.3 infra.

51 Removing the ingress factor has exactly the opposite effect on inner generators: these generically
carry semi-integral powers for d even and logarithmic singularities for d odd.
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5.3 The nur transform

Integral-serial expression of nur
Starting from f we define £, £1°" and 14", f1#" as follows:

fO=Y" fix* k=1, fe #£0)

k>k
" T 4 n—F et "
P10 0=b@) f (2) =) fn b = et 1 D)
k>«k
7K.L.K+1 y
P10, 0= f (2 ) =D fin B =t e+ /1 (1,7)
k>«

with the usual definitions in the standard case:

B +1 1
Bii(t + %
Bi(r):= 7“];(_7_ 1 )

where By stands for the k" Bernoulli polynomial. Recall that b} (m) is

a polynomial in m of degree k 4+ 1, with leading term ki:ll Then the
nur-transform is defined as follows:
nur: f +— h (5.3)
1 [t dn & b bt
h(v) = —— exp(nv) — Y exp’ (= /1 (n, m)) (5.4)
278 Je—ioo n —=

1 c+ioco KmK+l ro*
= g/c exp(n v)—Zexp( fK ) exp#(—f (n, m))

"—i00
or equivalently (and preferably):

c+ioco
O I Z exp! (1 (n,m)) 55)

—ico mel+N
1 c+ioco dn & n—/ch-H .
=— exp(nv)— Y exp( fo—— )exp#(—fm (n, m))
270 ) o noin Kk+1
me3

where exp,(X) denotes the usual exponential function, but expanded as a
power series of X. Similarly, exp”(X) denotes the exponential expanded
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as a power series of X minus the leading term of X, which remains within
the exponential. An unmarked exp(X), on the other hand, should be
construed as the usual exponential function.

The analytical expressions vary depending on the tangency order «.
Indeed, after expanding exp,(. . .), we are left with the task of calculating
individual sums of type:

So.x(fo) = Z mk exp(— fom) inCase2 (k =0, fy > 0)
m eN
n« mK+1
Sex(fi) = Z m"* exp (—fki) inCase3 (k > 1, fc >0)
meN K+1
or of type:
Zox(fo)=Y_ m"exp(— fom) in Case 2 (k=0, fy>0)
me%JrN
n*KmK+l
Zex(fi)= Z m* exp <—fK—> inCase3 (k>1, f,>0).
- Kk+1
mez+N

Since we assumed f, to be positive in all cases, convergence is immediate
and precise bounds are readily found. However, only for x = 0 do the
sums Sy x , Zi.r admit closed expressions for all k. For the former sums
we get:

Ly(a) ) —u

Sox (o) = m with a := e %;

Li(a) := trg ((1 —a)ft! Z skas>
0<s<2k

where tr; means that we truncate after the k™ power of a, which leads to
self-symmetrical polynomials of the form:

Li(a) = a+(1+k+25 >+ - -+ (1 +k+25 a* 1 +a* with Ly (1) = k!
For the latter sums we get the generating function:

> Zos@) ! L {Regular(@ — o). (5.6)
o)— = = eogular(e¢x — o). .
e KT pllao) _ pdleo) o —0 g

Hence:

k!
Zox() = o) + Regular(@). 5.7
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Let us now justify the above definition of nur. For a tangency order
k > 0 and a driving function f(x) := ) ., f;x* as in the cases 2 or
3 of Section 5.1, our Taylor coefficients J(n) will have the following
asymptotic expansions, before and after division by the ingress factor

Igr(n):

j(n)::Zexp(— Sf (%)) (5.8)

O0<m 0<k<m

=ZeXP(—(m-i-1)fo—zn_s(bf(m)—bff(O))fs> (5.9)

0<m 1<s

- 1
g r(n) :=exp (—5f0+2n%:<0)fs> (5.10)

1<s

J(n)/Igp(n)=) exp (— (m%) Jo —Znsbf(m)f) (5.11)

0<m 1<s

:Zexp (—Z n_sb:(m)fs.> (5.12)

0<m 0<s

Of course, the summand % v automatically disappears when the tangency
order « is > 0. But, whatever the value of «, the hypothesis f, > 0
ensures the convergence of the m-summation’? in (5.12), which yields,
in front of any given power n~°, a well-defined, finite coefficient. If we
then suject the right-hand side of (5.12), term-wise, to the (upper) Borel
transform n — v, we are led straightaway to the above definition of the
nur-transform f(x) — h(v).

5.4 Expressing nur in terms of nir

Lemma 5.1 (Decomposition of nur). The nur-transforms reduces to an
alternating sum of nir-transforms:

nur(f) = Y (=1 nirQri p + f). (5.13)

pEL

52 After factoring exp(— ngs(~ ..)) into exp(— ", (...)) expu(— Y _s(...)) and expanding
the second factor as a power series of (3, _((...)).
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It suffices to show that this holds term-by-term, i.e. for the coefficient of
each monomial v” on the left- and right-hand sides of (5.13). For« = 0
for instance, this results from the identities:

Y mtexp—fymy =Y (-1r ST (s

; k+1
mel+Z peZ @rip+ fo)

which are a direct consequence of Poisson’s summation formula.>* The
same argument applies for k > 0.

As a consequence of the above lemma, we see that whereas the nir-
transform depends on the exact determination of log F, the nur-transform
depends only on the determination of F!/2. This was quite predictable,

in view of the interpretation of nur.>*.

5.5 The mur transform

Since in this new nine-link chain (of Section 5.2) all the steps but mur
are elementary, and the composite step nur has just been defined, that
indirectly determines mur itself, just as knowing nir determined mir in
the preceding section. There are, however, two basic differences between
mur and mir.

(i) Analytic difference: whereas the singularities of a mir-transform
were mir-transforms of singularities (reflecting the essential clo-
sure of the inner algebra), the singularities of mur-transforms are
mir-transforms (not mur-transforms!) of singularities (reflecting the
non-recurrence of outer generators under alien derivation).

(ii) Formaldifference:unlike mir, mur doesn’t reduce to a purely integro-
differential functional. It does admit interesting, if complex, expres-
sions> but we needn’t bother with them, since the whole point of
deriving an exact analytical expression for mir was to account for
the closure phenomenon just mentioned in (i) but which no longer
applies to mur.

53 : — —
Decompose the left-hand side of (5.14) as Zme%+z = Zme%z Y ez and formally apply

Poisson’s formula separately to each sum.

54 The square root of F comes from our having replaced jr by jﬁ, i.e. from dividing by the ingress
factor, which carries the term e~ fo/2=F (0)1/ 2,

55 Somewhat similar to the expression for the generalised (non-standard) mir-transform when we
drop the condition Sy # 0.
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5.6

Translocation of the nur transform

Like with nir, it is natural to “translocate” nur, i.e. to measure its failure
to commute with translations. To do this, we have the choice, once again,
between four expressions (where n := foe f(x)dx)

choice 1: (nur e — " nur) f as a function of (e, f)

choice 2 : (nur e — " nur) f as a function of (1, f)
choice 3 : (nur — e~ nur e“*) f as a function of (e, f)

choice 4 : (nur — e~ " nur e“*) f as a function of (1, f)

but whichever choice we make (let us think of choice 3, for consistency)
two basic differences emerge between nir’s and nur’s translocations:

®

(i)

5.7

Analytic difference: the finite or infinitesimal increments Vhi(e, v)
or 8h,,(v) defined as in Section 4.6 but with respect to nur, are no
longer entire functions of their arguments, even when the driving
function f is entire or polynomial. The reason for this is quite sim-
ple: with the nir-transform, to a shift € in the x-plane there answers
a well-defined shift n = fooo f(x)dx in the v-plane, calculated from
a well-defined determination of f = —log F, but this no longer
holds with the nur-transform, whose construction involves all deter-
minations of f;

Formal difference: these increments still admit exact analytical ex-
pansions somewhat similar to (4.48) and (4.58) but the formulas are
now more complex®® and above all less useful. Indeed, the main
point of these formulas in the nir version was to establish that the
increments Vhi(e, v) or 6h,,(v) were entire functions of € and v, but
with nur this is no longer the case, as was just pointed out.

Removal of the ingress factor

As we saw, changing jr into j brings rather different changes to the
construction of the inner and outer generators: for the inner generators
it means merging the critical stationary factor Js4 with the egress factor

56 With twisted equivalents of the convolution (4.54), under replacement of the factorials by ¢-
factorials.
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Egr; for the outer generators it means pruning the critical stationary fac-
tor J of the ingress factor Igr. Nonetheless, the end effect is exactly
the same: the parasitical summands b} (0) vanish from (4.12) and (5.12)
alike.

5.8 Parity relations

F (x):=1/F(—x), f"(x):=—f(-x) —

nur(fk)(v) = —nur(f)(v) (tangency x = 0).

6 Inner generators and ordinary differential equations

In some important instances, namely for al/l polynomial inputs f and
some rational inputs F, the corresponding inner generators happen to
verify ordinary differential equation of a rather simple type — linear ho-
mogeneous with polynomial coefficients — but often of high degree. These
ODEs are interesting on three accounts:

(i) they lead to an alternative, more classical derivation of the properties
of these inner generators;
(ii) they yield a precise description of their behaviour over co in the
v-plane, i.e. over O in the ¢-plane;
(iii) they stand out, among similar-looking ODEs, as leading to a rigid
resurgence pattern, with essentially discrete Stokes constants, insen-
titive to the continuously varying parameters.

6.1 “Variable” and “covariant” differential equations

As usual, we consider four types of shift operators B(9;), relative to the
choices

trivial choice B(t) = 77! (6.1)
—1 1
standard choice B(t) := (e"/? — e—f/z) =t - Tt (62
odd choice By =1+ B T (6.3)
5>0
general choice  B(1) = T 4 Z Bs T°. (6.4)

5>0
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We then apply the nir-transform to a driving function f such that f(0) =
0, with special emphasis on the case f’'(0) # O:

fo) =Y fix' 6.5)
1<s<r
T 1172 1
o017 =B f (Z) =3 fi+... eCl' 1l (6.6)
n 2 n

o, 7) =@ (n, 1) + ¢ (n,7) with ¢T(n, £1)=x0*(n, v) (6.7)

k(n) := [/ooexp#(g;(n, 7)) dr:| (6.8)
0

singular

= /ooexp#(go(n, 7)) coshfp™ (n, 7)) dt (Gf f1 #0) (6.9)

0

A 1 c+ioco

k(v):= [—/ k(n)e'" dn:| =h() (6.10)
27t Je—ioo formal

. 1 c+ioo d

k() = [—/ k(n) e —”} = h(v). 6.11)
2mi ¢—ioo - Jformal

But the case f(0) # 0 also matters, because it corresponds the so-called
“exceptional” or “movable” generators. In that case the nir-transform
produces no fractional powers. So we set:

f@) =Y fixt (6.12)
0<s<r
k°@l(n) = / exp’(¢(n, 1)) dt (6.13)
0
Atotal 1 c+ioo
kK (v) = |:—/ k() V" dn] (6.14)
2mi c—ioco formal
~total 1 c+ioco d
k() = [_ f k€@l () g7 —”} (6.15)
2mi c—ioo ' {formal

The above definitions also extend to the case f(0) = 0. The nir-transform
then produces a mixture of entire and fractional powers, and the index
total affixed to k signals that we take them all.

For polynomial inputs, both k4 and k along with their Borel trans-
forms verify remarkable linear-homogeneous ODEs. The ones verified
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by k%@ are dubbed variable because there is no simple description of
how they change when the base point changes in the x-plane (i.e. when
the driving function undergoes a shift from f to €¢f ). The ODEs ver-
ified by &, on the other hand, deserve to be called covariant, for two
reasons:

(i) when going from a proper base-point x; to another proper base-point
xj (proper means that f(x;) =0, f(x;) = 0), these covariant ODEs
verified by ]? (v) simply undergo a shift v = f:’ f(x)dx in the v-
plane;

(i1) there is a unique extension of the covariant ODE even to non-proper
base-points x; (i.e. when f(x;) # 0), under the same formal covari-

ance relation as above. That extension, of course, doesn’t coincide
with the variable ODE.>’

“Variable” and “covariant” linear-homogeneous polynomial ODEs
They are of the form:

variable ODE: P, (n,—9,)k®(n)=0 <:>Pv(8u,v)7c‘°tal(v):0 (6.16)

covariant ODE: P.(n,—0,)k(n)=0 < P.(9,,v) ]@ (v)=0 (6.17)

with polynomials

Py(n,v) = Y Y dvpgnPue (6.18)
0<p=<d0=<g=s

Pe(n,v) = Y > depqnPul (6.19)
0<p=<d0=<g=s

of degree d and § in the non-commuting variables n and v: [n, v] = 1.
The covariance relation reads:
P:f(n, v—rn) = Pcf(n, V) Ve with f(x) = f(x+¢)
. (6.20)
and n:= / fx)dx
0

57 For a proper base-point, on the other hand, the variable ODEs, though still distinct from the
covariant ones, are also verified by k.
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Existence and calculation of the variable ODEs
For any s € N let ¢y, ¥, denote the polynomials in (n~!, ) characterised
by the identities:

0
3% k°(n) = / @s(n, T) expp(n, 1)) dt (6.21)
0
with ¢, (n, v) € C[0,¢, 83<p, ..., 00] € Cln~ !, 1] (6.22)

f ) d (t* expl(p(n, 1)) = / ) Y5 (n, T) exp(p(n, 7))dt =0 (6.23)
0 0

with ¥, (n, 7) = 0, 0(n, 1) +st° ' € C[n7 !, 7). (6.24)

For 8, & large enough, the first polynomials {¢; ; s < §}and {¢/;; s < &'}
become linearly dependent on C[n~!] or, what amounts to the same, on
C[n]. So we have relations of the form:

0= > AMen )+ Y B, 1)
0<s<$§ 0<s<é’ (6.25)

with  A(n), B(n) € Cln]

and to each such relation there corresponds a linear ODE for k'°';

( > A a;) k) = 0. (6.26)

0<s<§

Existence and calculation of the covariant ODEs for f(0) =0
For each s € N let ¢ and ¥**, 7 denote the polynomials in (n~!, 7)
characterised by the identities:

9, k(n)
o° +
— / ((p;’(n, t)cosh(p™ (n, 1)) + ¢, (n, T) sinh(¢™ (n, ‘L’))) e O dr
0
with o= (n, 1) € C[3,9™, ..., 80", 8,07,..., 850 1€ Cln~ ', 7]

f Oodg (the? ™ cosh(ep™ (n, 7)))= / Oodg (zhe?” ™D sinh(¢™ (n, 7)) =0
W(i)th i
ds (tke“’+("”) cosh(p™(n, 7)) = +¢; * (n, 0)e? 0 cosh(p™ (n, T)dT
+ @ (n, 0)e? "D sinh(¢ ™ (n, T)dt
d: (tke“’Jr(”’f) sinh(¢ ™ (n, 7)) = +¢; ~(n, 0)e? " cosh(p™ (n, T)dT
+ o, (n, 1) e? ) sinh(¢ ™ (n, T)dT.
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Here again, for §, 8’ large enough, there are going to be dependence rela-
tions of the form:

0= Y Ame* 0+ Y By 1)
0<s<$8 0=<s<¢’

6.27
+ Y Gyt ) ©27

0<s<¢§’

0= Y Ame (n, 1)+ Y Bm)y* (n1) (6.28)
0<s<$8 0=<s<¢’
+ Yyt o)
0<s<d§’ (6-29)
with  A(n), B(n), C(n) € C[n]

and to each such relation there will corresponds a linear ODE for k:

( Z A, (n) a;) k(n) = 0. (6.30)

0<s<6

Remark. Although the above construction applies, strictly speaking,
only to the case of tangency x = 1, i.e. to the case fy = 0, f; # O,
it is in fact universal. Indeed, if we set fo = fi = -+ = fi—1, fi Z01in
the covariant ODEs thus found, we still get the correct covariant ODEs
for a general tangency order x > 1.

Existence and calculation of the covariant ODEs for f(0) # 0
There are five steps to follow:

(i) fix a degree r and calculate P/ (n, v) by the above method for an
arbitrary f of degree r such that f(0) = 0;

(ii) drop the assumption f(0) = O but subject f to a shift € such that
f(0) = f(e) = 0 and apply (i) to calculate P/ (n, v) without
actually solving the equation f(e) = O (keep € as a free variable);

(iii) calculate the e-polynomial P f (n,v—f*(e)) with f*(x) :=foxf(t)dt
as usual;

(iv) divide it by the e-polynomial f(e) (momentarily assumed to be 7~ 0)
and calculate the remainder Py and quotient P; of that division:

P (n,v— f*(€) = P (n,v,€) + P/ (n,v,¢) fle);
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(v) use the covariance identity P (n,v— f*(€)) = P/(n,v) Ve to
show that the remainder Pof (n, v, €) is actually constant in €. Then
set

P/ (n,v) := P (n,v,0).

6.2 ODE:s for polynomial inputs f. Main statements

Dimensions of spaces of variable ODEs
For r := deg(f) and for each pair (x.y.) with

x € {v, ¢} = {variable, covariant}

y € {t, s, o, g} = {trivial, standard, odd, general}

the dimension of the corresponding space of ODE:s is always of the form:

dimyy (r,d,8) = (d = Axy (r)(8 = Bry.(r)) = Cyy.(r) (6.31)

with & (respectively d) denoting the differential order of the the ODEs in

the n-variable (respectively in the v-variable). Of special interest are the
extremal pairs (d, §) and (d, §) with

d=1+A,, () §=14B.y (N +C.y(r) (632

d= 1+Ax.y.(r)+cx.y.(r) 8= 1+Bx.yx(r) (6.33)

(d and § minimal; d and § co-minimal) because the corresponding di-
mension is exactly 1.

Dimensions of spaces of variable ODEs

1 1
dimy, (r,d,8)=d—r) (§—r—1) — 5r2 + 3= 1
1
dimy (r,d, 8)=(d—r) (§—r*—=2r+1) — 5rz(r+1) (r even)
2 1 3 2
=(d—r)(8—r>=2r) — 5(r +r2=5r+5) (r odd)
1
dimy, (r,d, 8)=(d—r) —r*=2r+1) — Er2(r+1) (r even)
1
=(d—r)(8—r>=2r) — 5(r3+r2—3r+3) (r odd # 3)

1
dimy . (r, d, 8)=(d—r) (5 —r>—=2r) — 5r2(r+1).
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Dimensions of spaces of covariant ODEs

dimc (r,d,8)=(d—r+1) (8—r+1)—%(r—1)(r—2)

dimc,s,(r,d,a)z(d—wrl)(6—r2—r+1)—%r2(r—1) (r even)
=(d—r+1) (6—r2—r+1)—%(r2—5)(r—1) (r odd)

dim, (r,d,8)=(d—r+1) (8—r2—r+1)—%r2(r—1) (r even)
:(d—r+1)(5—r2—r+1)—%(r2—3)(r — 1) (r odd=£3)

1
dimc, (r,d,8)=(d—r+1) (§—r*—r+1) — 5rz(r—l).

Tables of dimensions for low degrees r = deg(f)

degree variable variable variable variable
r trivial standard  odd general

—_

d,8 98 @3 (d?d

1 2,2) 2,4 2,4 2,5

2 3,49 @(G,14 (3,14 (3,15

3 4,7 (4,28 (4,28) (4,34

4 6,11) (5,64 (5,64) (5,65

5 (6,16) (6,100) (6,104) (6,111)

6 (7,22) (7,174) (1,174) (7,175)

7 (8,29) (8,244) (8,250) (8,260)

8 9,37) (9,368) (9,368) (9,369)

9 (10, 46) (10, 484) (10,492) (10, 505)

10 (11,56) (11,670) (11,670) (11,671)

degree variable variable variable variable

r trivial  standard odd general
1 d.8 (@9 ,9) d,9)
1 3,1 2,4) 2,4) (3,4)
2 5,2) 9, 8) 9, 8) 9,9
3 8,3) (16,16) (16,16) (22,16)
4 (12,4) (45,24) (45,24) (45,25)
5 17,5) (70,36) (74,36) (81,36)
6 (23,6) (133,48) (133,48) (133,49)
7 (30,7) (188,64) (194,64) (204, 64)
8 (38,8) (297,80) (297,80) (297,81)
9 (47,9) (394, 100) (402, 100) (415, 100)
10

(57,10) (561, 120) (561, 120) (561, 121)
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degree covariant covariant covariant covariant

r trivial  standard  odd general

1 @8 @8 @3 59

1 (1, 1) (1,2) (1,2) (1,2)

2 (2,2) (2,8) (2,8) (2,8)

3 (3,4 3,16)  (3,21) (3,21)

4 4,7 4,44) (4,44 (4,44

5 (5,11) (5,70) (5,80) (5,80)

6 (6,16) (6,132) (6,132) (6,132)

7 (7,22) (7,188) (7,203) (7,203)

8 (8,29) (8,296) (8,296) (8,296)

9 9,37) (9,394) (9,414) (9,414)
10 (10, 46) (10,560) (10,560) (10, 560)

degree covariant covariant covariant covariant

r trivial  standard odd general
1 d, 9) d,9) d,3) ,9)

1 (1, 1) (1,2) (1,2) (1,2)
2 (2,2) 4,6) 4, 06) 4, 6)
3 4, 3) (7, 12) (7, 12) (12, 12)
4 7, 4) (28,20) (28,20) (28,20)
5 (11,5) (45,30) (49,30) (55,30)
6 (16,6)  (96,42) (96,42) (96,42)
7 (22,7) (139,56) (145,56) (154,56)
8 (29,8) (232,72) (232,72) (232,72)
9 37,9) (313,90) (321,90) (333,90)
10

(46, 10) (460, 110) (460, 110) (460, 110)

Differential polynomial P in the noncommuting variables (n, v)
Our differential operators will be written as polynomials P (n, v) of de-
gree (d, §) in the non-commuting variables (n, v), which are capable of
two realisations:

(n,v) — (n,—=9,) or (dy,v).

Both realisation are of course compatible with [#, v] = 1 and the ODE
interpretation goes like this:

P(n,—0,)k(n)=0 <= P(0,,v) lé (V)=P(,,v)d,h(v)=0. (6.34)
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Compressing the covariant ODEs

To get more manageable expressions, we can take advantage of the co-
variance relation to express everything in terms of shift-invariant data.
This involves three steps:

(i) apply the above the ODE-finding algorithm of Section 6.1 to a cen-
tered polynomial f(x) = Z?;g fixt+ fix";
(ii) replace the coefficients { fy, fi, ..., fr—2, f-} by the shift-invariants
{fo,f1,...,f, 5, f,} defined in Section 6.2 infra;
(iii) replace the S-coefficients by the “centered” f-coefficients defined

infra.

Basic polynomials f(x) and p(v)

fx)=fo+ fix+...fix =(x—x1)...(x —x,) f, (6.35)
pv)=po+pv+...pvV=@—-v)...(v —v)p (6.36)

Xi xf'f‘l
ith v = f"(x;) = dx = s
with v = f*(x;) /Of(x)x DD

0<s<r §

(6.37)

The polynomials p(v) are usually normalised by the condition p, = 1
and their zeros v; are exactly the images under f* of the zeros x; of the
input polynomial f. Since these v; correspond to the singular points of
the inner generators in the v-plane, we should expect the polynomials
p(v) to be a crucial ingredient of our ODEs. This is indeed the case —
they will appear, predictably enough, as coefficients of the leading deriva-

tive.>8
Basic symmetric functions x, x7*, v¥, vi*
x| = E Xi, Xy = E XiXj ..., X =xp...% (6.38)
1<i<r l<i<j<r
vy = E Vi, vy = E ViV ..., Vii=v...0 (6.39)
1<i<r I<i<j<r
)k, s
X, i= E X; (Vs e N) (6.40)
1<i<r
kk L s
V= E V; (Vs € N). (6.41)
1<i<r

58 With the notations 6.34, this means that p(v) is going to accompany the highest power of 7 in the
non-commutative polynomial P (n, v).
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The change from the x-data to the v-data goes like this:

) — a2} — 6] = ) = ) — (p)

i -2 =1 1 -1 =
(i) 4 og<+Z( )xs>
I<s<oco 1<s<r
(ii) vr= ) ST with Y S = (W)
s<t<(r+1)s s<t<(r+1)s
1 v**
(iii) L+ > (= 1)”—exp - > ==,
1<s<r 1<s<o0 sV
Centered polynomials. Invariants
1 1 f_
xo:= —(x;+-- —l—xr)———f
r rof
X0 x3+1
v = f*(xo)zf feode = ) fi=*
0 0<s<r
1 1 Pr—1 .
Vg = ;(vl + - 4v) = - » (vo # v, in general)

f(x):=fx+x)= Y fx' (1 =0)

0<s<r

pPO) == pw+w) = Y po' P(v) := P(v + vp)
0<s<r

PO i=p+r)= Y pv (p_, =0 PO =P+
0<s<r

Centered S-coefficients

poy=t"'+) prt=1" (1 +y %rk) (6.42)

0<k 1<k
b —by)*
+Z k k:< +Z )( +Z( '1) #) (6.43)
2<k 1<k 1<k k!
b =0=0

by=0b,—b; =28 —
by =b3 —3b1by +2b] =6, — 6 foP1 + 2 B;
by =by —4b1by + 6b3by — 3% =24 3 — 24 Bofs + 12 281 — 3 B
bs =bs — 5biby + 10b1bs — 10bby + 413
=120 B4 — 120 Bos + 60 B3 2 — 20 B3 B1 + 4 By
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Invariance and homogeneousness under f(e) — Af(y o +¢)
Invariance under f(e) > f(® + €).

(x.n,v) S (1,0, — fo)
0ex; = —1 (I<i<r) 0cxg = —1
devi = — fo (I<i<r) 8€v0=a€£O:_f0

aefs:(l'i's)fl—&—s (O§S<r)aefr:() aefs:O (OSSSI’)
0eps =0 +8)p1ysfo O=<s<r)dep, =0 0eps; =0 0<s5 <7).

Homogeneousness under f(e) = f(ye).

(x,n,v) > (¢ 'x,yn, y )
(fs, £) = (V' f5, L)
(PssPs) = (V7 pss ¥ Ds).

Homogeneousness under f(e) > Af(e).

(x,n,v) — (x, A" 'n, Av)
(s, £5) > (A fs, Afy)
(ps, Ps) = (V7 py, A7 py)
Bs—1 = A7 Bs1.

6.3 Explicit ODEs for low-degree polynomial inputs f

To avoid glutting this section, we shall restrict ourselves to the standard
choice for B and mention only the covariant ODEs.> Concretely, for all
values of the f-dregree r up to 4 we shall write down a complete set
of minimal polynomials Py, 5)(n, v), of degrees (d;, §;) in (n, v), that
generate all the other convariant polynomials by non-commutative pre-
multiplication by covariant polynomials in (1, v).%° For each r, the se-
quence
@& (i 8™, (d, )

indicates the degrees (d;, ;) of all minimal spaces with their dimensions
m;, i.e. the number of polynomials in them. For the extreme cases, right
and left, that dimension is always 1.

59 But we keep extensive tables for all 8 cases (v, ¢) x (¢, s, 0, g) at the disposal of the interested
reader.

60 1 fact, all variable ODEs can also be expressed as suitable combinations of the minimal covariant
ODEs.
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Input f of degree 1
Invariant coefficients: f; := f.

Covariant shift: vy : —% f—O

First leading polynomial (shlfted) pv) = p(v+vy) = v.
Second leading polynomial: q(n) = n>.
Covariant differential equations:(1, 2)

1
P P = —n—-— f
1,2, v) = Paoy(n, v+vp) =n*v + b
Variable differential equations:(2, 4).
Input f of degree 2
Invariant coefficients:

1 1
fo= 0—1% = —Z(x1—xz)2f2, f = f.
Covariant shift:
lfofl 1 f1 1 2 2
— - —4 .
Vo =—7 7 t14 i 1 (x1 +x2)(x7 — 4x1x2 + X3) fo

Leading scalar factor:

1 2
fo= ~1 (x1 —x2)° fo.

First leading polynomial (shifted)
4ty
POY) = p(v + 1) = = L+
of,

Second leading polynomial:

_1fy ¢ 8
q(n)_6f0n +n°.

Covariant differential equations: (2, 8), (3, 7)?, (4, 6)

P(z’g)(n, V) = Po, 8)(” V41g) = n® fop(v) + n7f0 Y

5 8

+n® (6f2v + ﬁf3+ 9f0)
1 1

2 2 3

— fof?) — —f

(972 0 2) 583 2

1 2
5 4 2
— _f + —f£2f, — = ¢
" (6 2v> " <54 Y 2)
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Pi.7)(n,v) = Py (n, v+vg) = n’ fop(v)

1
+n6 <—§f2\) —ifol)—i-fol))
+n 7f +8f+2f + 1ff2 41f
V n _— V— —— V
3 ? 9 Tgo 288 2 07 288’
7 1 11 1
3 2 2 3
2, — —f, ) —n [ —f,f —_f
o <432 012773 2) ”<7776 0 2>+31104 2V

5 328
P(T3,7)(”’ V) = P(T?,J)(”, v4vp) = n’ fovpv) + n° (——fo v — ——0>

3 27f,
7 1 2 16
5 3 4 3
—fov+ -f £3— —f
o ( 9°”+9°”)+” (27 27 0)
4
f£3f fofov ) — —fof3
T <81 ) (972 0 > 720 072
oo (o 416f,
Pue(n,v) = Pug(n,v+vg) =n"fo v+ —— ) p(v)

3 f,
416 £] 56 £
13f — 0y 0
Tt ( oV’ + 3f2” 9f2”>

356 1 33287 1024 f,
28002 4 —£3 )2 —to
+”(90 9°v+27f2+27f2>

148 26 158 16
3 3
I ———fov — £} —f f
+"( g 0V T o700 >+”(81 3°>
1 161
£2f,0 ) — —fof3v> — —fF2f,.
+”(81 0 2”) 972 072" T g9 072
Variable differential equations: (3, 14), (4, 11)2, (5, 10)3, (6, 9)2, (9, 8)

Input f of degree 3
Invariant coefficients:

LAA 2 f
fo=/fo 3 A +27f3

1
= ﬁ(xl +x2—2x3) (02 +x3 —2x1)(x3 +x1 —2x2) f3
1 f7

1= fi— = = == (a7 + x5+ X3 — XX — xox3 — x3%)) f3
343

f;3=f5.
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Covariant shift:

Thr /[ VAL 1 f 1 3, 3, .3
3 A /+18 72 108f33_ 108(x1+x2+x3)(x1+x2+x3

+24x1x3x3 — 3X1x22 — 3x12xz — 3X3x12 — 3x32x1 — 3X3x22 — 3§X2)f3.

Vo= —

Leading scalar factor:
a:=4f) 427653 = —(x; —x2)% (x2 — x3)° (x3 — x2)* f5.

First leading polynomial (shifted)

)= (v + 10) 1 f3f§+27f3+ ofgf, 1 f] 1£7 20
V)= Vv VW)= T —— v —V V.
PRI I=30707 Teat, \8 f5 ' 1612) ' 2f5

Second leading polynomial:

o) = 9f f3 12+81 f3 6f2f3 u o L fifs
a

K 15 16

3—— .
7 a 1 + + a n-+n
Covariant differential equations: (3, 16), (4, 14)2, (5,13)2, (7, 12)

Pi.16)(n, v) = Pa16)(n, v +1v9) = ap(v) + 0(n'") 0(vY)
P 14)(n,v) = Puagy(n, v +vp) = frabn' p(v) + 0(n") 00"
PI4714)(n, V) = P(Z’M)(n, v+ 1) = abn'*y pv) + 0(n13) 0(1}4)

with the following invariant coefficient b:

b := 2097152 f1% — 766779696 f3 £3 — 5204971527 £
— 36074005128 f £ £3 + 1428879744 £ £3
— 1314579456 £5£3 £3 + 1099865088 £ £ £3
+ 205963264 ] £ £3 — 8872609536 £5 £ £3
+ 73222472421 £ £5 + 20602694736 £ £ £
+ 5971968 £5£6 £3 + 884736 £ £ f3 — 5165606520 £ £

P 13(n, v) = Pis.13)(n, v + )
=n" (flc; — 180f3¢,v) p(v) + O(n'?) O(v°)

PIS,B)(”’ V) = P(TS’B) (n, v+ )
= n13 (C3 v+ 180f1 f3 C 1)2) p(v) + 0(n12) 0(‘)5)



108

with the following invariant coefficients ¢y, ¢;, €3:
¢; := 917290620205793280 £ f}* £3 + 78717609050112 £ £ > £3
+ 4163751641088 f¢ 1 £ + 50281437903388672f | f;
+ 1581069280739328 £ £1° £3 + 17755411807125504 f ¢ £ |* £3
+99407759207731200 £ 5 £ £3 + 5640800181652267776 f 5 £1 £3
+ 344140580192256 £5 £ £3 + 11726669550606570432 £5 £ £
+ 326589781381042176 £§ £ £3 — 498496347843530688 £ 3
+ 16926659444736 £,° £ £5 — 85405328111733120F5 £ £3
— 1691608028258304 £ 5 £ —15390509185018432260 f§ £7 £3
+ 98766738625551624 £ £5 — 7432537028329878624 £ 7 £3
+ 10331678048256 f |* — 27319961213550950355 f 3 £
+ 1500717585045441600 £3 £5 + 226960375516131600 £ £
— 88258622384581632f 1 f3 — 8253051882421560660 f ¢ £ £
— 1478991931831367424 £5 ] £3 — 450793967617700928 £ £
+ 3821964710670454374 £ £5—17792355610879876332 f 3 £ £3
— 5761805211034236864 £5 £ 3
¢, = 346056266653347168 £33 £ — 561701191680 f |*
— 12492140160024576 £3 £ 1> £3 — 1568573227008 £§ f |* £3
— 225501511680 f3 f1° f3 — 812740325605376f 1° £ 5
— 83614219370496 £3 £ }° f5 — 1675724924436480 f 3 £ |* £
— 7670187447717888 £ £ £3 — 50653665706906368 £ £ f3
— 313456656384 5 £ 3 — 23099325980303808 £ £ 3
+ 24015789981646272 £ £ + 28152325951488 £ £9 £
— 64268410079232f5 £ £3 — 24631997881011588 £{ £ £
+ 1250788627474992675 £ £$ 4 308789626552560 3 £3
+ 1527911696305152 £ 1> £ + 60223210699403700 f 5 £ £
+ 19863849419539200 £ £ £3 + 18320806414937664 £ £
+ 3706040377703682 £§ £ + 945719068633781580 f 5 £ £3
+ 263746805911956288 £5 —g f £5
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c; 1= 188945409245184 f3' — 4265434334643431940864 £§ £ £3
+10475616970801152 £ £* 3
— 6409779863684795640576 £ £ £
+ 1643585979933664752384 3 £12 3
+ 31374503650787328 £ £ £3
+ 3977644977060256658880 £ 5 £ £
+ 1290160568497752489024 f 7 £
+ 1205510242413389496768 £ £ £3
— 48405699843949469920500 f; £ £3
+ 129087554262282601920 £ £3
— 280615966839399140352 f1° £3
+9973443990092156928 £ £ |* £
— 1492256344300529883948 £ £ £3
+914039610015744 £ > £€ £3
— 122919033279447568214604 £§ £ £3
+ 29574529753446346752 £5 £ £3
+ 13297895549157703680 f ) £ £3
+ 30311992402755395296032 £3 £ £3
— 24763502547539307564426 £ 5 £ £5
+ 169418141509536645120 £ £} £3
— 908625541799649020400 £ £
15603533051087967184f )] —67837564266533409024 £° £ £
+ 3613883506978117107600 £
— 41025866981179759740000 f 3 £
+ 581286688880237080992900 £ f ]
— 12210659652336342667200 £ £ £5
+231937500459010111367085 4 £ £5
— 12977326722621245045184 £5 £ £5
+1049410426382106624 f o f ° £3— 100601484577357824 £ > £ £5
+ 27598162056708096 £ £ 1 £5 + 76397618921472f 4 £1* £ 5
+ 4008794200000102400 f }* £ 5 4 1381995569479680 £§ f | £3

P12 (n,v) = P 12(n, v+ vo)
=n"p) #1V +ds vV +HTdyv? +£1div +do) + O(') OO)
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with the following invariant coefficients dy, d;, d,, d3:

29859111, 3664683 , 29889 81 o 22240737 f3
: o+ fo+ fo+ —
128 1600 4000 10000 640 f;
336626989 £ f7 3493333 f5f; 159 fifg+ 1969 fg£¢
3200 f3; 24000 f,3 5000 f3 60000 f?
242977752829 £9 40541647 £5£5 15317 f5f]
15552000 EJF 1296000 f2 4860000 f3
+203363491f? L 83521 f12
69984000 £3 1049760000 f4
368631 3305043 , 93339

0= £+

d, = £
! 160 800 " 2000
27 b6 _ 642277459 £3 123 fof;
250 1296000 f; = 500 f;
10657943 £5£7 697 £5£ 101072021 £§ 4913 £
18000 f3 9000 f2 © 1944000 f2 ' 1458000 f3
361809 10467 , 27 ., 479929 f7 29 fif7 289 f°
d, =+ + o+ = £+ -t —
800 200 50 2160 f3 50 f3 = 5400 f2
6561 1347 6 17 £9
d; = — f3— —— 34 —f263 + — L
’ 30 2T 20 ntshh TS

Variable differential equations:
(4,28), (5,22)2, (6,20)3, (7, 19)*, (8, 18)°, (10, 17)?, (16, 16).

Input f of degree 4
Invariant coefficients:

LAB LA 3 f 1
fom fo—-23 L 2S5 0 S T (e —x—xa—xs—
N T T A LT 25611” X3 =)
1 1f
f1=f1——f2f3+—f—32
2 fa 8f4

= —g(xl + X2 —x3—x4) (X2 +x3— X1 —X4) (X2 +X4—X1 —X3) f4

3 2
f2=f2—§%

1
=-3 (4(xf + x5 4+ x5 +xD) — (1 +x2 +x3 +x4)2) i
f4a= /i
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Covariant shift:

Las  LAK L AR LR

Vg = ————

4 f T3 g2 192 g T asogE
Leading scalar factors:
a=256ff2 — 128F3F26,+16Ff5 + 144ff,F2F,—4£2F]
=27ty = [ i —x)* £

I<i<j<4
b = —1280f5 + 32256 f,f5 £, — 269568 £3 £5£5 + 746496 £ f
+ 69984 F £, f; — 95047 £3 £, + 19683 F1 £
(@, J)#E kD)

= l_[ @ 5 (X,' +Xj —xk—x1)2+(x,~ —x‘,)2—5 (xk—xl)z)ff.

I<i<j<4
I<k<i<4

First leading polynomial (shifted)
12 £365F, 27 f0f] 25667 16 f£f3
125 f2 2000 £2  625f, = 2025 f3

128 £4£5 1 f3fif; (32 £2f, 56 £3f.f3

p(v)

1125 £2 675 f]

21 fofif, 27 £ 4 foff; 2 £f5
100 £2  1000f2 225 f3 675 f3

(1_6f(2)f2 9 fof} 113 4 fof) 4 f§>v2+f1fzv3+v4

15 f, 10 f4 60 £2 15 £2 ' 225f3 fy

Second leading polynomial:

0
2147£n20 2P 1, f,y W2y
3356 ab 3255 ab

£, f2f fof, 2
+8<124+12014>n43+n44.
a

qn) = —

a

Covariant differential equations:

(4, 44), (5,32)2, (6,28)%, (7,26)*, (8, 24),
(10, 23)%, (11, 22)3, (16, 21)%, (28, 20)

Pyasy(n,v) = Py agy(n, v +19) =abn* p) + 0@®) 0?).
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Variable differential equations:

(5, 64), (6,44)%, (7,37)%, (8, 34)*, (9, 32)°, (10, 30)%,
(11,29)2, (13, 28)°, (15,27)%, (18, 26)2, (25, 25), (45, 24).

6.4 The global resurgence picture for polynomial inputs f
The covariant ODEs enable us to describe the exact singular behaviour

of 12 (v) = h(v) at infinity in the v-plane, and by way of consequence
all singularities over 0O in the ¢-plane. In the v-plane, the singularities in
question consist of linear combinations of rather elementary exponential
factors multiplied by series in negative powers of v. These are always
divergent, resurgent, and resummable. The case of radial inputs f (i.e.
f(x) = f, x")is predictably much simpler and deserves special mention.
We find:

( 3 cs(w)u—$> exp (w#) (for radial f)  (6.44)

r+l1<k
r—2
( Z cs(w)v_réﬁ)exp (a) P —i—Zwsvrﬁ) (for general f). (6.45)
r+1<k s=1

The “leading” frequencies w featuring in the exponential factors depend
only on the leading coefficient f. of f. Via the variable 6 thus defined:

r+1Y\ f r+1\ £
0= ( , > ot ( , > W+l (6.46)
the leading frequencies w correspond, for each degree r, to the roots of
the following polynomials r,(6) of degree r:

T () =—12+6
o(0) = —432 + 0% = —2433 4 92
3(0) = (240 +760) (=30 +60)> = (2*3 x54+760) (=2 x3 x5+6)%
74(0) = (1749600000 — 1620000 6% + 343 %)
_ (28 3755 _ 25345492 L 73 94)
7s(0) = (—1344 +3160) (189 + 6)* (42 + 6)?
=(=203x74310)(37+6)>2x3x7+406)
me(0) = (—66395327975424 + 152320630896 6>
— 116688600 6* + 29791 6%)
= (=2"23%77 42437753792 — 23355274 9* +-31%9%)
m7(0) = (3840 4 1276) (=30 + 6)? (24300 + 10806 + 37 62)?
= (283x541270)(2x3x5+0)%(2%3° 524233350 4+370%)2.
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For a non-standard choice of 8 and with the “centered” coefficients b,
introduced at the end of Section 6.2, these polynomials 7z, (6) become:

m1(0)=1+b0
w2 (0) = 1+ 2b360 + (b + 4b3) 67

73(0) = 143 (bs — 6b3) 6 + 3 (b + 18byb3 — 12b3by + 27 b3) 62
+ (b} — 27b% + 54byb3b, — 18b3b2 — 54b3b3 + 81bib,) 6°

m4(0) =1 +4(bs —30byb3) 0
+ 2 (3b3 + 80 byb] + 180 b3 by — 180 bybsbs
+ 1320 b3b3 — 720 b3b, + 1728 b3) 6% + 4 (bl — 160 bsb;
— 90 b,b3b2 + 180 bibybs + 80 byb2bs
+ 1120 b3b3b; + 864 b3
— 2520 byb3by + 1320 b3b3bs — 720 b3b,bs
+ 1728 b3bs + 1280 b3b3
— 2880 b3bsbs) 6° + (b3 — 120 bybsb3
+ 160 byb3bz + 360 b3byb3
— 640 b3b;bs + 256 b, — 2560 b3b;
+ 3456 b3bs + 5760 b,b3b}
+ 2640 b2b3b2 — 1440 b3byb2 — 2160 bib? 4 4480 b3b3b2bs
— 10080 byb3bsbs + 3456 b3b2 — 3200 b3b2b3 + 5120 b3b3bs
+ 6400 b3b; — 11520 b3bsb,bs) 6*.

Thus, for »r = 1 we get two basic singular summands:

(Z cs(w) v5> exp (a) ﬁ) (for all f of degree 1) (6.47)

2<k
1
(u‘ _Z u%) exp (a) v%) Gf f(x) = fix) (6.48)
1)
with frequencies @ corresponding to the solutions of m(f) = O i.e.

T2y =0ie o= (-2byf)2.
For r = 2 we have 6 = 2 x 3 basic summands

(Z ¢ (@) u—%> exp (a) u§) (for all f of degree 2)  (6.49)

3<k
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with frequencies w corresponding to the solutions of m,(6) = 0 i.e.
96y _
w2 &) =o.

For r = 3 we have 12 = 3 x 4 basic summands

4<k

(Z cs(w) v‘i) exp <a) v%) (for all radial f of degree 3)  (6.50)

4<k

(Z cs(w) v_f‘*) exp (a) vi + w v%) (for all f of degree 3) (6.51)

with main frequencies w solution of m3(0) = 0 i.e. 71:3(% %) = 0, and

with secondary frequencies w; dependent on the main ones and given by:

o2t (14 (bs+3b3)6) (b2 +(b2bs—3b3—9b3)6)

= - (6.52)
3@ (1+(bs—6b)0) +9b, (2b% — b3) 62
e 1 f7 . AANEE
Withfy = /i = 37, f= /5 and 6= (g) = (6.53)

Lastly, for r = 4 we have 20 = 4 x 5 basic summands

(Z cs(w) vg) exp (a) v%) (for all radial f of degree 4) (6.54)

5<k

_s 4 2 1
(Z};Cs(a))v 5)exp (a)US +a)2v4+a)1v4) (6.55)
- (for all f of degree 4)

with main frequencies w solution of m4(0) = 0 i.e. n4(% %) = 0,
and with secondary frequencies w, @, that depend on the main ones and

vanish iff the shift-invariants f; respectively f, vanish.

6.5 The antipodal exchange for polynomial inputs f

As noted in the preceding subsection, the behaviour of our nir-transforms
h(v) at infinity in the v-plane involves elementary exponential factors
multiplied by divergent-resurgent power series

Yo(v) = Z cs(w) U_ﬁa

r+l1<k

which verify simple linear ODEs easily deducible from the frequencies
w and the original ODE verified by .(v). Therefore, to resum the ¢, (v),
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which are local data at infinity, we must subject them to a formal Borel
transform, which takes us back to the origin, with a new set of linear
ODEs. This kicks off a resurgence ping-pong between 0 and 00.®! Before
taking a closer look at it, let us state a useful lemma:

Lemma 6.1 (Deramification of linear homogeneous ODEs). Let p be
a positive integer and ®(t) any power series in (C{t%} or C{f%} that
verifies a linear homogeneous differential equation P*(t,d,) ®(t) = 0
of order §* and with coefficients polynomial in 1 of degree d*. Then
@ automatically verifies a new linear homogeneous differential equation
P(t,0,)®() = 0 of order § and with coefficients polynomial in t of
degree d such that

§<8p, d<+d)1+8(p—1)>.

Proof. The initial, ramified differential equation, after division by the
leading coefficient and deramification of the denominators, can be written
uniquely in the form

o= 3 Y ap 17 0O (6.56)

0<j<p 0=<s<d*

with unramified coefficients a;- ; ; that are rational in 7. Under successive
differentiations and eliminations of the derivatives of order larger than §*
but #£ i, we then get a sequence of similar-looking equations:

o0 = 3 N a0 00  (Vist<i<sp)  (657)

0<j<p 0<s<ds*

again with unramified coefficients as- ; ; rational in #. One then checks
that there always exists a linear combination of the (p — 1) §* equations
(6.57) with coefficients L;(¢) polynomial in the a;/ j7 ¢ () and therefore

rational in ¢, that eliminates the (at most) (o —1) §* terms of the form to
with1 < j < pand 0 < s < §*. After multiplication by a suitable #-
polynomial, this yields the required unramified equation P (¢, 9,)P(¢) =
0. A closer examination of the process shows that the coefficients a are
of the form:

bi js(t)

W with degt(c) Sd*, degt (biyj’ky) < (1+l — 5*) d*.

a; js(t)=

61 Which is quite distinct from the ping-pong between two inner generators associated with two
proper base points x;, x in the x-plane.
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Plugging this into the elimination algorithm, we get the bound

d<(1+@-D5@ +(p-Dd +DDi
(1+d) < (1 +d)A+8 pH? with pfi=p—1

which, barring unlikely simplifications, is probably near-optimal. O

Let us now return to the resurgence ping-pong 0 <> co. Graphically,
we get the following sequence of transforms:

— — — — — — — — —
1 0
(Pi kiony)  (Pf ks, n3)>(Ps, ks, ns) (P ks, ns)>> (Ps, ks, ns)
NS S s
(P, kp, v2) (Pa, ks, v4)

Step 1. We have the polynomial-coefficient linear ODE
Pi(ny, 0,) ki(n)) =0
with
ny=n~ o0, ki(ny) =k(n), Pi(ny, d,,) = P(ny, —0,,).

Arrow 12. We perform the Borel transform from the variable n; = n to
s—1

the conjugate variable v, = v. Thus: n;” —
—V).

V.
2
Toye 11 > vy Oy

Step 2. We have the polynomial-coefficient linear ODE
Py(v2, 0,,) ko (v2) =0
with
v =0~ 0,k (1) = kW), Pa(v2, 3y,) = Pi(Dhy, —v2).

Arrow 23. We go from 0 to oo, that is to say, we now solve the above
ODE in powers series of negative powers of v,. More precisely, for an
1

r

input f of degree r, we set n3 := 1)2’ﬁ = v; ?, the new variable n3 being

the “critical resurgence variable” at co, and we then solve the ODE in
negative powers of ns.

Step 3*. We have the ramified-coefficient linear ODE

P (n3, 9py) k3(n3) =0
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with

Y =, butnsy ~ 00, k3(n3) = ka(v2), P (n3, 9,,)

k3—1
n
K3 3
P, <n3 - 8,,3> .

Arrow 33. Since for an input f of degree r, we must take k3 = ’ril, this
leads to a ramification of order r in the coefficients of P;". We then apply
the above Lemma 6.1 with p = r to deramify P; to P;.

3
(5]
ll

Step 3. We have the polynomial-coefficient linear ODE
P5(n3, 0y) k3(n3) =0

with n3 and k3 as in Step 3* but with a linear homogeneous differential
operator P which, unlike Pj, is polynomial in 7.
Arrow 34. We perform the Borel transform from the variable n3 to the

s—1

conjugate variable vy. Thus: n3* — n3 > 0,,, Opy F> —V4.

Yy
T(s)’

Step 4. We have the polynomial-coefficient linear ODE
Py(v4, 0,,) ka(vy) =0

with v4 conjugate to n3 and Ps(v4, 0,,) = P3(9,,, —v4).

Arrow 45. We go from 0 to oo and from increasing power series of the

variable v4 to decreasing power series of the variable ns. For an input f
r+l L
of degree r, we set ns :=v,” =: vf = vf, the new variable ns being

the “critical resurgrence variable” at oo.

Step 5*. We have the ramified-coefficient linear ODE
PS*(n55 an5) kS(nS) = 0
with

ng’ = vy butns ~ 00, ks(ns) = ks(vs), PS(ns, d,,)

nK5—1
— K5 5
=P, [ n, =—3, ).
Ks
r 1

Arrow 55. Since for an input f of degree r, we must take ks = 7 = o
this leads to a ramification of order r 4 1 in the coefficients of PJ". We



118

then apply once again the above Lemma 6.1 with p = r + 1 to deramify
P 5* to Ps.

Step 5. We have the polynomial-coefficient linear ODE
PS(”S» ans) k5(n5) =0

with n5 and ks as in step 5* but with a linear homogeneous differential
operator Ps which, unlike PZ, is polynomial in ns.

6.6 ODEs for monomial inputs F

General meromorphic inputs F, with more than one zero or pole, shall
be investigated in Section 7.2 and Section 8.3-4 with the usual nir-mir
approach. Here, we shall restrict ourselves to strictly monomial F, i.e.
with only one zero or pole (but of abitrary order p), for these monomial
inputs, and only they, give rise to nir transforms that verify linear ODEs
with polynomial coefficients. So for now our inputs shall be:

fx):=+plog(l+px), Fx) ==+ px)"? (peN) (6.58)
f(x):=—plogl — px), F(x):=(1—-px)*? (peN (659

and we shall set as usual:

k(n) := singular (f e, PO dr) e T(1/2)n' 2 Q[n~7]
0

. c+ioo
h (v) := formal <L/‘ k(n) e‘”’d—n) = h(v) e v 2 Q{v}
2mi J. n

—ioo

A 1 c+ioo
k (v) := formal <—/ k(n)e”"dn) =hn'@w) ev2Q).
2mi c—ioo

Unlike with the polynomial inputs f of Section 6.2-5, the global nir
transforms now verify no (variable) polynomial linear-homogeneous
ODE:s. Only their singular parts, which in the present case (Vp) always
consist of semi-entire powers of the variable, do verify (covariant) linear
ODEs with polynomial coefficients. These equations depend only on the
absolute value | p| and read:

|pl
<n +no, — '%') k(n) = n'"' k(n)

|pl
(av — v, — "21') h(v) = (3,)"' h(v)

Ipl
(av — v, —1— %) k(v) = (3,)" k).
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If we regard n and v no longer as commutative variables (as in Section 4
and Section 5), but as non-commutative ones bound by [z, v] = 1 (as in
the preceding sections), our covariant ODEs read:

P(n,—0,)k(n) =0, 8;' P(0,,v)0,h(v) =0, P(d,,v)k(v) =0
Ipl Ipl
with P(n,v)::(n—nv—%) —n|p=(n—vn—l—%) —nl?l,

If we now apply the covariance relation (6.20) to the shifts (e, 1):

= —1/lpl. 1 :=/0 F@)dx =1, “f(x) = |p] log(Iplx)

we find a centered polynomial P, predictably simpler than P:

1p] Ipl
P*(n,V):P(n,V—Fn):(—nv_?) _n|.l7\'

Although our covariant operators P (n, v) are now much simpler, and of
far lower degree in n, than was the case for polynomial inputs f, their
form is actually harder to derive. As for their dependence on |p| rather
than p, it follows from the general parity relation for the nir transform
(cf. Section 4.10), but here it also makes direct formal sense. Indeed, in
view of [n, v] = 1, we have the chain of formal equivalences:

{(n—nv— g)p k(n) =nk(n)} <

{k(n) = (n —ny— g)_p n?k(n)y <

{k(n):np (n—nv+§> "k} =

{n_” k(n) = (n v+ §>_p k(n)

which reflects the invariance of P (n, v)? under the change p — —p.
From the form of the centered differential operator, it is clear that (1 —

v) has all its irregular singular points over the unit roots, plus a regular

singular point at infinity.

Remark. Although both inputs fi(x) = % x?P—1and fo(x) = £plog(1+

p x) lead to nir-transforms /41 (1 — v) and A, (1 — v) with radial symmetry

62 Or more accurately: the invariance of the relation P (n, v) k(n) = 0.
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and singular points over the unit roots of order p, there are far-going
differences:

(i) hy verifies much simpler ODEs than /;
(ii) conversely, h; verifies much simpler resurgence equations than 4,
(see infra);
(iii) the singularities of &, over oo are of divergent-resurgent type (see
Section 6.4-5) whereas those of &, are merely ramified-convergent
(see Section 6.7).

Let us now revert to our input (6.58) or (6.59) with the corresponding nir
transform 4 (v) and its linear ODE. That ODE always has very explicit
power series solutions at v = 0 and v = oo and, as we shall see, this is
what really matters. At v = 0 the solutions are of the form:

k(my= Y kn™, h(v) = > kv'  (relevan)

se—%—&-N se—%—i—N
k*(n) = Z ksn=*, hv) = Z kg V* (irrelevant)
seN seN

but only for p € {%1, 2, £3} are the coefficients explicitable.
The case p = +£1.

NI

Koy, =0 if r=1 and ky=(
2 2

D~ NS

>1
)2.

=0 if r>1 and k_;:(

The case p = +2.
s @nt@n!

1
. T\ 2
k—%-l—r =2 Wk_% with k_% = (g)
1
27)! 1\ 2
h_l+ = 2_3rﬂh_l with h_1 = (—) .
Ea rlrl 2 2 8

The case p = £3. The coefficients of k, & have no simple multiplicative
structure, but the entire analogues k", A°" are simple superpositions of
hypergeometric series.
6.7 Monomial inputs F: global resurgence
Let us replace the pair (&, P) by (ho, Po) with

ho(v) := h(1 — v);

Po(n, v) = (=1)? P(=n, 1 —v) = (vn + g
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so as to respect the radial symmetry and deal with a function 40 having all
its singular points over the unit roots e; = exp(27ij/p). At the crucial

points vy € {0, 00, ey, ..., €,_1} the p-dimensional kernel of the operator
P\P
Po(@, v + v) = (v + )9, + 5) — (3,)" (6.61)

is spanned by the following systems of fundamental solutions

atvy=0: hoy(v) € v’ C{v?} O<s=<p-1
1 o
at vp=00: hig(v) e @ <vp/2C{vl}M> O<s<p-1
0<o<s—1 o!

atvg =e; : ha;(v) € v '/* C{v}
ha;s(v) € C{v} (I<s=p-D.

The singular solutions /z; (normalised in a manner consistent with the
radial symmetry) are, up to sign, none other than the inner generators
whose resurgence properties we want to describe. For p > 3, their coef-
ficients have no transparent expression, but the coefficients of the Ai; and,
even more so, those of the /v, do possess a very simple multiplicative
structure, which allows us to apply the method of coefficient asymptotics
in Section 2.3 to derive the resurgence properties of the /u;, and that too
from “both sides” — from 0 and co. A complete treatment shall be given
in [12] but here we shall only state the result and describe the closed
resurgence system governing the behaviour of the /z;. To that end, we
consider their Laplace integrals along any given axis argv = 6, with the
“location factor” e =%/ ":
i60

haa(j(n) = e_ef”/ ha;(v)dv @ eR, jeZ/pZ). (6.62)
0

Everything boils down to describing the effect on the system {haa(f, cees
haaf,} of crossing a singular axis 6y = arg(e;, — e;,), i.e. of going from
By — € to 6y + €. The underlying ODE being linear, such a crossing will
simply subject {haa?, cees haa‘;} to a linear transformation with constant
coefficients. Moreover, since all ha ;(v) are in v="/2 C{v}, two full turns
(i.e. changing 6 to @ 4 4m) ought to leave {hadf, ..., haaf,} unchanged.
All the above facts can be derived in a rather straightforward manner by
resurgence analysis (see [12]) but, when translated into matrix algebra,
they lead to rather complex matrices and to remarkable, highly non-trivial
relations between these. Of course, the relations in question also admit
“direct” algebraic proofs, but these are rather difficult — and in any case
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much longer than their “indirect” analytic derivation. The long subsec-
tion which follows is entirely devoted to this “algebraic” description of
the resurgence properties of the ha ;.

6.8 Monomial inputs F: algebraic aspects

Some elementary matrices

Eventually, € will stand for -1 and €? for ¢¥'7, Vg € Q, but for greater
clarity € shall be kept free (unassigned) for a while. We shall encounter
both e-carrying matrices, which we shall underline, and e-free matrices.
For each p, we shall also require the following elementary square matri-
ces (p X p):

identity;
e-carrying diagonal;
Jordan correction;

unit shift;

twisted unit shift.

These are hollow matrices, whose only nonzero entries are:

Zli, jl =€/?if j=i

Jli, jl= 1if j=i+1

Pli,jl= 1if j=i+1 mod p P[i, jl1= 1if j=i+k mod p
Qli, jl= 1if j=i+1 OMi, jl1= 1if j=i+k

Qli, jl= —1if j=i+1—p OMi, jl=—1if j=i+k—p.

The simple-crossing matrices M, , M;

Let fr(x) respectively en(x) denote the fractional respectively entire part
of any real x:

x =fr(x) +en(x) with xeR , fr(x) €[0,1[ , en(x) € Z.

Fix p € N* and set e; := exp(2nij/p),Vj € Z. For any k € %Z, it is
convenient to denote 6; the axis of direction 27 (£ + %), i.e. the axis from
e, to e;, for any pair j, j» € Z such that j; + j» =2k mod p and (k <
J1 < jz);irc. The matrix M, corresponding to the (counterclockwise)
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crossing of the axis 6; has the following elementary entries:
Myli, j1 =1 it i=j

p!
(i = jbh¥p —1i = jD!

if fr <ﬂ> =0

J=ky_gpcizk
Myli, j1=— "7

p
i —k j —k
and fr (l—) > fr (J—)
p p
M,li, j1=0 otherwise.
Alternatively, we may start from the simpler matrix M,,:
Myli, jl1=1 ‘ if i=j
Myli, jl=—€7 P if i>jandi+j=2k mod p

i— DN (p—i+j)!
Myli, j1=0 otherwise

and deduce the general M, under the rules:

Mli, j1= Mylli =K1, [j —Klp,] with  [x], := p.en (%)

M, carries unit roots of order 2p (hence the underlining) but can be
turned into a unit root-free matrix M, under a k-independent conjuga-
tion:

My=Z M I (6.63)

with the elementary diagonal matrix Z defined above. We may therefore
work with the simpler matrices M, whose entries are:
Mli, j1=1 if i=j
p!
(li = jD¥p —1i = jD!

AT
if fr<L>=O
P

and fr (i) > fr (d)
p p

Mli, j1=0 otherwise.

I=ky_en(iz=k
Mli, j1=— )70

However, since Z and P do not commute, we go from M, to M, | under
the regular shift P but from M, to M., under the twisted shift Q:

My = P! M, P, My = o' M, Q. (6.64)
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The multiple-crossing matrices M, , My, x,
For any ky, ky € %Z such that k, > k; we set :

Mkz,kl = M/Q Msz
Mkz,kl = ./\/lk2 Mkz—

Mkz** Mk1+% Mk1+
M

ki+3 ki+3

M,y (6.65)
M, 1. (6.66)

2
2
ki+3e
For ky < kq or ky = k; we set of course:
e -1 e -1 — .
Mkz,/q = Mk],kz’ Mkz,kl = Mk],kz’ Mk,k = Mk,k =1

thus ensuring the composition rule:
1
M/Q,kz Mkz,kl = Mk3,k|’ Mk3,k2 Mkz,kl = Mk3,k1 Vkl € EZ .

Since M, = M, and M, = M, for all k (p-periodicity), each
full-turn matrix M, , or M, x is conjugate to any other. It turns out,
however, that just two of them (corresponding to k € {0, 1} if p = O or
1 mod 4, and to k € {:I:%} if p = 2 or 3 mod 4) admit a simple or at
least tolerably explicit normalisation (i.e. a conjugation to the canonical
Jordan form, or in this case, a more convenient variant thereof). That
normalisation involves remarkable lower diagonal matrices £ and R. To
construct £ and R, however, we require a set of rather intricate polyno-
mials HY.

The auxiliary polynomials H) (x, y)

These polynomials, of global degree d in each of their two variables
X, y, also depend on an integer-valued parameter 6 € Z. They are d-
inductively determined by the following system of difference equations
in y, along with the initial conditions for y = 0:

Hi(x,y) = H(x,y— )+ (x —d)H) ,(x,y—1) (6.67)

|
CHOED ] c+b+d). (668)

HS(x,0
(x,0) = Y AL

One readily sees that this induction leads to the direct expression:

d
—1—-d+dp! §+d—dp! !
HY (x Y):Z (x +d)!(x+5+ 1) y

« (x—1-d)! (x +9)! dl!(y—dl)!(6'69)

d1—

—Z [[a—d+r) [ G+s+k) [T -k

0<k1<d1 1<ky<d—d, 0<k3<d,
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which is turn can be shown to be equivalent to:

d . dy#d; o

=l o+a || @+radi—yyn AL @ —a)
d dyd
5+2d1]:|" ( _d2)
= d+d+d;—y) (6.71)
d]Z=;)|:|: 8+d1 di l;[<d 0<1d_2[<u' (dl dZ)

with:

[Vﬂw—m if abeN

b b!
—1 - b)!
=o4vb%7——% if a,be—N* (6.72)
-1 —a)!
=0 otherwise.

The left normalising matrix £
iti<j (¥p) . Lli, j1=0
if p=0 mod4 and ...

. o . i =)
2j=p, i+j=p+2:L jl= (=D (i)'(z) !

2j<p, iti>p+2: LI jl = (=D iy Hy (=2, p)
2j>p (L[E j1= (—l)Jm
if p=1 mod 4 and ...

27 < p+l,i+j < p+2: Lli, jl= (—1)i =L

(] DIG=p!

. L . !
2j<p+l,i+j>p+2: L[, jl=—(-1)/ = 3§f(pl)2]+2)v Hp J=2,p)

2j>p+l (L[i, jl = (_1)] (p—([l?)!(l/'!j)!

if p=2 mod 4 and ...
2j<p,  itj<ptl L, j1=(-1) &

G=DWi=)!
, o .. ; i1 .
2j=<p, i+j>p+l1: L[, ]]=—(—1)JWH2_1~(J—LP)
. !
2j>p LI 1= (=) Gl

if p=3 mod4 and ...
2j<p—1l,i+j<p+l:L[i, j1= (=1)~1 L

G=DIE=n!
. . . .. :_ i—1)! .
2j < p=1,itj>p+l: Ll jl= (=)' o He_ (=1, p)
2j>p-1 LI 1= (—1)P e

(p=D—-p!”
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The right normalising matrix £

ifi<j (Yp) ‘R, j1=0
if p=0 mod 4 and ...
. L . i i—1)!
2j=p=2,i+j=p SRIE j1= (—D’%
. . . .. ; i—1)! _ .
2j<p-2i+j>p Rl jl= () gty Hy G p)
> p— Rl ] = (—1yi =D
2j>p-2 PRI, J1 = (=D o 2mi=m
if p=1 mod4 and ...
. AR .. i i—1)!
2j<p-liitji<p Rl jl= ) 25
. . . . i i—1)! — .
2j<p-liitj>p Rl jI=—(=D gD Hy G p)
j - CRIG il = (=1) =Dt
2j>p-—1 (Rl jl= (=1 G=Di—))!

if p=2 mod 4 and ...
2j<p=2,i+j<p—1 :R[ jl= (1) (i—1)!

G=DN=p!
. . . .. i i—1)! — .
2j < p=2i+j>p=1 Rl jl == gg=m 20 +1.p)
. .o i — i)
2j>p-2 LRI j1= (—1) s

if p=3 mod 4 and ...
2j<p-3,i+j<p-1 Rl jl= (=i~ =D

(G=DIE=)!
. . . .. i i—1)! 2 .
2j<p=3,i+j>p=1 R, jl= (D" o H, 2 (41, p)
. .. _ — )
2j>p-3 LRI j1 = (—~DP T Gl

Normalisation identities for the full-turn matrices M, «

L My L7V =D @+ if p=0orl mod4
R Mpoo R = (D" T+J)P if p=0orl mod4

L My, £79=EDTM T+ if p=2or3  mod 4
R M, 1 1 R =D"'T+7)" if p=2or3 mod4

2

(SIS

with Z denoting the identity matrix and 7 the matrix carrying a maximal
upper-Jordan side-diagonal:

Jli,jl=1 if j=14i and J[i, j] =0 otherwise.

This result obviously implies that all full-rotation matrices M,  are
also conjugate to (—1)?~'(Z + J)? but the point, as already mentioned,
is that only for £k € {0, 1} or {j:%} do we get an explicit conjugation
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with simple, lower-diagonal matrices like £, R. As for the choice of
(—=D)?~Y(Z 4+ J)? rather than (—1)?~'Z + J as normal form, it is sim-
ply a matter of convenience, and a further, quite elementary conjugation,
immediately takes us from the one to the other.

Defining identities for the normalising matrices £, R

R=Z+J)LQ (6.73)
R=LW (6.74)

with the twisted shift matrix Q defined right at the beginning of Sec-
tion 6.8 and with

W = M;o if p=0or 1l mod4
W:M%’] if p=2or 3 mod4.

)

The matrix entries of VV are elementary binomial coefficients:

if i<j WILL j1=0
if i=j WL j1=1
if i>j and...
. . p!
€{0,1} mod 4 and p—i—je{l,2} Wi, jl=— —
p p=i=J == )ip—it))!
p!

pe{2,3} mod 4 and p—i—j € {0, 1}: WI[i, jl=

(=P p—i+))!
otherwise WIi, j1=0.

If we now eliminate either R (respectively £) from the system (6.73),
(6.74) and express the remaining matrix as a sum of an elementary part
(which corresponds to the two extreme subdiagonal zones and carries
only binomial entries) and a complex part (which corresponds to the mid-
dle subdiagonal zone and involves the intricate polynomials H?), we get
a linear system which, as it turns out, completely determines £°™ or
ReomP- (viewed as unknown) in terms £9°™ or R°™ (viewed as known).
Thus:

(Z+ j) ([’elem. + Ecomp.) — (Eelem. + [Icomp.) W Q. (675)

To understand just how special the value ¢ = —1 and the case of full-
rotation matrices are, let us briefly examine, first, the case of full rotations
with unassigned €, then the case of partial rotations with e = —1.
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Complement: full rotations with ¢ %= —1
Keeping € free and setting V,, (¢, €) := det(t Z — M, ) we get:

Va(t,€) = 1+ 1)? =22 1+ e)t

Vat,e) = (t— 1> +33 1 +e€)re

Vat,e) = t+D* =22 1+ e)t (1 +16€+32€> + ldet +1?)
Vs(t,e) = (t—1)° +5* A +e)te(l+5¢+5e> 431 +12).

Etc. .. The only conspicuous properties of the V,, polynomials seem to be:

V,(t,—1) = (t + (=D?)" (6.76)
V,(1,€) =€” V,(1,e ) (6.77)

(6.76) follows from the short analysis argument given in Section 6.7, and
we have devoted the bulk of the present Section (Section 6.8) to checking
it algebraically. As for the self-inversion property (6.77), it directly fol-
lows from the way the simple-crossing matrices M are constructed. As
far as we can see, the V,, polynomials appear to possess only one addi-
tional property, albeit a curious one (we noticed it empirically and didn’t
attempt a proof). It is this: for p prime > 5 and # = 1 we have (at least
up to p = 59):

V,(1,€) = det(ZT — M) = p” e (1+¢) (1+€e+€2) P W,(e) (6.78)

with «(p) = 1 (respectively 2) if p = 2 (respectively 1) mod 4 and
some QQ-irreducible polynomial W(e) € Z(e). However, V,(t,€) # 0
mod 1+ € + €2, which reduces the above relation (6.78) to a mere oddity.
63 More generally, the “semi-periodicity” in k of M; o that we noticed
for ¢ = —1 has no counterpart for any other value of €, not even for
€3 = 1 or, for that matter, ¢ = 1.

Complement: partial rotations with ¢ = —1

The partial-rotation matrices My, x, with |ky — k| < g all share the
same trivial characteristic polynomial (¢ — 1), but possess increasingly
numerous and increasingly large Jordan blocks as |k, — k| goes from O
to g. For pT“ < |ky — k1| < p, the Jordan blocks disappear and the
characteristic polynomials become thoroughly unremarkable, apart from
being self-inverse (a/ways so if p is even, only when k, — k| € Z if p is

odd). For |k, — k1| = p, as we saw earlier in this section, we have one

63 True, we have Vp(1,€) = Const mod 1 + € + 62, but this is a trivial consequence of Vp(1,€)
being self-inverse in €.
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single Jordan block of maximal size, with eigenvalue 1 depending on
the parity of p. That leaves only the border-line case |k, — k| = pTH. We
have no Jordan blocks then, yet the characteristic polynomials possess a
remarkable factorisation on Z:

1
If ky — ky = i% then :

p—1

(for p odd) dettZ — My, p,) =t — 1) ﬁ Ps(p, 1)
=1

I

7
(for p=0 mod4) dettZ — My,y,) 1_[ Py—1(p, f)

pP—
T
(for p =2 mod 4) det(tI—MkZ,kl)ng(p,z)]_[ Py 1(p, 1)’

with polynomials P(p,t) € Q[p, t] quadratic and self-inverse in ¢, of
degree 2s in p, and assuming values in Z[t] for p € Z:

2
s—1 .
2 p—1
Ps(Pat):(l_t)+( ) t.
i:01+l

Complement: some properties of the polynomials H j

For any fixed n,d € N withn < d, the Hj(x, n) and Hj(n, y), as poly-
nomials in x or y, factor into a string of fully explicitable one-degree fac-
tors. This immediately follows from the expansions (6.69), (6.70), (6.71).
Conversely, the factorisations may be directly derived from the induction
(6.67), (6.68) and then serve to establish the remaining properties. Most
zeros (x, y) in Z? or (%Z)2 can also be read off the factorisation. All the
above properties suggest a measure of symmetry between the two vari-
ables, under the simple exchange x <> y. But there also exists a more
recondite symmetry, which is best expressed in terms of the polynomials

1 3 1
Ki(x,y) = H} (d—x, 3 +2d+68 — S+ §y> (6.79)
under the exchange y <> —y. It reads, forx =n € NU[0, d]:

d+8_n iodd ) s
m}]”n (y —1 ) (n eVen)

O<i<n

—0 (n odd)

i+ jn =2 |

with the factorial ratio [[. .. ]]!! defined as in (6.72).
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6.9 Ramified monomial inputs F: infinite order ODEs

If we now let p assume arbitrary complex values «, our nir-transform
h(v) and its centered variant i,(v) = h(v + v,) = h(v + 1) ought to
verify the following ODEs of infinite order

0@, v) h(v):= ((8,,—1) 3, — %)a—ag) h(1)=0 «eC (6.80)

0., ) hu(v):=( (- au—%)a—ag) ha()=0 acC (681)

to which a proper meaning must now be attached. This is more readily
done with the first, non-centered variant, since

Proposition 6.1. The nir-transform hy,(v) of fo(x) := « log(1 + a x) is
of the form

he(v) = —h_o(v) =

1 2y —Lan
7 %y7%+n(a T (6.82)

with y_ 1o (a?) polynomial of degree n in o and it verifies (mark the
sign change) an infinite integro-differential equation of the form

(Z 37" S (va,, + g o — k)) he(—v) =0 (6.83)

1<k

with integrations 3, from v = 0 and with elementary differential op-
erators S(.,.) which, being polynomial in their two arguments, merely
multiply each monomial v by a scalar factor polynomial in (n,k, a),
effectively yielding an infinite induction for the calculation of the coeffi-
cients Y-l (@?).

Thus the first three coefficients are

1 1
yy@)=1 y@)=5@ - D), ye@)=g@® - D@ +23).
For n > 1 all polynomials y_ Lo (a?) are divisible by (a® — 1) but this is
their only common factor.

Remark. The regular part of the nir-transform h, of f, has the same
shape >, .y o™ v () as the singular part, also with y, () polynomial
of degree n in a2, but it doesn’t verify the integro-differential equation
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(6.80). We’ll need the following identies:

[d,D]=d (here d=9,, D:vav+%>

—k
(d+D)“=Zsk(D+°‘ ,a—k> i

0<k 2

— Zd% (D, a — k) dT (6:84)
0<k
—k
:Zd“*" Sy (D—a ,a—k).
0<k 2

The non-commutativity relation [d, D] = 1, combined with the above ex-
pansions, yields for the polynomials S; the following addition equation:

—k —k
$i(D, i+p)= Y S/(1<D—’32 Z,ﬂl—kl)S,Q(mﬂl l,ﬁz—kz>

ki+ky=k 2 2

and the difference equation:

1
S (gﬂ) =5 (ﬂ%,ﬁ—l). (6.85)

That relation, in turn, has two consequences: on the one hand, it leads
to a finite expansion (6.86) of Sy (D, 8) in powers of D with coefficients
Ty, (B) that are polynomials in B of degree exactly k, with 2k, < k.
On the other, it can be partially reversed, leading, for entire values of b,
to a finite expansion (6.87) of T, (b) in terms of some special values of
Sa—1(., b).

- R L YR ()
Sy, B)= +1i I —— vBeC 6.86
(D, B) (E(ﬂ w)kl;k;:kkl! o Be (6.86)
2k b! b c—b
Tzk(b)_m();b(c—5>52kl( > ,c) VbheN. (6.87)

Together, (6.86) and its reverse (6.87) yield an explicit inductive scheme
for constructing the polynomials T,,. We first calculate T5;(b) for b
whole, via the identity (6.88) whose terms S, (., b) involve only the
earlier polynomials 77 (c), with indices & < k and ¢ < b. The identity
reads:

Tu(b) " To(e) (¢/2—b/2)* =1 2k + 0)! (c — b/2)
k)b Z Cm)le! Qk—2h—1! Qk+Db)! (c+2k)’

(6.88)

0<c<b
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Then we use Lagrange interpolation (6.89)-(6.90) to calculate T, (8) for
general complex arguments S :

Tu(B) = D A(B,b) Tu(b) VBeC  (6.89)
1<b=<k
i#b .
Ax(B,b) = g [1 ’i_’z (6.90)

1<i<k

First values of the 7, ;-polynomials

T(p) =1

L(p) = 1—12/9

1(8) = 535 B (-2458)

Ts(B) = ﬁﬂ (16 +42 B + 35 %)

1
T5(B) = 37505 B (—4+58)(36 — 56  +35 B

Ti(B) = B (768 — 2288 B + 2684 B — 1540 B° + 385 B4).

101376

Special values of the 7, ;-polynomials

2
Ty (2) =
2+ Qk+1)2k+2)

1
()= —
24(1) G2k

B

Tx(0)=0 if k#0 and Tz/k(()):%

1
(1) = BZk(E)

Tk (=2) = —(2k — 1) By
k)

(=1 =2k) = (=1) Tl

with B, and B, (.) denoting the Bernoulli numbers and polynomials.
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Special values of the S;-polynomials

kel

Forkodd: S$MD,—-1—-ky= [] MD+s) 6.91)
—k<s<4
keZ-37

Forkeven: S;(D,—1—-k%k)= 1_[ D +s). (6.92)

kg k
—7<.§<2

Note that in neither case are the bounds £k /2 reached by s, since the pair
{k/2, s} always consists of an integer and a half-integer. S (D, b) appears
to have no simple factorisation structure except (trivially) for » = 1 and
b = 2 when in view of (6.86),(6.87) we have:

S,(D, 1) = 27%1 ((2D + ) 2D - 1)"“)

S (D,2) = 27! <(D ERNDYC S INIG ) i DC 2D"+2>.
Since S1(n, « — 1) = n «, the induction rule for the y-coefficients reads
Vol (@)=1

v <a2>—Z<—1>k+'F(%+"—k) Si1(n—%,a—k—1)
SINCOE

V- %Jrnfk (a2)

1<k<n F(% + n) Si(n, o — 1)
k+1r(%+”_k)sk+1(”_%’a_k_l) 2
=Y (=D 1 V_1ni (@)
1<k<n I (E + n) no ?
Moreover, since S(k)(D, —1) = S(k)(D, —=2) = --- = Sk)(D, —k) =

0, when « is a positive integer, the above induction involves a constant,
finite number of terms, with a sum ) over | < k < «o — 1 instead of
1 < k < n, which is consistent which the finite differential equations of
Section 6.6.

6.10 Ramified monomial inputs F': arithmetical aspects

In this last subsection, we revert to the case of polynomial inputs f and
replace the high-order ODEs verified by & by a first-order order differ-
ential system, so as to pave the way for a future paper [16] devoted to
understanding, from a pure ODE point of view, the reasons for the rigid-
ity of the inner algebra’s resurgence, i.e. its surprising insentivity to the
numerous parameters inside f.
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The normalised coefficients y;, §,, 67" of the series Ay, kq, k7', whose
definitions we recall:

hg (v)——— > oy v with y_1@)=1
re—4+N

ko(n )—*/T;é Z 8 (@®) n™"  with 5_%(052)51

re—4+N
kaMko (=) = K (= Y 5%@) n™ with 8% (@) =1
¢ 20[2 e—1+2N '

seem to possess remarkable arithmetical properties, whether we view
them

(i) as polynomials in o;
(i1) as polynomials in r;
(ii1) as rational numbers, for « fixed in Z.

These arithmetical properties, at least some of them, do not obviously
follow from the shape of the nir transform nor indeed from the above
induction. Thus, as polynomials, the y coefficients appear to be exactly
of the form:

6" (az——l)yj%+¢(a2) 1 a
2r)! 1_[ plrr e

S5<p<r+2

yo1, @)= SV @ =1) (693)

with the y*, N (?) irreducible in Z[«?] and with on the denominator a
L

product [ ] involving only prime numbers between 5 and r +2. This at
any rate holds for all values of n up to 130. The surprising thing is not the
presence of these p in [5, r +2] but rather the fact that their powers u, ,
seem to obey no exact laws (though they are easily majorised), unlike
the powers of 2 and 3 that are exactly accounted for by the factor 67"
But this 2- and 3-adic regularity seems to go much further. It becomes
especially striking if we consider the polynomials yjz . in the rightmost

term of (6.93) after changing to the variable a := o®> — 1. Indeed:

Conjecture 6.1 (2- or -adic expansions for the y as «-polynomials).The
polynomials y** defined by

ar

voiga+ )= (2 e V_1+r

@, y", €Qa]l (694
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possess 2- and 3-adic expansions to all orders:

YL@ =) a2 (2. € (0. 1))
0<j

7@ =Y e @)y (haj0 @ € 10.1,2})
0=<j

with coefficients A, ; that in turn depend only on the first j terms of the
p-adic expansion of r. In other words:

A j(rya) = Ay j([ro, r1, ..., rj—1l,a) with r = Z r; 21 mod 2/

0<i<j

Aj(r.a) =k ([ro.r1.....rjl.@) with r= " 73" mod 3/,

0<i<j

Moreover, as a polynomial in a~', each A, ;(r, a) is of degree j at most.

These facts have been checked up to the p-adic order j = 25 and for
all 7 up to 130. Moreover, no such regularity seems to obtain for the other
p-adic expansions, at any rate not for p = 5,7, 11, 13.

Conjecture 6.2 (p-adic expansions for the y as r-polynomials). The
y** defined as above verify

Y@ =1+ ) a ! 040) (6.95)

1<d<r

with universal polunomials Q,(r) of degree 3d in r and of the exact
arithmetical form:

0.y = (6" [T ) (it [T =0)

p prime>2 I<i<d
Qi(r) = Z cd,,-r' with (C41s--->Ca2q4) coprime
1<i<2d
wy(d) = en( ) if p>5
? OZ: (p—3) p*
u3(d) = Zen( )
0<s
pad) == di if d=3) d2 (d (0.1}
0<s 0<s

Cd2d € (— l)dN+.

With en(x) denoting as usual the entire part of x.
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Conjecture 6.3 (Special values of the Q). If for any g € Q we set

pri(g) :=q if geN and ¢ prime
pri(g) :=1 otherwise

then for any d, s € N* we have

1 d+k
Qu(d+s) € Z with Q4= [] pri(i,). (6.96)
Qd,S ISjSS .]

s<k<s+2j

Moreover, for s fixed and d large enough, the denominator of Q,(d +s)
is exactly Q; . Note that by construction Q,(d + ) is automatically
quadratfrei as soon as d > 2s (s—1).

Together with the trivial identities Q,(s) = O for s € [0, d] U N, this
majorises denom(Q (s) for all s € N. We have no such simple estimates
for negative values of s.

Conjecture 6.4 ( Coefficients §°V). The normalised coefficients &, of &,
(withr € —1 4 2 N) are of the form:

8 (%) = % R, (a?) = % R*(a?) l_[(oz2 —d?) (6.97)

d|r
where

(i) A, is of the form Zﬁrime p°rr with o, , € N;

(ii) B, is of the form ]_[f7 ;;l)mze fr+2 p™r with 7, , € N;
(iii) R’ (ar?) is an irreducible polynomial in Z[c?].
However, when o takes entire values ¢, the arithmetical properties
of % (¢*) become more dependent on q than r. In particular;

(iv) denom(s,(g?)) = ’;l‘;”me d*rer withk, , , € Nand k, , , < 3;

(v) denom($,(p?)) = prr» with Kr.p.p <3 ( pprime). This suggests a
high degree of divisibility for R*(g?) and above all R, (g?), specially
for q prime. In particular we surmise that:

(vi) R.(p*) € (p—1)! Z for p prime.

6.11 From flexible to rigid resurgence

Let us, in this concluding subsection, revert to the case of polynomial
inputs f. We assume the tangency order to be 1. To get rid of the demi-
entire powers, we go from & to a new unknown K such that

k(n) =n? K(n) (k) € n2C[[n"'1], K(n) € C[[n~11]). (6.98)
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The new differential equation in the n-plane reads P(n, —0,)K(n) = 0
and may be written in the form:

r—1

d+v) | K(n)+ Y 6(n)o,K(n)=0;
(H( v)) () Zoj (n) ;K (n) (6.99)
0F(n) = O(n™ ).

This ODE is equivalent to the following first order differential system
with  unknowns K} = 9K (0 <i <r — 1):

hKy—Ki=0
K —K;=0
DK K_1 —o (6.100)
LK |+ i (v, +6 ) K; =0
i=0
with v; standing for the symmetric sum of order / of vy, ..., v,. Changing

from the unknowns K/ (0 <i <r — 1) to the unknowns K; (1 <i <r)
under the vandermonde transformation

Ki= ) wKi= ) wikK

0<j<r—1 0<j<r—1

we arrive at a new differential system in normal form:

0, K; + v; K[+Zei’j(l’l)Kj=0 (1<i<r) (6.101)
i=1

with constants v; and rational coefficients t; (n) which, unlike the earlier
6;(n), are not merely O(n~") but also, crucially, O(n=?). Concretely,
the rank-1 matrix ® = [6; ;] is conjugate to a rank-1 matrix ®* = [¢; j]
with only one non-vanishing (bottom) line, under the vandermonde ma-
trix V = [v; ;]:

O@=V'1e*V with v ;=(-v)",

0 —0 ifi ot — gt (6.102)
F=00fi <r, 07, =07_,.

The coefficients 6; ; have a remarkable structure. They admit a unique

factorisation of the form:

1 o

8 y(n)

(6.103)
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with factors «;, B, y derived from symmetric polynomials «, 8, y of r—1
f-related variables (not counting the additional n-variable):

§i = 8(X] — Xy X — Xy Xy — X;) (6.104)
aj(n) = QX1 = Xj, .., X — X X —X)(n)  (6.105)
y(n) = y(X1 = Xiy ooy Xi — Xiy oy X, — X)) () (6.106)

—

=y —Xj,...,X; —Xj,..., % —x;)(n). (6.107)
Let us take a closer look at all three factors:

(1) the y factor is simply the “second leading polynomial” of Section 6.2
and Section 6.3 after division by its leading term n’. Being a di-
rect shift-invariant of f, if may also be viewed as a polynomial in
f(), f] ey

(ii) the & factor comes from the inverse vandermonde matrix V! =
[u; ;]. Indeed:

SF#IL
u,-,j=ar,j(v],...,vr)3,- with (S,’= =Ujr. (6108)
lfsfrvs_vi
Moreover:
J#
b= frw) =/, / [T ¢ = xpdx
1<j<r
Vi =V = V(X XX e, Xy, X, X))

with a function v antisymmetric (respectively symmetric) in its first
two (respectively last »—2) variables, and completely determined by
the following two identities:

VX1, X2; Y1, oo, Yrm2) =V =t Xo— 5y — ¢t ..., V20— 1) Vi
V(X, =X; Y1, ooos Yrm2) = —V(=X, X} Y1s ..o, Yro2)

_ Gr—2s(yl»---ayr—2) 2s+1
- _1 r 14 ; [‘X+
CUIREY DY yyEa—

1<s<[52]

X ty [r=2
= _4fr/ t2dt2/ (l_[(yz + tl) + H(yl - tl)) dtl
0 0
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where o;(y;, y2, ...) denotes the symmetric sum of order / of y;,
Y2...5

(iii) the o factor stems from the coefficients 6 in the differential equa-
tion (6.101). Indeed, in view of (i) and (ii) and with the n-variable

implicit:
1 a;(n)
6, =——L1—= u; 0 v ;= u; 0 vy
1<s<r
1 * s—1
Hence
ajm)y=ym) Y (—vp o). (6.109)
0<i<r—1

We may also insert the covariant shift vy or v, and rewrite the differential
equation (6.101) as:

r r—1
(]‘[(an + w)) K(n)+ ) 6/(n) (@3 +vo)' K (1) =0 (6.110)
i=1 i=0

r r—1
(]‘[(an +v,»)) K+ 00 (3 +v) K =0 (6.111)

i=1 i=0

with new coefficients 6, 67 that are not only shift-invariant but also root-
symmetric.%* This leads for the « factors to expressions:

ajmy=ym) Y (o—v)' 6l =yn) Y (- ofn

Oo<i<r—1 o<i<r-—1

which have over (6.105) the advantage of involving only shift-invariants,
namely the 9,# or Q"; (root-symmetric) and the vy —v; or v, —v; (not
root-symmetric). To show the whole extent of the rigidity, we may even
introduce new parameters by taking a non-standard shift operator (9 ),

BO) =17+ pt =1+ bt (b= Bion)

0<k 1<k

04 Le. symmetric with respect to the roots x; of f.
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but with a re-indexation by = B to do justice to the underlying homo-
geneity.® The case r = 1 is uninteresting (no ping-pong, there being
only one inner generator), and here are the results for » = 2 and 3.

Input f of degree2: f(x)=(x —x)(x —x) f>

50n) = —+ fo 37}
6
y(n) =436 /5 yi +288 f; byn™?
a(y) =+G =3y b)) n P +8(f ¥ bs— 12 5 bay)n
+80 S yibs—T /i ba—=3 fiyibpn*
+64 £y  babyn ™ +24 (12 f5 by by + f5 37 (4b3 + b)) n™°
+ 128 £ by (4b3 + b3 n ",

Input f of degree3: f(x)=(x —x)(x —x)(x —x3) f3
Y=Y+, 2 =nm

3

8(y1, »2) = T¥> Oy2 -2y}

144
Yy, ) =23 f%y1y3 Oy: — 2y) (4y2 — y1)

—2°3 £y Oy —2y) By —yDn~!

+2°3 £ y1 Oy2 —2¥) By2 — ¥y’

+2°37 (243 £ y1 b2 9y — 2¥7)

+ £10b3 (513y1y; + 28y} — 252y1y, +216y3)) n
—2°3°QBy,—yD (B3 /b3 +4 £°b3y1 Oya—2yD)n*
— 2837 £%by by By, —y)Pn

+2°3°(9 £ bybs — f{0b3y1 Oy, —2y]))n°

+2°3 %5 (463 + b)) n~°.

65 N.B. the present by, differ from those in (6.43).
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For the « factor, we mention only the two lowest and highest powers of
n~l:
1
a(yr, yo) = (E Sly1 Oy2—2y]) (8748y;—13851y; y3+378y! vy
2
+2403y7y; — 600y} y2 +40") + - £7 bayi y3
X Oy —2yD@y2 —yDOY; +6¥7y2 — ¥))

x (81y3 —36yiys +9y/y> — Y?)> n?
+ (f;"m Oy2—2y}) (2835y3 — 675y1y5 — 9y1y2 +¥9)

_%_ 12 _9y2 6 2 oS
+ 55 /37 bay1 Oy2=2y)) (66339y3— 129033y y;
+175770y1 y;— 119475y} y3 + 38520y} y; — 5742y >

3
+319y%) — 5 P byylys Gy, —y) Oy3—18yiys

+9Y?Y2—Y?)(9Y2—2y%)2) n+ Z (.)n¢

4<s<18

+2 x 3" £ by (453 4+ b3) (byby — 1253 —3b3) by

315
x By, —y)n ¥+ > 13 by (43 + bD)

x (27 (453 + b — by by)* — b3 n~ 2.

For a direct, ODE-theoretical derivation of the rigidity phenomenon, see
[16]. General criteria will also be given there for deciding which pa-
rameters inside an ODE contribute to the resurgence constants (or Stokes
constants) and which don’t.

7 The general resurgence algebra for SP series
We recall the definition of the raw and cleansed SP series:

o . _ k
Jr@)=) Jrm) & with Jpmy= ) [] F(n) (7.1)

0<n 0<m<n 0<k<m

JE@y=) "Jkmy ¢ with JEm):=Jr()/Ig,.(n).  (1.2)

0<n
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We also recall that the L transform turns the set {F, f, f*, jﬁ} into the
set {FF, f=, f&=*, jf,h} with:

FE@)=1/F(1—x); fFx)=—f(1—x); fF*(x)=f*(1=x)—np (7.3)

1
Jre (O =jr (w%) with wp := e and "F::/O fx)dx.  (1.4)

and with f* denoting as usual the primitive of f that vanishes at 0. We
shall now (pending a more detailed investigation in [15]) sketch how the
various generators arise and how they reproduce under alien differentia-
tion. Piecing all this information together, we shall then get a global de-
scription of the Riemann surfaces of our SP functions. For convenience,
let us distinguish two degrees of difficulty:

— first, the case of holomorphic inputs f;
— second, the case of meromorphic inputs F’;

and split the investigation into two phases:

— first, focusing on the auxiliary v-plane;
— second, reverting to the original ¢-plane.

7.1 Holomorphic input f. The five arrows

7.1.1 From original to outer Let us check, in the four simplest instances,
that SP series (our so-called original generators) with an holomorphic
input f always give rise to two outer generators®®

(o1 (v), Low () =om (140)}, 100w (v), Loow (€) =00 (1 +w50))

located respectively over {v = 0,¢ = 1} or {v = np, ¢ = 1/wr} and
produced under the nur-tranform, i.e. by inputting respectively f or fF
into the long chain of Section 5.2

Case 7.1 (— f* decreases on [0, 1]). To explain the occurence Loy,, ap-
ply the argument at the beginning of Section 5.1. To explain the oc-
curence Loy, the shortest way is to pick € > 0 small enough for — f*
to be decreasing on the whole of [0, 1 + €], and then to form the SP se-
ries jji(¢) defined exactly as j%(¢) but with a summation ranging over
0 <m < (1+e)ninstead of 0 < m < n. Then jji clearly has no

66 Which exceptionally coalesce into one when ng = 0, wp = 1, which may occur only in the
cases 3 or 4 infra.
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singularity at { = 1/wp. On the other hand, applying once again the
argument of Section 5.1 to the difference jj# — j# we see that it has at
¢ = 1/wr a singularity which, up to the dilation factor wp, is given by
the nur-transform of ' f with 'f(x) := (1 4 x). In view of the parity re-
lation of Section 5.8 it is also equal to minus the nur-transform of (1f)".
But (!f)" = fF. Hence the result.®’

A trivial - but telling - example corresponds to the choice of a constant
input F(x) = o with 0 < o < 1. We then get:

. _ o 1 1 .

I 1
Ir(& Ca2—gl2\1-¢ l—az)’

Case 7.2 (— f* increases on [0, 1]). The = transform turns Case 7.2 into
Case 7.1, with f anf f= exchanged. Hence the result. Again, we have
the trivial example of a constant input F'(x) = « but now with 1 < «a.
We then get the same power series as in (7.5) but with @ changed into
1/, which of course agrees with the relation (7.4) between j,’i and jﬁh'

(7.5)

Case 7.3 (— f* decreases on [0, xy], then increases on [xp, 1]). Here
again, the argument at the beginning of Section 5.1 takes care of Loj,. To
justify Loy, all we have to do is observe that the transform = turns
Case 7.3 into another instance of that same Case 7.3, while exchanging
the roles of Lo, and Logy.

Case 7.4 (—f*increases on [0, x(], then decreases on [xy, 1]). Case 7.4
is exactly the reverse of Case 7.3. The argument about j# and jj% (see
Case 7.1) takes care of Loy, and then the fact that = turns Case 7.4
into another Case 7.4 justifies the occurence of Lo;,. Case 7.4, however,
presents us with a novel difficulty: the presence for — f* of a maximum
at x = xo gives rise (see Section 7.1.2 infra) to an inner generator Li
located at a point wj = e r (with Np = fox  f(x)dx) that is closer
to the origin than both 1 (location of Loj,) and wr (location of Logy).
So the method of Section 5.1 for translating coefficient asymptotics into
nearest singularity description no longer applies. One must then resort to
a suitable deformation argument. We won’t go into the details, but just
mention a simplifying circumstance: from the fact that inner generators
never produce outer generators (under alien differentiation), it follows
that the actual manner of pushing Li beyond Loy, and Loy, (i.e. under
right or left circumvention) doesn’t matter.

67 Recall that £ (x) := — f(—x) and fF(x) :== —f(1 — x).
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7.1.2 From original to inner

Case 7.4 (— f* decreases on [0, x|, then increases on [xy, 1]).When f
has a simple zero at xo, i.e. when the “tangency order”is k = 1, we
are back to the heuristics of Section 4.1. When f has a multiple zero
(necessarily of odd order, if f* is to have an extremum there), we have a
tangency order k € {3,5,7...} and the same argument as in Section 4.1
points to the existence of a singularity over . in the v-plane or w}, in
the ¢-plane, with 1, @} as above. In the v-plane, this singularity is

characterised by an upper-minor /i given by:

liv=nit@ f) +nir@ f7) with °f(x) = f(xo + x). (7.6)

In view of the parity relation (cf. Section 4.10) this implies:

i)=Y hessv S with h=nir(f) =Y Ao v (17)

0<k 0<k

Thus, only every second coefficient of /4 goes into the making of lAz .

Moreover, since k here is necessarily odd, the ratio %*12" can never be

an integer. This means that the corresponding majors® never carry any

logarithms, but only fractional powers.

7.1.3 From outer to inner The relevant functional transform here is
nur, which according to (5.13) is an infinite superposition of nir trans-
forms applied separately to all determinations of log f(.). To calculate

the alien derivatives of /oy, or [0y, we must therefore apply the recipe of
the next para (Section 7.1.4) to the various nir(2wi k + log f(0) +...)
or nir(2rwi k + log(f (1) + ...). Exceptionnally, if 27i k + log f(0) or
2mi k + log f(1) vanishes for some k, we must also deal with tangency
orders « > 0 and apply the recipe of the para after next (Section 7.1.5).
But in this as in that case, the result will always be some inner generator

i, and never an outer one.

7.1.4 From exceptional to inner Let le an exceptional generator with
base point x;. Assume, in other words, that f(x;) % 0 and:

l;:“lh:nir(x‘f) with *'f(x):= f(x;+x), v ::/X1 f(x)dx. (7.8)
0

— Vv \%
68 Whether /i, li or Li.
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To calculate the alien derivatives of /e, we go back to the long chain Sec-
tion 4.2 and decompose the nir-transform into elementary steps from 1
to 7. The elementary Steps 1, 2, 4, 5, 7 neither produce nor destroy sin-
gularities. The steps that matter are the reciprocation (Step 3) and the
mir-transform (Step 6). The singularities produced by reciprocation are
easy to predict. As for the mir-transform, its integro-differential expres-
sion (4.39) and the properties of the Euler-Bernoulli numbers® show that

the closest singularity or singularities of le "° necessarily correspond to
closest singularity/ies of ¢ (see Lemma 4.7). Now comes the crucial,
non-trivial fact: this one-to-one correspondance between singularities of

g and /e holds also in the large, at least when the initial input f is holo-
morphic. This is by no means obvious, since the singularities of g might
combine with those of B to produce infinitely many new ones, farther
away, under the Hadamard product mechanism . To show that this doesn’t

occur, assume the existence of a point v, in the v-plane where "'h =le is
singular but g is regular. We can then write v, = foxz f(x)dx for some x;
and then choose x3 close enough to x; to ensure that the exceptional gen-
erator ">/ of base point x3 is regular at v,.”! We then use the bi-entireness
of the finite nir-increment Vh(e, v) with € = x3 — x;, v = v3 — vy to
conclude that "'/ := nir(*'h), just like *h := nir(*h), is regular at v,.

7.1.5 From inner to inner. Ping-pong resurgence Let /i; be an inner
generator with base point x;. This means that f(x;) = 0 and:

lAilz“1 h = nir(*"'f) with " f(x):= f(x1+x), v :=/XIf(x)dx. (7.9)
0

Assuming once again f to be holomorphic, the same argument as above

shows that all singularities of /i |, not just the closest ones, correspond to

—~

zeros x; of f. They are therefore inner generators /i,, li3, li4 ... with
base points x5, X3, X4 . .. and the resurgence equations between them

Ay, liy=li, (7.10)

Vg—Vp

%9 More exactly, the fact that the singularities of 8 are all on 27iZ*.

70 Je. those lying on the boundary of the disk of convergence. Recall that for an exceptional

generator we have a tangency order x = 0 and so /e is a regular, unramified germ at the origin.

7 By ensuring that "3/ has v, within its convergence disk.
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will exactly mirror the resurgence equations between the singularities of
g. The only difference is that if /i , sees li,, i.e. if (7.10) holds, then the

converse is automatically true: /i, sees li,. Exceptional generators, on
the other hand, see but are not seen.”?

7.1.6 Recapitulation. One-way arrows, two-way arrows Let us sum up
pictorially our findings for a holomorphic input f:

—> —> —> —> imner <— ... <—

1 7N 1
A ower 1 A
T/ Nt 1

original — —> —> inner <— ... (exceptional)

PN 7 \
l, outer T i, l,
| Nt |
—> —> —> —> imner <— ... <—

The above picture displays four types of generators:

— one original generator, which is none other than the “cleansed” SP
series;

— two outer generators (in and out) which may occasionally coalesce;

— a countable number of inner generators: as many as f has zeros;

— acontinous infinity of exceptional generators: any x; where f doesn’t
vanish can serve as base point.

The picture also shows five types of arrows linking these generators.”?

All these arrows are one-way, except for those linking pairs of inner gen-
erators.

As this “one-way/two-way traffic” suggests, the various generators dif-
fer widely as to origin, shape, and function.

72 Regarding the inner generators, one may note that what matters is the geometry in the v-plane,
not in the x-plane. Consider for instance:
fx) =@ —x))x —x)(x —x3) with x1=1Lx)=2,x3=2+4¢€ +é2i OD<ex ).

Then a simple calculation shows that the inner generator /i | sees li but not /i3, although x| sees

xp and x3. (On the other hand, /i, sees both /i | and 7 i3).

3 Meaning in each case that the farget is generated by the source under alien differentiation.
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The original generator clearly stands apart, not just because it kicks
off the whole generation process, but also because it makes (immediate)
sense only in the ¢-plane: in the v-plane it is relegated to infinity.

Directly proceeding from it under the nur-transform, we have two
outer generators, which in turn generate the potentially more numerous
inner generators, this time under the nir-transform, relatively in each case
to a given determination of f = —log F. To each such determination
(corresponding to an additive term 2mwik) there answers a distinct inner
algebra Inner ; spanned by K inner generators, with K := card{ f~'(0)}.

Another way of entering the inner algebras is via exceptional genera-
tors, but these are “artificial” in the sense that they never occur naturally,
i.e. under analytic continuation of the original generator. They are more
in the nature of auxiliary tools.”* Also, since each exceptional genera-
tor results from applying the nir-transform to a given determination of
J = log F, it gives acces to one inner algebra Inner s, unlike the outer
generators, which give access to them all.

These inner algebras Inner y are in one-to-one correspondance with Z.
Though distinct (and usually disjoint) from each other, they are essen-
tially isomorphic. Each of them is also “of one piece” in the sense that

for any | pair l ip, l i€ Innery, there is always a connecting chain /i,,, start-

ing at lz »» ending at lzq, and such that any two neighbours /i, and /i, ,
see each other.

The emphasis so far has been on the singularities in the v-plane. Those
in the ¢-plane follow, except over the origin { = 0, where quite specific
and severe singularities may also occur (at the origin itself, i.e. on the
main Riemann leaf, the SP function is of course regular). For a brief
discussion of these 0-based singularities and their resurgence properties,
see Section 7.2.1 below.

7.2 Meromorphic input F': the general picture

Let us briefly review the main changes which take place when we re-
lax the hypothesis about f := — log(F) being holomorphic and simply
demand that F be meromorphic.”

74 As components of the nur-transform under the Poisson formula (see 5.13) and also, as we just
saw, as mobile tools for sifting out true singularities from illusory ones (see Section 7.1.4).

75 Since F and FF (recall that F’:(x) = 1/F(1 — x)) are essentially on the same footing, it
would make little sense to assume one to be holomorphic rather than the other. So we must assume
meromorphy, even strict meromorphy, with at least one zero or pole.
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7.2.1 Logarithmic/non-logarithmic singularities If F has at x = 0 a
zero or pole of order d € Z*, we must replace the ) ,_, _, summation
in (1.2) by ) ,_,,, for the definition of the SP coefficients Jp(n) to
make sense. More significantly, depending of the parity of d, the outer
and inner singularities may exchange their logarithmic/non-logarithmic
nature. Recall that for the cleansed SP function and d = 0, the outer
generators have purely logarithmic singularities’® while the inner gen-
erators have power-type singularities, with strictly rational (non-entire)
powers. That doesn’t change when d is # 0, at least where the cleansed
SP series are concerned. However, when we revert to the raw SP se-
ries, i.e. to the position prior to coefficient division by the ingress factor
Igp(n) ~ n=2 (co + O(n™")), we are faced with a neat dichotomy:

(i) d even: nothing changes;

(ii) d odd: everything gets reversed, with the outer singularities becom-
ing strict rational (semi-integral) powers and the inner singularities
becoming purely logarithmic.”’

7.2.2 Welding the inner algebras into one  The presence of even a single
zero or pole in F', no matter where — whether at x=0 or x=1 or elsewhere
— suffices to abolish the distinction between the various inner algebras
Inner ; attached to the various determinations of f := —log(F), since f
itself now becomes multivalued and assumes the form:

fx) = Zdi log(x — x;) 4+ holomorphic(x). (7.11)

Everything hinges on d := g.c.d.(d|,d,,...). If d = 1, then all in-
ner algebras merge into one. If d > 1, they merge into d distinct but
“isomorphic” copies.

Notice that no such change affects the outer generators, because these
are constructed, not from f, but directly from F (in the case of the raw
SP function ) or F!/? (in the case of the cleansed SP function).

7.3 The ¢-plane and its violent O-based singularities

Converting v-singularities into ¢-singularities
So far, we have been describing the outer/inner singularities in the aux-
iliary v-plane (more exactly, the v-Riemann surface) which is naturally

76 [ ¢. with majors of type Reg| (¢) + Reg,(¢)log(¢).

77 At least in the generic case, i.e. for a tangency order k = 1. For « > 1, the inner singularities
involve a mixture of rational powers and logarithms.
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adapted to Taylor coefficient asymptotics. To revert to the original ¢-
plane, we merely apply the formulas for Step 9 in the long chain of
Section 4.2 which convert v-singularities into ¢-singularities, for ma-
jors as well minors. The resurgence equations, too, carry over almost
unchanged, with the additive indices v; simply turning into multiplica-
tive indices ¢;. But there is one exception, namely the origin ¢ = 0.
Under the correspondence v +— ¢ = e", the SP function’s behaviour
over { = 0 will reflect its behaviour over the “point” Ji(v) = —oo on
various Riemann leaves. This is the tricky matter we must now look
into.

Description/expansion of the 0-based singularities
The SP function itself is regular at ¢ = 0, i.e. on the main Riemann
leaf,”® but usually not over ¢ = 0, i.e. on the other leaves. Study-

ing these O-singularities entirely reduces to studying the O-singularities
N N

of the outer/inner generators Lo / Li, which in turn reduces to inves-

VAN AN

tigating the oco-behaviour of /o / li. This can be done in the stan-
dard manner, by going to the long chain of Section 4.2 and applying
the mir-transform to £, but locally at —00.” The integro-differential
expansion for mir still converges in this case, but no longer formally
so (i.e. coefficient-wise), and it still yields inner generators, but of a
very special, quite irregular sort. Pulled back into the ¢-plane, they pro-
duce violent singularities over ¢ = 0, usually with exponentially explo-
sive/implosive radial behaviour, depending on the sectorial neighbour-
hood of 0.

Resurgence properties of the O-based singularities

Fortunately, no detailed local description of the 0-based singularities is
required to calculate their alien derivatives and, therefore, to obtain a
complete system of resurgence equations for our original SP function.
Indeed, turning & times around { = 0 on some leaf amounts to making
a 2mik-shift in the v-plane, again on some leaf. But the effect of that is
easy to figure out, especially for an holomorphic input f (in that case,
it simply takes us from one inner algebra Inner; to the next) but also
for a general meromorphic input F (for illustrations, see the examples of
Section 8.3, especially Examples 8.7 and 8.8. See also Section 6.6-8.).

78 Or, if F has a zero/pole of odd order d, it is of the form {d/2<p({), but again with a regular ¢.

79 Each time on the suitable leaf, of course.
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7.4 Rational inputs F': the inner algebra

Let F be a rational function of degree d:

dj
F(x) = ]_[ (1 — i) with d; € Z*,
1Zjer N (7.12)
§:=g.cd.(dil,...,ld])
and let xo, . .., x4 be the zeros (counted with multiplicities) of the equa-

tion F(x) = 1. We then fix a determination of the the corresponding f:

f(x)=—log(F)=— )" d;log (1 - —) (7.13)

1<j<r

with its Riemann surface Sy . We denote X'} C Sy the set of all x* € S
lying over x; € C and such that f(x*) = 27118 and select some point
xo € X{ as base point of S . The internal generators will then correspond
one-to-one to the points of U;< ]<dX and be located at points v; of the
ramified v-plane, with projections v; such that:

Xj
v — v =/ f(x)dx (x; € X}, x; € X9). (7.14)

For two distinct points x;, x7 in the same X (;, the above integral is obvi-
ously a multiple of 277 §. Therefore, three cases have to be distinguished.

Case 7.1. F has only one single zero ¢ (of any multiplicity d; = p) or
again one single pole oy (of any multiplicity d; = p). In that case, we
have exactly p sets X‘/)., but each one reduces to a single point, since f
has only one single logaritmic singularity. That case (“monomial input
F”) was investigated in detail in Section 6.6, Section 6.7, Section 6.8.

Case 7.2. F has one simple zero «; and one simple pole «;. The position
is now the reverse: we then have only one set X0 ,but with a countable
infinity of points in it, since f has now two logarithmic singularities,
thus allowing integrals (7.14) with distinct end points x;), x; both in XJ.
(See Section 8.11 below).

Case 7.3. F has either more than two distinct zeros, or more than two
distinct poles, or both. We then have p + ¢ distinct sets X? , with p
(respectively g) the number of distinct zeros (respectively poles). Each
such X 9 contains a countable number of points x ;, to which there answer,
in the ramified v-plane, distinct singular points v; that generate a set \/;
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whose projection N ; on C is of the form v; + 2, with

Q={w o= Y njdin=-2ri Y n;dja;p (1.15)

Y njdj=0 2 njdj=0
x .
nj=— | log(1——)dx=2mi(xo—a) (7.16)
Zj @

and with integration loops Z; so chosen as to generate the fundamental
homotopy group of C \ {«y, ..., a}. Each Z; describes a positive turn
round «; and the choice of the loops’ common end-point is immaterial,
since changing the end-point merely adds adds a common constant to
each n;, which constant cancels out from the sums  due to the condition
Z n; d j= 0.

Though €2 usually fails to be discrete as soon as > 3, the sets \V; are
of course always discrete in the ramified v-plane. In particular, from
any given singular point v; € N; only finitely many v; € N/ can be
seen — those namely that correspond to simple integration paths in
(7.14), i.e. typically paths whose projection on C is short and doesn’t
self-intersect.®" The other points v; € N/ are located on more removed
Riemann leaves and therefore hidden from view (from v;).

8 The inner resurgence algebra for SP series
8.1 Polynomial inputs /. Examples

Example 8.1 (f(x) =x"). There is only one inner generator ﬁ(v) which,
up to to the factor v=1/2, is an entire function of v.

Example 8.2 (f(x) = x” — 1). There are r inner generators. We have
exact radial symmetry, of radius 1 in the x-plane and radius n = 1/(r +1)
in the v-plane. Every singular point there sees all the others: we have
“multiple ping-pong”, governed by a very simple resurgence system (see

[15D).

Example 8.3 (f(x)= ijl x — x;)). Every such configuration, includ-
ing the case of multiple roots, can be realised by continuous deformations
of the radial-symmetric configuration of Example 8.2, and the thing is to

80 Various examples of such situations shall be given in Section 8.3, with simple/complicated inte-
gration paths corresponding to visible/invisible singularities. The general situation, with the exact
criteria for visibility/invisibility, shall be investigated in [S.S.1].
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keep track of the v;-pattern as the x;-pattern changes. When v; — v;
becomes small while x; — x; remains large, that usually reflects mutual
invisibility of v; and v;. Thus,ifr =3 andx; =0,x, = 1,x3 = 1 +¢€ el?
with 0 < € << 1, the case § = m/2 with its approximate symmetry
X, <> x3 corresponds to three mutually visible singularities vy, vy, v3,
but when 6 decreases to 0, causing x3 to make a —s /2 rotation around
X7, the point v; makes a —37 /2 rotation around vy, so that the projection
V3 actually lands on the real interval [V, v;]. But the new v; has actually
moved to an adjacent Riemann leaf and is no longer visible from v;.

8.2 Holomorphic inputs f. Examples

Example 8.4 (f(x) = exp(x)). To the unique “zero” xo = —oo of f(x)
there answers a unique inner generator h(v). It is of rather exceptional
type, in as far as its local behaviour is described by a transseries rather
than a series, but the said transseries is still produced by the usual mech-
anism of the nine-link chain.

Example 8.5 (f(x) =exp(x) —lor f(x) = sin®(x)). All zeros x; of
f(x) contribute distinct inner generators, identical up to shifts but po-
sitioned at different locations v;.

Example 8.6 (f(x) =sin(x)). Here, the periodic f(x) still has infinitely
many zeros but is constant-free (i.e. is itself the derivative of a periodic
function). As a consequence, we have just two inner generators, at two
distinct locations, like in the case f(x) = 1 — x? but of course with a
more complex resurgence pattern.

8.3 Rational inputs /. Examples

Example 8.7 (F(x) = (1 — x)). The inner algebra here reduces to one
generator /(v) and a fairly trivial one at that, since 4 (v) = const v='/? as
given by the semi-entire part of the nir-transform. In contrast, the entire
part of the nir-transform (which lacks intrinsic significance) is, even in
this simplest of cases, a highly transcendental function: in particular, it
verifies no linear ODE with polynomial coefficients.

Example 8.8 (F(x) = (1 — x)?). Under the change x — p x, this re-
duces the case of “monomial F”, which was extensively investigated in
Section 6.6, Section 6.7, Section 6.8. We have now exactly p internal
generators & ;(v) located at the unit roots v; = —e*™ /7 and verifying
a simple ODE of order p, with polynomial coefficients. Each singular
point v; “sees” all the others, and the resurgence regimen is completely
encapsulated in the matrices M, , of Section 6.7, which account for the
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basic closure phenomenon: a 47 i-rotation (around any base point) leaves
the whole picture unchanged.

Example 8.9 (F (x) = "12__0?‘22 = xfj}fj, o =i f8). The general results of
Section 7.4 apply here, with xo =0, x; = 1 and the lattice 2 = 4nia Z =
—4m B 7. We have therefore two infinite series of internal generators in
the v-plane, located over 1y + €2 and v, + 2 respectively, where the differ-
ence 1 — vy may be taken equal to any determination of — fol log(F(x))dx.
However, depending on the value of the parameters «, 8, each singular
point v; “sees” one, two or three singular points of the “opposite” series.

Let us illustrate this on the three “real” cases:

Case 1: 0 < B. The only singularity seen (respectively half-seen) from
Vg is vy (respectively vi) with

V=1 +2n
vy =vy+2n+4np
with n =2 —2Barctan(1/8) > 0.
All other singularities above 1 + 2 lie are on further Riemann leaves.

The singularity v; corresponds to the straight integration path Z; whereas
v} corresponds to either of the equivalent paths Z} and Z7*.

Case 2: 0 < o < 1. Only two singularities are seen from vy, namely v
and v{™ of projections:

v =0 +2n+2mia

Vi =1y+2n—-2mia

1
with n:2—alog< +°‘) > 0.

l—«o
They correspond to the integration paths Z* and Z**.

Case 3: 1 < «. Three singularities are seen from vy, namely vy, vy, v{*
of projections:

v =1y +2n
vy =0 +2n+2wia
VY =10y+2n—-2nia

1
with n:2—alog<i) <o0.
a—1

They correspond to the integration paths Z, Z*, 7**.
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Example 8.10 (F (x) = =% = xlp:ﬂfi,p, € = e™/7B). Here Q is gener-

ated by the unit roots of order p. More precisely, due to the condition
> n;jd; =0in(219) (with d; = 1 here) we have

Q:2m’a((e —DZ+ (€ =DZ+...(e" ' = 1)Z> with € :=e27i/P.

Thus, except for p € {2, 3, 4, 6} the point set €2 is never discrete, but this
doesn’t prevent there being, from any point of the ramified v-plane, only
a finite number of visible singularities.

Case 1: 0 < 8.
Q; (n+9)6’—n6/+9 (1<j<p e=""8) (8.1

n=-p) (- >0 (f 1=p) (8.2)

n=p—pbpﬁ—p2( vt o0 Gro<ps) 63
1<k

(Ml (= 1)k

bp_/o H—ﬂdt_l—zzkzpz—_l. (8.4)
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Case2: 0 <o < 1.
Qi=(n+mia + Qel=(m—mia + Q)e/ =(n+mia)e! +Q

, ) (8.5)

= —mia)el + Q2 (1<j<p, e=e"rPp)

akp
=pP- - 0 8.6
n=p-—papa pl§<kkp_1> (8.6)
Ll —¢r2 1

=| ———dt=1-2) ———. 8.7
a, /Ol_ﬂ, ;kzlﬂ_l 8.7)

Case3: 1 < .
Q=+ =ne/+Q (1<j<p, e=e"'"p) (8.8)

kP
- 0. 8.9
n p;kp+l< (8.9)

Remark. The expressions (8.4) for b, are obtained by identifying the
two distinct expressions (8.2), (8.3) for n which are are equally valid
when B = 1. The expressions (8.7) for a, are formally obtained in the
same way, i.e. by equating the expressions (8.6), (8.9) when o = 1,
but since both diverge in that case, the derivation is illegitimate, and the
proper way to proceed is by rotating & by e™/? so as to fall back on the
situation of case 1. Here are the Z-irreducible equations verified by the
first algebraic numbers «, := £ a, and B, := L b,

0=a 0=p—1
0=3a;—1 0=3p;—4
0=ay—1 0=p7-2
0=5ai—10ai+1 0=5p:-2082+16
0=af -3 0=c—2

0=af —6a+1 0=p —8B7+8

0=afy—10aj,+5 0=p7—2p10—4
0=a, —dap+1 0 =g, — 16 % + 16.

Let us illustrate the situation for p = 4 in all three “real” cases. We
choose one singularity vy, corresponding to xo = —1 (respectively xy =
1) in Case 1 or 2 (respectively 3), as base point of the v-plane, and plot
as bold (respectively faint) points all singularities visible or semi-visible
from vy (respectively the closest invisible ones). For clarity, the scale (i.e.
the relative values of «, n, ) has not been strictly respected — only the
points’ relatives position has.
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Example 8.11 (F(x) = = or F(x) = 1 x/“) This interesting case is
the only one where, desplte the equation F (x) =1 having only one solu-
tion xo = 0, the function f has two logarithmic singularities, so that we
get a non-trivial set Q = 27iZ and infinitely many copies of one and the
same inner generator. From any given singularity vy there are two visible
neighbouring singularities over vy 277 and infinitely many semi-visible
ones over vy & 2mi k (k > 2).

_ (d=x/an(d—=x/a) _ (=x/o)(I1—x/a)
Example 8.12 (F(x) = /ey or Pj()f) = (l_x/%)(l_x/w)). Here
Here the equation F(x) = 0 has two distinct solutions, so we have
two distinct families of “parallel” inner generators, and a set €2 which
is generically discrete in the first sub-case (no «4) and generically non-

discrete in the second sub-case.8!

8.4 Holomorphic/meromorphic inputs . Examples

‘ © Aj©
Example 8.13 (F = []7Z, (1 —ai/) eti™ or F = %) Pre-
J

dictably enough, we inherit here features from the case of polynomial

81 As usual, this discrete/non-discrete dichotomy applies only to the projection on C of the ramified
v-plane, which is itself always a discrete Riemann surface, with only a discrete configuration of
singular points visible from any given base point.
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x-plane viewed from x,

I

inputs f and from that of rational inputs F', but three points need to be
stressed:

(i) the presence of even a single zero o ; or of a single pole B is enough
to weld all inner algebras Inner s into one (see Section 7.2.2 supra);
(ii) though, for a given xo, the numbers 7o ; := — [ );j f(x)dx may ac-
cumulate 0, the corresponding singularities v; never accumulate v

in the ramified v-plane;
(iii) the question of deciding which integration paths (in the x-plane)
lead to visible singularities (in the v-plane) is harder to decide than
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for purely polynomial inputs f or purely rational inputs F' because,
unlike in these two earlier situations, we don’t always have the op-
tion of deforming a configuration with full radial symmetry. The
precise criteria for visibility/invisibility shall be given in [16].

Example 8.14 (F = trigonometric polynomial). The series associated
with knots tend to fall into this class. Significant simplifications occur,
especially when f = —log(F) is itself the derivative of a periodic func-
tion, because the number of singularities v; then becomes finite up to
Q-translations. The special case F(x) = 4 sin’ (mx), which is relevant to
the knot 4, is investigated at length in the next section.

9 Application to some knot-related power series
9.1 The knot 4, and the attached power series G, G*

Knot theory attaches to each knot K two types of power series: the so-
called non-perturbative series G%P and their perturbative companions
G ,’é. Both encode the bulk of the invariant information about /C and both
are largely equivalent, though non-trivially so: each one can be retieved
from the other, either by non-trivial arithmetic manipulations (the Habiro
approach) or under a non-trivial process of analytic continuation (the ap-
proach favoured in this section).

The main ingredient in the construction of G{.* and G£- is the so-called
quantum factorial, classically denoted (g),,:

k=m

@m =] 4. ©.1)

k=1

For the simplest knots, namely K = 3; or 4; in standard notation, the
general definitions yield:

CD31(¢I) :=Z(Q)m CI)41(q) = Z(q)m(q_l)m

ANP m>1 /\NP m=>1 |

G, (=) &5,/ Gy (€)= @y (@7
nz0 n>0

65(’” =, (e_””)=ZCk""‘ Gﬁ(n) =y, (e—l/">=Zc;:n—k

Gal(v) = ch T G41(V) — ch

A few words of explanation are in order here.

First: when we plug unit roots g = e>7//"

or @4, (g), these reduce to finite sums.

into the infinite series &3, (q)
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Second: the coefficients @3, (e¥i/"y or Dy, (e*™/™) thus defined are syn-
tactically of sum-product type, relative to the driving functions:

F3 (x) :=1—¢&™";

‘ ‘ 9.2
Fy, (x) := (1 — ) (1 — e ™) = 4sin*(mx). ©2)

Third: whereas the non-perturbative series éN P clearly possess positive
radii of convergence, their perturbative counterparts G* are divergent
power series of 1/n, of Gevrey type 1, i.e. with coefficients bounded
by

|ck| < Const k!, lcx| < Const™ k!

Fourth: the perturbative series G* (1) being Gevrey-divergent, we have

A
to take their Borel transforms G (v) to restore convergence.

Here, we won’t discuss the series attached to knot 31, because that case
has already been thoroughly investigated by Costin-Garoufalidis [3, 4]
and also because it is rather atypical, with an uncharacteristically poor
resurgence structure: indeed, Gévl P and Gfl give rise to only one inner
generator Li, whereas it takes at least two of them for the phenomenon
of ping-pong resurgence to manifest.

So we shall concentrate on the next knot, to wit 4;, with its driving
function F (x) := 4 sin’(;rx). That case was/is also being investigated by
Costin-Garoufalidis but with methods quite different from ours: see Sec-
tion 12.2 below for a comparison. Here, we shall approach the problem as
a special case of sum-product series, unravel the underlying resurgence
structure, and highlight the typical interplay between the four types of
generators: original, exceptional, outer, inner.

Our main original generator Lo and main outer generator Lu, both
corresponding to the same base point x = 0, shall turn out to be essen-
tially equivalent, respectively, to the non-perturbative and perturbative
series of the classical theory, with only minor differences stemming from
the ingress factor (see below) and a trivial 2w rotation. The exact corre-
spondence goes like this:

G ()=t 0, Lo () 9.3)
cA;P()—LalA(z')—iaLA(zm—l) (9.4)
4 V =2jTl I u Ty _2711 s u (e . .

But we shall also introduce other generators, absent from the classical
picture: namely an exceptional generator Le, relative to the base-point
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x = 1/2, as well as a new pair consisting of a secondary original gener-
ator Loo and a secondary outer generator Luu, also relative to the base-
point x = 1/2.

We shall show that these generators don’t self-reproduce under alien
differentiation, but vanish without trace: they are mere gates for entering
the true core of the resurgence algebra, namely the inner algebra, which
in the present instance will be spanned by just two inner generators, Li
and Lii.

9.2 Two contingent ingress factors

Applying the rules of Section 3 we find that to the driving function Fo
and its translate Foo:

Fo(x) = F(x) = 4sin’*( x);

( 1) ) ©5)
Foo(x) = F | x + 2 =4 cos“(m x)

there correspond the following ingress factors:
Igp,(n) = (4 pi®)™'? Qnn)*? =n; Igg,, (1) =42 =2, (9.6)

Their elementary character stems from the fact the only contributing fac-
tors in Fo(x) and Foo(x) are 472x? and 4 respectively. All other binomial
or exponential factors inside Fo(x) and Foo(x) contribute nothing, since
they are even functions of x.

Leaving aside the totally trivial ingress factor Ig,,(n) = 2, we can

predict what the effect will be of removing Ig, (n) = n from (A}N P(¢)and
all its alien derivatives: it will smoothen all singularities under what shall
amount to one ¢-integration. In particular, it shall replace the leading
terms C;(¢ — ¢1)™>/% and C3(¢ — £3)~>/? in the singularities of (A}Np(g“) at
¢1 and &3 by the leading terms C} (¢ —¢;) /% and Ci(t— £3)73/? typical of
inner generators produced by driving functions f(x) of tangency order
m = 1 (see Section 4).

Remark. An alternative, more direct but less conceptual way of deriving
the form of the ingress factor Ig,(n) = n would be to use the following
trigonometric identities:

Kn,n—l = n2, KZn,n—l =n, K2n,n = 4ns K2n+1,n =2n + 1 (97)

with

Kom =[] F<%) =4" [] sin’® (n%) 9.8)

1<k<m 1<k<m
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9.3 Two original generators Lo and Loo

Here are the power series of sum-product type corresponding to the driv-
ing functions Fo and Foo (mark the lower summation bounds: first 1,
then 0):

A m=n k=m
Jo (0):=) Jou¢" with Jo,:=» []Fo (S) 9.9)

I<n m=1 k=1
A m=n k=m k
Joo (¢):=)_Joo, " with Joo, =Y []Foo (—) . (9.10)
n
1<n m=0 k=0

After removal of the respective ingress factors Ig,(n) and Igp,,(n) these
become our two original generators:

A 1 A PN dc’
Lo (;)::ZLO,, " =Z ;Jo,,;“” —Lo (¢) = fo Jo(;")g—% (9.11)

1<n 1<n

Loo @)= Loo,¢"=) %Joon " = Loo (;):% Joo (¢). (9.12)

1<n 1<n
9.4 Two outer generators Lu and Luu

N N A
The two outer generators Lu and Luu (respectively their variants £u and

ZLAm) are produced as outputs H (respectively /2) by inputting F = Fo
or FF = 1/Foo into the short chain Section 5.2 and duly removing the
ingress factor Igp, or Igg,,. Since both Fo(x) and Foo(x) are even func-
tions of x, we find:

Cu(n) :=%Z 1_[ Fo (S) Cuu(n) ::%Z 1_[ (1/ Foo) <§>

1<m 1<k<m 1<m 1<k<m

4 4
lu(n) :=Z Coppr n~ ! Cuu(n) :=Z oy n2k
1<k 0<k
Y 4
A 2k A . P21
Lu (U) Zé Cok+1 @ Luu (U) =§ Cor m
J 4
Lu (¢):=Cu (log(1 +¢)) Luu (¢):=Cfuu (log(1 + ¢)).

There is a subtle difference between the two columns, though. Whereas
in the left column, the sum product ) [] truncated at order m yields the
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exact values of all coefficients ¢y up to order m, the same doesn’t hold
true for the right column: here, the truncation of ) [] at order m yields
only approximate values of the coefficients cy; (of course, the larger m,
the better the approximation). This is because Fo(0) = 0 but 1/Foo(0) #
0. Therefore, whereas the short, four-link chain of Section 5.2 suffices to
give the exact coefficients ¢, one must resort to the more complex
nur-transform, as articulated in the long, nine-link chain of Section 5.2,
to get the exact value of any given coefficient c3,.

9.5 Two inner generators Li and Lii

AN A A
The two outer generators Li and Lii (respectively their variants £i and

N
Lii) are produced as outputs £ (respectively H) by inputting

f(x) = fi(x) = —log (4 sin’ (rr (x + %))) 0.1

= 4237 x + 472 x> + O(xY)

o 1
&) = fii(x) = —log (45“1 (” <X+6))> (9.14)

= 2V3rx +4n2x% + 0(x%)

into the long chain of Section 4.2 expressive of the nir-transform. How-
A
ever, due to an obvious symmetry, it is enough to calculate ¢i (v) and

A
then deduce ¢ii (v) under (essentially) the chance v — —v. Notice that
the tangency order here is m = 1, leading to semi-integral powers of v:

AN AN
O Wyimy o d_y w7 Gl ()= (1) d 0T (9.15)
0<n 0<n

Notice, too, that there is no need to bother about the ingress factors here:
the very definition of the nir-transform automatically provides for their
removal.

9.6 One exceptional generator Le

A A
The exceptional generators Le (respectively their variant £e) is produced
as output & (respectively H) by inputting

PN l)))
f(x) = fo(x) = —log (4 sin (” (x *3 (9.16)

= —2log2 4+ m?x* + O(x*)
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into the long chain of Section 4.2 expressive of the nir-transform. The
tangency order here being m = 0 and fo(x) being an even function of

—~ N
x, the series £e (respectively £e) carries only integral-even (respectively
integral-odd) powers of v:

— A
Le (v) =) ey v Le (v):= ) 2nchy vl (9.17)

0<n 0<n

As with the inner generators, the nir-transform automatically takes care
of removing the ingress factor.

9.7 A complete system of resurgence equations

Before writing down the exact resurgence equations, let us depict them
graphically, in the two pictures below, where each arrow connecting two
generators signals that the target generator can be obtained as an alien
derivative of the source generator.

inner
generator Li

s N
original t exceptiona
generator Lo gengrlélgr Lu T \L generator Le
NN
inner
generator Lii
? > geng}ggr Li
/! A R TN
original outer exceptional
generator Loo generator Luu T \L generator Le
NN/

inner
generator Lii.

We observe that whereas each inner generator is both source and rarget,
the other generators (— original, outer, exceptional —) are sources only.
Moreover, although there is perfect symmetry between Li and Lii within
the inner algebra, that symmetry breaks down when we adduce the orig-
inal generators Lo or Loo: indeed, Li is a target for both Lo and Loo,
but its counterpart Lii is a target for neither.®? Altogether, we get the
six resurgence algebras depicted below, with the inner algebra as their

82 At least, under strict alien derivation: this doesn’t stand in contradiction to the fact that under
lateral continuation (upper or lower) of Lo or Loo along the real axis, singularities £4 i Lii can be
“seen” over the point ¢3. See Section 9.8.3 below.
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common core:
inner algebra
(Li,Lii} C ({(Li, Lii,Lu} < {Li, Lii, Lu, Lo}
{Li, Lii} < {Li, Lii, Luu} C {Li, Lii, Luu, Loo, }
{Li,Lii}y C {Li, Lii, Le}.

Next, we list the points {; where the singularities occur in the zeta-plane,
and their real logarithmic counterparts v; in the v-plane.

Vo i=—00
1/6 Lir(e27i/6Y — L, (e=27i/6

e [ peodx=— 12 )2 Liae ™) 3230659470 . .
0 i

1)21:0
5/6 Lir(e27i/6Y — L, (e=27i/6

ve [ faydn =4 B2 Z LT LG 3530659470
0 2mi

§o:=0

¢ i=exp(vy) = 0.723926112 - = 1/¢3

&i=1

g3:=exp(v3) = 1.381356444 . ..

The assignment of generators to singular points goes like this:®3

VAN AN

Lo and Loo at ¢

A A

Li at ¢ ; Li at §

A AN A A

Lu and Luu and Le at ¢ ; Luu at §

AN AN

Lii at 3 ; Lii at {3
with

ﬁ = _é-l’ 2 = _§27 9 = _;-3

and

Li¢) =Li (=¢), Lii(¢) =Lii (~¢), Luu(¢) = Luu (7).

83 In the ¢-plane, for definiteness.
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The correspondence between singularities in the ¢- and v-planes is as

follows:

minors minors
{ plane v plane

Li¢) = li(log(1 +¢/2)

A

LAii(;) = lii(log(1 + ¢ /i)

A

Lu@) = lulog(1 + ¢))
Lun(?) = luu(log(1 +¢))

Le(@) = le(log(1+ ).

majors
v plane

Li¢) = li(—log(1 — £/¢)

\4

lii( —log(1 — ¢ /%))

ZZ( — log(1 — {))

Lun(z) = IIZM( —log(1 — ¢))

With all these notations and definitions out of the way, we are now in a
position to write down the resurgence equations connecting the various

generators:

Resurgence algebra generated by Lo

o O
AyLo =2Li
¥ o
AQLO = ILM

o Q.
Ay Lo =0Lii.

Resurgence algebra generated by Loo

0 O
Ay Loo =2Li

0 %
Ay Loo = 1 Luu

0 O
Ay Loo = 0Lii

¢ O
A{_lLoo =0Li

% o
A§_2L00 =2 Luu

0 Q.
AgLoo = 0 Lii.

0. 3 %
Ag—glLi = 5 Lii

Q. 5 9.
Ay g Lii = 5= Li

0. 5 9.
Ay Li = EL!Z
o, 5 0
Ay Lii = ELZ
0. 3 9.
Ag_;—_lg = EM
Q. 3 9.
Ay Lii = EQ
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Resurgence algebra generated by Le

0 ) 9. 0. 3 9.
Ag—gLe = 5- Lii Ag—gLi = 5- Lii
% 2 <> <> 3 .
AQ,QLE Z_E Li A{l,QLll = e Li.

9.8 Computational verifications

In order to check numerically our dozen or so resurgence equations, we
shall make systematic use of the method of Section 2.3 which describes
singularities in terms of Taylor coefficient asymptotics. Three situations,
however, may present themselves:

(1) the singularity under investigation is closest to zero. This is the most
favourable situation, as it makes for a straightforward application of
Section 2.3;

(ii) the singularity under investigation is not closest to zero, but becomes
so after an origin-preserving conformal transform, after which we
can once again resort to Section 2.3. This is no serious complica-
tion, because such conformal transforms don’t diminish the accu-
racy with which Taylor coefficients of a given rank are computed;

(iii) the singularity under investigation is not closest to zero, nor can it
be made so under a reasonably simple, origin-preserving conformal
transform. We must then take recourse to origin-changing confor-
mal transforms, the simplest instances of which are shifts. This is
the least favourable case, because origin-changing conformal trans-
forms — and be they simple shifts — entail a steep loss of numerical
accuracy and demand great attention to the propriety of the trunca-
tions being performed.®*

Fortunately, this third, least favourable situation shall occur but once
(in Section 9.8.3, when investigating the arrow Lo — Lii) and even
there we will manage the confirm the theoretical prediction with reason-
able accuracy (up to 7 places). In all other instances, we shall achieve
truly remarkable numerical accuracy, often with up to 50 or 60 exact
digits.

9.8.1 From Li to Lii and back (inner to inner) Since the theory predicts
that Li and Lii generate each other under alien differentiation, but that

84 Indeed, inept truncations can all too easily lead to meaningless results.
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neither of them generates Lo nor Lu, we may directly solve the system
S

i,i0°
1
1 —aTm
G 1, =3v" § riisi —l—{—n ' Vn €]n —m,n]
—5tn 1,3 5+m 2 ’ ’
0<m<m

with n equations and m unknowns riis L Then we may form:

A ~
riis (p) = Z UL

1
0<m<m (_E + m)!

— A —
liis (v) i=riis (log (1 n L)) = 3 liis_y,, vE

V1.3 0<m<m

ll:?s*l m
and check that the ratios rat_ Lim = = 2™ are indeed ~ 1. For in-

l”*%ﬁ»m

stance, with the coefficients /iis 1
get a high degree of accuracy:

150,45

» computed from §; 7™, we already

—rat_1|<107°, ..., |1 —ratis| <107, ..., [l —rats | <1077, ...
1 I 10738 1 2 10740 1 f3 10724

This confirms the (equivalent) pairs of resurgence equations

0 3 0 0 3 0
Ay li = —Cii; A, Lii = — i
o 3 0 0. 390
Al@*\)lel = E Ell; AVI,VSEIl = E li

in the v-plane, which in turn imply

oo 3 % 0. 3 90
A§3_§1Ll = EL”; A(]—QL” = 2_Ll

in the ¢-plane.

9.8.2 From Lo to Li (original to close-inner) Since ¢ is closest to 0, we
solve the system S "":

A - g 1_
Lo,=2¢" Z lls_%+m n2™™; Vn €ln—m,n]

0<m<m
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with n equations and m unknowns / is_ e Then we check that the ratios

lis_

rat_ Lig = A—+m are indeed ~ 1. For instance, with the coefficients

—5tm

5570Q,50

lis_ Lim computed from S, we get this sort of accuracy:

l—rat_ 1 |<107*, ..., |1 —ratis| <1072, ..., |1 —rata| <1070, ...
2 2 2

O %
This confirms the resurgence equations A, Lo =2 Li in the {-plane.

9.8.3 From Lo to Lii (original to distant-inner) The singular point 3
being farthest from 0, we first resort to an origin-preserving conformal
transform { — &:

=0 (" -8) Ve

hs; cs=0 = (6 -¢)" Vielo,q]
i =gt () e Ve, ool
o=~ (c—) et Ve, ool

heo:0 > & =09224 ... ;& =0.9224 ... (farthest)
hio 0> & =0.4098 £0.5126 ... ; |£°| =0.6563. .. (closest)
hi, 03> & =0.285740.6367i... ;|&| =0.6979... (middling).

Since the images 5; are closer, but not closest, to 0, we must perform an
additional shift & — t:

hr§:€ Tt =£ —-% th T & =1 +‘%

ré =1 =0.9224 —-0.50001 ... |r1| = 1.0492 ... (farthest)
fg 52 — 12 0.4098 + 0.0125i ... |‘L’ | =0.4100. .. (middling)
heg: 53 — r3 0.2857 +0.13671i ... |r3 | =0.3167... (closest).

The image 75 at last is closest, and we can now go through the usual
motions. We form successively:

L/\o# @) = Z LAo,, " (truncation)
O<n<n
LAO## &) := L/\o# (hee(8)) (conf. transf.)

LAO### &) := fo## (he (1)) = Z L, 7"+ (...) (simpleshift).

O<n<n
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We then solve the system S}

Ly=4i@)™ > P, ni™" (n €In—m,n])

0<m<m

with m equations and m unknowns P_ Lim

P () = P Y L)

IA?(r) = 1'g (log (1 + —)) Z R “3m oatm +(..)

0<m<m

Next, for comparison, we form series that carry the expected singularity
Lii successively in the v, ¢ and 7-planes:

3
A ~ v—§+m
Lii (v) := E Eii7%+m37+(...)
0<m<m (_§+m>!

LAii ) = EAii (log (1 + i))
€]

@(r) = Lii (dhe. (1) = Z 0 3,1 T ().

0<m<m

3
-5+ .

S “ of homologous coefficients
—5tm

P, O and check that these ratios are ~ 1. Wlth the data derived from the

linear system S 080?,4 and with truncation at order n* = 20 in the computa-

Lastly, we form the ratios rar_3 m T

A
tion of Loy, we get the following, admittedly poor degree®® of accuracy:
1 —rat_sp| < 1077 |1 —rat_y | < 1073, [1 — ratyy 0| < 1072, ...

To compound the poor numerical accuracy, the theoretical interpretation
is also rather roundabout in this case. By itself, the above results only
show that:

TR 0.
A§3 Lo =441 Lii (9.18)

85 This is because of the recourse to the shiftt :=& + li whereas in all the other computations we
handled less disruptive origin-preserving conformal transforms ¢ — §.
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with the one-path lateral operators AZ of Section 3 which, unlike the
multi-path averages A, are not alien derivations. To infer from (9.18)
the expected resurgence equation:

O Y
Ay Lo =0 Lii 9.19)
O
we must apply the basic identity (5) of Section 2.3 to Lo:

(1 +y Ag) Lo= (exp (2m‘ > Aw>) Lo (9.20)
O<w O<w

and then equate the sole term coming from the left-hand side, namely

o
Ai Lo, with the 4 possible terms coming from the right-hand side,
namely:

O

2mi Ay, Lo = unknown (9.21)

(27i)? 0 0.
7 DoqAq Lo =1 Li (9.22)

(2mi)? 0 Q.
5 A{S_{ZA{Z Lo =3 Lii (923)

2 3

( T[l) AQ §2A§2 CIAQ'] LO =0 Lll (924)

6
Equating the terms in the left and right clusters, we find that the sole

unknown term (9.21) does indeed vanish, as required by the theory.

9.8.4 From Lo to Lu (original to outer) A single, origin-preserving con-
formal transform ¢ — & takes the singular point ¢, to middling position

£
heg &0 =0 — (g7 =€) 3
1/2 1/2
hee: > E:=0""—(t1-7) V¢ €10, &1l
hioiom =0 vi(c—a)”  Veln, ol

1/2

hep ¢ E=0"7—i(c-t) V¢ € [¢1, 0]
hsz Sl 51 =0.8508. ; |€1] = 0.8508 ... (closest)
RGN e 52 =0.8508 :i: 0 52541 . |§2i| = 1.0000... (middling)

h;‘[{ &3 > £5=0.8508 £0.8108i ... ; || = 1.7573... (farthest).
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Then we form:

LAO# (&)= Z LAon c" (truncation)
O<n<n
LAO## (S)::LAO# (hee(§)) (conf. transf.)

Lo (€)=Low(®) 51— £ = Y L, &"+(...) (sing.remov..

O<n<n

Slnce 1 —¢ = (& —£)%, all the semi -integral powers (¢ — ¢)"/? present

in Lo# (¢) at ¢ ~ &, vanish from Lo## (&), except for the first two terms:
Cs3E -6 +C & -6

N
but even these two vanish from Loy (§) due to multiplication by (&§; —

A
£)3. So the points Szi now carry the closest singularities of Loy (£), and
we can apply the usual Taylor coefficient asymptotics.
N
For comparison with the expected singularity Lu, we construct a new
A A A
triplet {Roy, Roys, Rogsy}, but with a more severe truncation (n* < n)

AN A
and with coefficients Lo, replaced by the Ro,, defined as follows:

AN ey , Foon
Ro,:= nSP (n) with  SPF(x) := Z ]_[ F(k x)

1<m=<n* 1<k<m

RAO# )= Z Ié\on " (truncation)
O<n<n*
RAO## &) ::Ié\o# (hee(8)) (conf. transf.)

Rous (§) =Row(§)E — €= 3 R&"+(..) (sing remov.).

O<n<n

Then, we solve the two parallel systems S and St

Z &))" Y. Lon™  (n €n—2m,n))

1<m<m

R, _Z &)™ Y. Ryn™*  (n €n-2m,n))

1<m<m
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each with 2 m equations and 2 m unknowns L, or R;, respectively. We
then check that the ratios raf;, := 22 are ~ 1. With the data obtained

m

<495.7
from the systems S, , and Sﬁg’f and with truncation at order n* = 30

in the I/% o triplet, we get the following degree of accuracy:

11 —ratf| <107, .. |1 —ratz | <107, .. |1 —ratg| <1070, .,

O o
The immediate implication is A;’; Lo = 2mi Lu. To translate this into

O
a statement about A, Lo, the argument is the same as in Section 9.8.3,
only much simpler. Indeed, the only term coming from the left-hand side

O
of (9.20) is now A;rz Lo and the only two possible terms coming from the
right-hand side are:

Qmi)?

%
2mi Ay, Lo=unknown and >

S A A Lo=0. (9.25)

0 O
Equating both sides, we find A;, Lo =Lu, as required by the theory.

9.8.5 From Lu to Li and Lii (outer to inner) The singular points under
investigation being closest, the investigation is straightforward. We form

the linear system Su i/iit

luy=2 (" + (=v)™") Y riis_ i, n*™" (1 €In—2m,n))
0<m<2m

with m effective equations (for even values of n) and m unknowns
riis_i,,.. We then form:
2

3
N - §7§+m
riis (§) == Z rzzs_%+m34
0<m<m — +m !
2
AN AN 3
liis (§) = riis <log (1 + —)) = Z lzzs “3m p2tm
3 0<m<m
A
liiS7§+m . .
and check that the ratios rat_3,, ‘= —2— are indeed ~ 1. With
lii 3
2+m

300,40
Su i/ii

the data obtained from the system we get this high degree of
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accuracy:
+ —81 + -39
|1—rat73/2|<10 ,...,|1—rat17/2|<10 ey
+ —21 + -10
|1—rat37/2|<10 ) e ,|1—rat57/2|<10 ) e

This confirms, via the v-plane, the expected resurgence equations in the
¢-plane, namely:

o 2 9, o 2 9,
Ap_p Lu = o Lii; Ayf_pLu= o Li.

9.8.6 From Loo to Li (original to close-inner) We proceed exactly as in
Section 9.8.2. We form the linear system S)’™;:

1

A ~
Loo,= ¢, Z lisf%m n2=" (n € In—2m, n))

0<m<m

with m equations and m unknowns /is_ We then check that the

§+m'

A
lis 3
-5 +m

ratios rat_% m = are indeed ~ 1. With the data obtained from

—5+m
800,30
00,1

the system S , we get this degree of accuracy:

[1—rart, ,| <107, ..., [1—=ratyy,| <1077, ... |[1—raty, ,| <1077, ..

This confirms the expected resurgence equations in the ¢-plane:
O O o O
AyLo=2Li; AyLo=0 Li.

N N
An alternative method would to check that Lo (¢)— Loo (¢) has radius

A A
of convergence 1, which means that Lo and Loo have the same singu-

O
larity at ¢;, namely Li: see Section 9.8.2. With that method, too, the
numerical confirmation is excellent.

9.8.7 From Loo to Lii (original to distant-inner) The verication hasn’t
been done yet. The theory, however, predicts a vanishing alien derivative

o o
Ay (Loo) = 0 just as with Lo. Therefore, the upper/lower lateral singu-
O O
larity seen at {3 when continuing Loo (¢) should be 4 i Lii, just as was

O
the case with the lateral continuations of Lo (¢).
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9.8.8 From Loo to Luu (original to outer) We form the linear system
Sn.m

00, uu"

A A ~
Loo, — Lo, = —¢, " E Iy o n~172M

1<m<m

+4" Z luus yy n= 2"

with m equations®® and m unknowns luus,,,." We then check that the

A

ratios raty,, = I”A”ﬂ are indeed ~ 1. With the data obtained from the
luuy,

system S&%%0we get this level of accuracy:

1 —raty| <107, ... |1 — rat;o| <1072, ..., |1 — raty| <1071, ...

This directly confirms the expected resurgence equations:

% % % %
A, Loo =Luu; Ay, Loo = =2 Luu

9.8.9 From Luu to Li and Lii (outer to inner)  We proceed exactly as in

n,m

Section 9.8.8. We solve the linear system S, .,

A 2 -
luu, = 7 3" =(=v)™") Z riis_%er pam (n €l]n—2m, n))

0<m<m

with m effective equations (for n odd) and m unknowns riis_ L Then
we form:

A %-—%+m
riis (§) := Z riis7%+m37+(...)
0<m<m (_E +m>1

A A % A 3am
liis (§) :=riis (log (1 + 1)_3)) =: Z liis_3,,, v (L))

0<m<m

86 With n ranging through the interval Jn—2m, n].

87 The coefficients l~u1+2m are already known, from Section 9.8.4.
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A
liis

34m :

and check that the ratios rat _ Im = A—2+ of homologous coefficients
lii_ 3

—5tm

are indeed ~ 1. For the data corresponding to
cellent level of accuracy:

300,40
Suu LI/l

we find this ex-

—37

|1—rat7%|<10_74,...,|1—rat%|<10 ,...,Il—mt%|<10_18,...

This confirms, via the v-plane, the expected resurgence equations in the
¢-plane, namely:
o 2 9 o 2 9
Ay Luu = T ii; Ag_yLuu = 3 Li
and also, by mirror symmetry:

o 2 o 0 2 0
AQ_QLMM == E M’ A;‘_]_;-_ZLMM = —g g

9.8.10 From Le to Li and Lii (exceptional to inner) As in the preceding

subsection, we solve the linear system S':’I?/ s

o= = (" = (—v)™) 3 rii " (1 eln—2m, n])
e,l_zj_[(v3 V3 FiS 1y, N n €ln—2m, n

0<m<m

with m effective equations (for n odd) and m unknowns riis_ L Then

we form:
3
~ - g
riis (§) := Z rzzs_%+m37 +(..)
0<m<m — 4+ m |
A A v A 3
liis (&) :=riis (log (1 + —)) = Y liis_3,, pTI4(L)
V3 0<m<m ’
li/;S7§+m
and check that the ratios rat_ Im = ——2=— of homologous coefficients

lii_ 3
~34m
are indeed ~ 1. For the data corresponding to S

lent level of accuracy:

300,40
e, i/ii

we find this excel-

|1—mz_%|<10*73,..., |1—rat%|<10*38,...,|1—mz%|<10*”,...

This confirms, via the v-plane, the expected resurgence equations in the
¢-plane, to wit:
2 9 2 9

O O
AQ_QLe = E Lll; A{l_zzLe = _E Li
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A A
An alternative method is to check that ¢ €v)— ¢ wui{v) has a radius of
A A
convergence larger than |v;| = |v3|, which implies that ¢ e and ¢ uu
% O
have the same singularity at v; and v3;, namely % Li and % Lii: see

Section 9.8.9. Here too, the numerical accuracy is excellent.

10 General tables
10.1 Main formulas

10.1.1 Functional transforms

1 1
standard case B(t) := m ,BT(T) = m - ;
free Bcase B(r) =1 '+ Z,Bk ™ Bi(r) = Z,Bk ¢

1<k 1<k
mlr-transform ) g : 1/g '_> h : 1/ h Wlth ........................
1 1 .
I _ @
) [g(v) xp (=# (Ig(”)a”)g(”))],:aul (oD

nir-transform: f +— h with

h(v) = Zim/:o e"”i—" 0 exp#(—ﬁ(af)f (%)) dr  (10.2)

nir-translocation:  f > Vh := (nir — e " nir e’ )(h) with

Vh(e, v) = Zim/j: e"”(il—nfoenexp#(—ﬁ(af)f (%)) dr (10.3)

nur-transform: f +— h with

h(u):%/:je"”i—” 3 exp#(—ﬂ(a,)f (%)) dr  (10.4)

nur in terms of nir :

nur(f) = Y (=D nirk 27i + f) (10.5)
keZ

For the interpretation of exp”, exp, see Section 4.3.
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10.1.2 SP coefficients and SP series
Basic data: F =exp(—f), nr:= fol f(x)dx, wp=eF
asymptotic series funct. germs
I:gF(n) = exp (—%f(O)—I— Z %}“”(0)) Ig,(n) ingress factor
1<sodd

~ 1 by ..
Eg,(n) = exp <_§f(l)_ Z ;ﬂ”(l)) Eg,.(n) egress factor
1<sodd

“raw” “cleansed”
k Pr(n)
Pp(n):= F (—) Pﬁ(n):: (wp)'= ———FF——
Oiklln n Ig, (n)Eg  (n)

k
=" T] F(;) Thn) = Jr(n)/Ig ()

0<m<n 0<k<m

JF@):=Y_ Jr(n)¢" JH@=Y_ Jhmye.

0<n 0<n
10.1.3 Parity relations
FFEx) :=1/F(1—x) =

l=1Ig,(m Eg _(n)=1Ig _(n) Eg,(n)
Jpe(n) = Jp(m)/Pp(n)  and  Jp (n)=Jp(n)/ Py (n)

Jr=(©) # jr(§/wr) but g (§) = jp (¢ /wF)
Fr(x):=1/F(=x), f*(x):=—f(=x) =
nur(fL)(v) = —nur(f)(v) (tangency x = 0)
nir(fL)(v) = —nir(f)(v) (tangency x = 0)
nir( f 1) and nir( f) unrelated (tangency k even > 2)

1L

nir(f1)(v) = —nur( f)(e,v) with ¢ T=—1  (tangencyx odd > 1)

= hi:(—l)k‘lh% with : (f, ) &5 (h, h*) (tangencyx odd > 1).

k
k+1
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10.2 The Mir mould
10.2.1 Layered form
length: r =1, order: d =1, factor: c;; = 1/24
Mir[0, 1] = 1 ¢35 = 1/24
length: » = 3, order: d =2, factor: ¢;, =1/1152
Mir[1,2,0,0] = 1 ¢35 = 1/1152
length: » = 3, order: d =3, factor: ¢33 =7/5760
Mir[0, 3,0,0] = —1 ¢33 = —=7/5760
Mir[1,1,1,0] = —4 ¢33 = —7/1440
Mir[2,0,0,1] = —1 ¢33 = —=7/5760
length: r =5, order: d = 3, factor: c¢s3 = 1/82944
Mir[2,3,0,0,0,0] = 1 ¢53 = 1/82944
length: r =5, order: d =4, factor: cs4 = 7/138240
1,4,0,0,0,0] = —1¢54 = —7/138240
Mir[2,2,1,0,0,0] = —4 cs4 = —7/34560
3,1,0,1,0,0] = —1¢54 = —7/138240

length: r =5, order: d =5, factor: c¢55 = 31/967680

Mir[0,5,0,0,0,0] = 1css = 31/967680
Mir[1,3,1,0,0,0] = 26 cs.5 = 403/483840
Mir[2,1,2,0,0,0] = 34 ¢s55 = 527/483840
Mir[2,2,0,1,0,0] = 32¢s5 = 31/30240
Mir[3,0,1,1,0,0] = 15¢s5 = 31/64512
Mir[3,1,0,0,1,0] = 11 ¢s.5 = 341/967680
Mir[4,0,0,0,0,1] = 1css = 31/967680.

10.2.2 Compact form
length: r =1, ged: d; =24

*Mir[1] = 1/d, = 1/24
length: r =3, ged: d; = 5760

*Mir{1,2,0] = —2/d3 = —1/2880
*Mir[2,0, 1] = —7/d3 = —7/5760
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length: r =5, ged: ds = 2903040

*Mir[1,4,0,0,0] = 16/ds = 1/181440

*Mir[2, 2, 1,0,0] = 540/ds =  1/5376

*Mir[3,0,2,0,0] = 372/ds = 31/241920

*Mir[3, 1,0, 1,0] = 504/ds =  1/5760

*Mir[4,0,0,0, 1] = 93/ds = 31/967680

length: r =7, ged: d7 = 1393459200
*Mir[1,6,0,0,0,0,0] =  —144/d7 = —1/9676800
*Mir[2, 4, 1,0,0,0,0] = —28824/d; = —1201/58060800
*Mir[3,2,2,0,0,0,0] = —141576/d; = —5899/58060800
*Mir[4,0,3,0,0,0,0] = —38862/d; = —2159/77414400
*Mir[3,3,0,1,0,0,0] = —88928/d; =  —397/6220800
*Mir[4,1,1,1,0,0,0] = —186264/d; = —2587/19353600
*Mir[5,0,0,2,0,0,0] = —16116/d; = —1343/116121600
*Mir[4,2,0,0,1,0,0] = —67878/d; =  —419/8601600
*Mir[5,0,1,0,1,0,0] = —29718/d; = —1651/77414400
*Mir[5, 1,0,0,0,1,0] = —16428/d; = —1369/116121600
*Mir[6,0,0,0,0,0,1] = —1143/d; = —127/154828800
length: r =9, ged: dy = 367873228800

*Mir{1, 8,0, 0, 0,0,0,0,0] = 768/dy = 1/479001600
*Mir[2, 6, 1,0,0,0,0,0,0] = 789504 /dy = 257/119750400
*Mir[3, 4, 2,0, 0,0,0,0,0] = 13702656/dy = 811,/21772800
*Mir[4, 2,3,0,0,0,0,0,0] = 26034672/dy = 542389/7664025600
*Mir[5,0,4,0,0,0,0,0,0] = 3801840/dy =  2263/218972160
*Mir[3, 5,0, 1,0,0,0,0,0] = 6324224/dy = 193/11226600
*Mir[4, 3,1, 1,0,0,0,0,0] = 52597760/dy =  10273/71850240
*Mir[5, 1,2, 1,0,0,0,0,0] = 40989024 /dy =  47441/425779200
*Mir(5, 2,0, 2,0,0,0,0,0] = 18164736/dy = 73/1478400
*Mir[6,0, 1,2,0,0,0,0,0] = 6350064/dy = 18899/1094860800
*Mir[4, 4,0,0, 1,0,0,0,0] = 11628928/dy = 90851/2874009600
*Mir[5, 2, 1,0, 1,0,0,0,0] = 33372912/dy = 695269/7664025600
*Mir[6,0,2,0,1,0,0,0,0] = 5886720/dy = 73/4561920
*Mir[6, 1,0, 1,1,0,0,0,0] = 9462768/dy = 28163/1094860800
*Mir[7,0,0,0,2,0,0,0,0] = 429240/dy = 511/437944320
*Mir(5, 3,0,0,0,1,0,0,0] = 7436800/dy = 83/4105728
*Mir[6, 1,1,0,0,1,0,0,0] = 7391376/dy = 51329/2554675200
*Mir[7,0,0,1,0,1,0,0,0] = 736848 /dy = 731/364953600
*Mir[6, 2,0,0,0,0,1,0,0] = 1941144/dy = 80881/15328051200
*Mir[7,0,1,0,0,0,1,0,0] = 490560/dy = 73 /54743040
*Mir[7,1,0,0,0,0,0,1,0] = 209712/dy = 4369/7664025600
*Mir(8, 0, 0,0, 0,0,0,0, 1] = 7665/dy = 73/3503554560 .
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10.3 The mir transform: from g to 7

10.3.1 Tangency 0, ramification 1
Recall that ¢ = 1/gand i =1/ h.

1
hy — g1= 5%
hy — — 1 + 1 2
2 82= 8 2304 8081
[ TR T B Lo
37 83= 321837 17280 817 960 $081827 5760 8083 497664 &8
1 1 2 () 1 )
ha — 84= 55 84 — 930 8082 — 3355 €182 ~ 720 80&183 ~ 5760 B0 8%
3 2. 2. 11 4 7 3
1658880 808182 — 9953280 8081 ~ 352060 808183
1 3 4
+ 101102076 081
1 11 23 )
hs — 85 = 34 85 — 73800 81 fs‘z 12400 808184 — 14400 8183
17 ) 143 3
~ 12400 808283 ~ 5760 €085 T 57772500 B0 €1 &2
61 ) 73 3 19 2.2
3419200 808182 T 1200600 808184 T 537600 808183

13 .3 31 4 1 5
300400 808283 T 567630 5085 T 21772500 81

37 1
597196800 go& 82 ~ 176947200 8081

7 4.2 1 5
132710400 808183 1 Tiz661785600 8081

he — g6 = +ﬁ &6 — % &18283 — % §%§4 - % 808284
— 576 08185 — T765 £086 — T0d00 & — mao0 L0 &
+ 371935 €0 81223 + Tosen £0&185 + g L0&1 &
+ 3135 B0 & &4 + Taoes S0 8284 T+ TSIz €281
+ 51430 181440 £ 8185 + s5m 967680 &086 + 7257600 &8
+60480(} g& + m £0818283 T m £ 818
+% ggg%gg + m 0818
+1emis100000 £0%182 T Tivsasom B0 €185 T Trrssorom So&

49 17 44, 1 3.6
+ 1327103000 80085 — 114661785600 50 8182 ~ 58797071360 5081

_ 7 5.3 1 5,6
57330892800 505183 T 59067782758300 B0 51"
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10.3.2 Tangency 1, ramification 2
hip—gip= 2]—4 g1
hy—g = ﬁ g1
h3p — g3p = ﬁ &30+ ﬁ g?/z
b—g = ﬁ &+ 925_16 g%/2g1
hsjp — 852 = 2]—4 s — 96% 8‘1/28‘% - ﬁ g%/2g3/2 + m g?/Z
hy —g = ﬁ 83— % g? - ﬁ 81832812 — ﬁ é‘%/zgz
+m g?/2§1
hip — 810= % 810~ % £1832— ﬁ gl/zé‘%/z— TG 10818
— 301600 £1/285/2 ~ 777800 &1281 — Tase0 $12832
+ a5 8“1/2
hs—gs = 2]—4 84— 1;% §‘1/2§3/2§2—ﬁ &1 8‘%/2 - ﬁ £128185)2
— 50 &182 ~ T3 £1283 ~ om0 &1 81
— 30813120 81281832~ Tso05038 &1/282 7+ w576a7676 B1/281
hojp — 92 = 2]—4 892 — % &1 8‘3/23‘2—% 81281 gg—ﬁ g‘l/zg%
_% gg/z - & g%/zng - ﬁ §%§5/2
— T35 £1/283285)2 + % EpgiEn
+ogeraa00 &1/2 8182 + oraasreno 81281 T 357398500 81/2 852
+%gl/z&/z mgl/zgl
— 577600 8‘1/2?3/2 + 553561567600 £1)2
hs —gs =5 &5 — % 818 — ﬁ 8183 — 574% 81832852
—% 81281872 — % 82812852 — % 81283283
— 113 83,282 ~ Tismw g%/m + 57300 81
+4353f53600 gl/Zg'l &sp T 116121600 gmgl 2%
+ g0 £128183/2 1 5000 gl/zé‘spgz
+ 3300 81281832 T a7663 £17283 — Tewaem 81281
— 5307960 £1/281832 — Tszmainow 81282

7 8
+ 1834588569600 gl/2 &1-
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10.3.3 Tangency 2, ramification 3
haps — 8273 =33 &3
hi—g1 =58
hajs — 843 =5 843
Us;3 — 853 =34 853
hy — g =21—4 &+ 511W 3‘3/3
his — 813 =5 8713 — TG 8‘%/3?1
hs;s — 883 =5 833 — ﬁ 8381 — 57% 8‘%/33‘4/3
h3 — g3 =ﬁ &3 — 1#% é‘? - % 82381843 — ﬁ 3‘%/38‘5/3
hio3 — g10/3=21—4 g10/3 — % 8‘2/38‘42;/3 - % g%g4/3
—% 82381853 — 58500 §§/3§2 + 55555 §§/3
hitys — 8113=31 £11/3— 5iek5 238182~ Ga565 83,3873 — 53355 £184/3
—% §%§5/3 - lslm 823843853 + 228()]% g§/3g'l
hy — g4 Zﬁ 84 — 281% g%é‘z - ﬁ 81843853 — % 82381873
—ﬁ 8‘2/38‘%/3 - ﬁ 8‘2/3 - % 82384382
_ﬁ 8‘3/38‘8/3 - 4473% 8‘3/33‘% - m 8‘3/38‘4/3
hizz — 813/3=21—4 8133 — % 8184382 — % 82381833
_% g‘%/3g‘3 - % g‘421/3g5/3 - ﬁ &1 §§/3
—% 8‘%8‘7/3 - % 823843873 — ﬁ 82385382
— 014720 £2/381 T T3030800 £2/3 81 843
+m §3/3§5/3
hiass — 814/3=21_4 81473 — % 81843873 — % 8185382
—% 8238183 — % ?2/33‘% - % §%§8/3
_% 82/384/38%8/3 — % gﬁ/g,gz - ﬁ §§/3é‘10/3
—% 84/3 §§/3 - 443% 823853873 + m §2/3§41‘
+m ggﬁ g%gq/g + m 3‘;/3?42;/3

17 3 23 4 1 7
+ 10160620 82/38185/3 1 31933330 82382 T 3065010280 8273
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10.3.4 Tangency 3, ramification 4
h3/s — 834 =3 34
h—g =3 %
h5/4 — 85/4 =§ 854
h3p — g3 = 832
haja — 8174 =31 €1
hy — g =§ &
hoja — 8os4 =37 €oa + gi &34
hsp — 852 =ﬁ &5 — ﬁ §§/4§1
h11/4 - g11/4=§ 81174 — & 8‘3/43‘% - ﬁ §§/4§5/4
h3 — g3 =§ & — % g — ﬁ 83481854 — % §§/48‘3/2
hizja — g13/4:ﬁ 8134 — % §%§5/4 - % 83481832
_% 3‘3/48%/4 - % g§/4g7/4
hip — 812 =5 810 — o 1830 — e 83/48187/4
—ﬁ 834854832 — 1()(3)% g§/4g2 - ﬁ &1 §§/4
his/a — 815/4=§ &15/4 — % &3/48182 — % 83281854
_% §§/4 - % 8‘3/4'5%/2 - % g%g'7/4
—% 83/485/487/4 — % g§/4§9/4
+m §§/4
hy — g4 =ﬁ 84 — 28% g%fs‘z - ﬁ &1 3%/2 - % 83/48189/4
—% 8185/487/4 — % g§/4g5/2 - % 83/485/482
—ﬁ §§/4§3/2 - 45% 83/483/287/4 — % §§/4§1
hi7ja — 817/4=ﬁ 817/4 — % 83/48185,2 — % 83281874
—% 8185/482 — 19%54 8‘3/48‘%/4 - % g§/4g7/4
—% 83/483/282 — % §5/4§§/2 - 123%@ §§/4§11/4
—% §%§9/4 - % 83/485/489/4 — méﬁ S‘g/ﬁ‘%

__ 43 4
641571840 83/485/4-
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10.4 The nir transform: from f to &

In all the tables that follow, the vertical bars |||||| separate clusters of terms
with different homogeneous degree in f.

10.4.1 Tangency 0, ramification 1

ho=fy"

hi=—f"fu I+ 55 £y A

ho=+3 fo  fE = £ Pl = 5 fo o fE+ 25 fo 2 A NI+ ﬁ I 1t

hs==3 1 R+ RS AL =17 A N+ 5 /57— % o Ak
2 o = g fo o f + s fo il — 535 fo sl

+ag6ea Jo i
S R il A o SR I A o S S0y A O [ [
— s Jo A R IS = f B = R S
A o M+ o fo o S = o Jo SRS+ s fo fi S
e fo 12— s fy il = tosmese fo S+ mime fo SRS
— s Jo AN o fo o S
hs=—8 fo 121 70— B A -2 S
1 AA+ 2 AL = 1A N+ 5 £
e S S R Al ol SR Al R S LY &
120 fo f1f4 + 5 24 fO f5 i = 92116 ]00771[15 + 1738 1728 fo f1 g
— 7 Jo. CfRfs - o IR+ a0 Jo ‘hh
a0 Jo S1Se— 55 So o s W+ 5378555 So O SE
— 55z Jo L wmms Jo S 1 Jo N SR
— s Jo So S — g Jo S
oo Jo S5 M — ssssiamm fo Sr + Tiomes Jo S S

7 —1 42 1 —1 45
~ 132710400 fo fl S+ 114661785600 fo f1 :
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10.4.2 Tangency 1, ramification 2

h,1/2=2_1/2{f1_1/2}

hy = {— Zffzf2}

mp =23 KRR =3 A RN+ 5

moo=2 =4 A-B TR 2 R I+ 5 £ R

hap =2 =2 T A= R R
SR I Al [P A
5 £+ s 1)

he =2 = SORA =S IR Y KBRS R R
TR ST e = TS N+ 5
5 TR - % ff3fzf3 I+ 535 /5

hs) =25/2{ -2 _13/2f2f Ja — _9/2f7 — 20 _17/2f2 f3
+1001 TR - ?gzla DR+ gg)_sgfl_lg/zfz

fl 13/2f f2 42 21 fl 11/2f3f5 _|_ fl 11/2f4

001 ,—15/2 —11/2 —11 2
+164 R f3 +3 17 A s = s £ A
5 ,=5/2 -7/2 —9/2
+144 A 768 1 f3 +ﬁ 1 f2f3
72 172 1 -3/2
360 fl ! Fafa = 38400 fi / f3+ 20736 h / f22

s £}
hy =2 {”2f BHA=21 hhA+ R R+ 2 Bt
— W TR e+ S s R TS = 2 T A
R N R =l TR N R P
+3 RS - 5 f;”f2 + 2 08 A
e T e RS A S A
tis SO S SRS = A
s o~ w5 [ S
I+ 7 /i /2.
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10.4.3 Tangency 2, ramification 3

h_y3 =323 {f271/3}
h_1/3=3_1/3{ _ % f275/3f3}
h = {%ffff - %f2‘2f4}
mp =3P =2 =3B TE A A
hayy =37 {—3 f{lmfg +3 fz RETER R =55 e
o A A [
moo=3 {%f; fufs 56 1R E =35 R R e
~Z R f2‘5f3f4 —B AR & A5
hays =34/3{ 91 _16/3f4 -5 _16/3f3f4f f2_10/3f8
fz PR+ R A28 ks
1179229 f2 203 f3 f + 199201169 = f3
+% —19/3]% f5+ —1%/3](5 n ?(1) —19/%f3 f4
W+ 15 f— 3 57" £
hsp =33 =4 P =S T g = T TR R
1309 5 23/3 f3 f4 6557465 2—23/3 f3 f5 4 87 187 f2 20/3 f3 fo
_{_3109;2007 f2 26/3f3 f _ % f2729/3f3 1309 f2 20/3f3 f4f5
+8 Y fo fs + 28 720/3f3f4 +% f2 B
R R e A 0 Rl A AR [
o Y e R VLT f{5/3fs}
he =PRSS S E SRS S — B 1

+3 1 A= 0 f4—§fz “ffsfr
26955523465f2 "R R LS R 3265465f2_8f3f6+%f2_7ff
1 f2 f10 12331 I 10f3f4+ fr f6

-2 f276f3f8 521(?03 f2 f3f4+%f2 f3f5
+‘§§89f2 f;‘f4+‘2f2 fsf4+4°5f2 12 5 —@fz f4f6
+L2L T+ 4f2 > fs £l = 2048f2 =L A

i S o= SR S ST I+ s )
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10.4.4 Tangency 3, ramification 4

o)
h,1/2=4_1/2{ 2 f73/2f4}
hoap= a2 gL T

ho = { — S5 fi RS fafs — %fgﬁzfs}

hupg =44 30 g2 g9 I g S g
s g )

i =408 RS - 5 f;‘3/2f4 - B 1P s

IR AR R+ ‘”2f5f6 25 )

haa — 43/ 231 f3 19/4f4f _ 2 _19/4f4f5f ig; f3_19/4f53
+% —23/4f4 fo+ 1;1603 —23/4f4 fs _ mf3_11/4f9
T h R S S B A
A s = e 1AL W 5 A
=4 BRSO - S 7 o= 2 A S
—20 7 f - ;2’; I e =S5 I fo+ 5 fs fa ko
+R A s fs+ B AT o fr = S T i fe— LR AT R S5
e o A IR Al % Sl [ [
+$f3_1f4}
hsjs =454 {% AL E N 681 A S g

1547 —25/4 4 1989 —21/4 221 —21/4
+1s2 /3 fs"— S 11 0o— T 552

g 1 98 g
_% " 29/4fff7 . 1547 I 29/4f4 f 4w 117 7 p 17/4f4f1o
+% f;17/4f9f5 + %fg 25/4f4 fS + % f3 17/4f2

A TR i e A S R A B 3

“1420%3 5 33/4f4f — om g f6f7
e N 0 Y (R e 3 N
+ﬁ ey 5/4f5 1200 ey 9/4f4 }
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10.5 The nur transform: from f to &

10.5.1 Tangency 0

hO :f0<—1>
ho=—H~""f I+ A
hy =43 2=~ H Ml — 5/~ f2

-2 -1
2 AT N+ g o= fE

-1 1 2
« =21 —|(—2n) T % fae
nez & o ' sinh< )
o=0
= (D" ()=
Q<1 =2 with a:=e*

O{<_2> __Ja@a+1)
T 2(@a—1)?
< 3> __ ﬁ(a2+6a+l)

o 8 (a—1)°

4> __ Va(a*+23a>+23a+1)

o 48 (a—1)*

5> Va(a*+76a3+230a%+76 a+1)

o 384 (a—1)°

<—6> __ Na(a®+237a*+1682a°+1682a%+237 a+1)

o 3840 (a—1)°

<—7> _ a(a%+722a%+10543 a*+23548 a®+10543 a>+722 a+1)

o 46080 (a—1)’

<_8> _ ~a(a’+2179a®+60657 a>+259723 a*+259723 a>4+60657 a®+2179 a+1)

o 645120 (a—1)3

<—9> __ /a(a®46552a7+331612a°4+2485288a°+4675014a"+2485288a°+331612a%4+6552a+1)
- 10321920(a—1)? :

10.5.2 Tangency > 0 We set Dh := nur(f) — nir(f) and to calculate
the general Dh,, we take A, in the nir-table Section 10.4 and perform the
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substitution:
1 1 2
fot— ——— =P =— |
’ ngzz* Qm i) (k —1)! sinh (_Z)
2 o=0
Dho= Dh; =0
Dhy= +<5 f =(B—%B) ~
Dhy= +g5 fo /i =(—%Bs+ 58— 5 B1) L2
_ 43 11927
Dhy= T 322560 Ja+ TTiFee 1114767360 f2f1
Dhe— _ 18839 f f f f 28283 f f
5= 72322432000 J4J1 T 4644864000 3J2 T 200658124800 /2/1
_ 28709
Dhe= 154828800 Jo — 746496000 f 4f 1~ TI1476736000 S h

200622?2480 5+ 2 2407819675;1797600 LI 1
Dhy= +1560361794304 Jofi + % Jshh+ m Jats
—% f4f1 - 5618411523% f3f2f1 - 9364064% f23f1
+sigrrramesione 12 /i
Dhg= — 1114176637360 Js+ 1048737238?3322880 f6f12 + m Ishfi

207481 2693 2 269489 2
_’— _£979 <9707
93640458240000 fafshit 3121348608000 fafs + 374561832960000 15 f

_ 32447 _ 6953 3
emmsarisasso0 1401 — ssessvoazanon 32

_ 7157 3 r2 633697 6
1618107118387200 f2 fl + 223687128045846528000 f2 fl :

10.6 Translocation of nir
10.6.1 Standard case

(&1 o=+ /i

(&1 1= +y53 7
wm»=—5%ﬁ+ﬁ§@ﬁ

(1 h)3= 138240 hifs+ 47775744 A 1

_ _ 1 5
(81 h)a=+ 1935%6 /s 26542080 f3f1 22932357120 Ji

_ 7 3 1 6
(51h)5—=221184000f3 23224320f1f5 9555148800f1f3+16511297126400f1

_ 127
(81 h)e= 22118400 fr+ 6688604160 fl fs+ 31850496000 h f3

T 4 N SR
5503765708800 fl f3 + ]664338750341 1200 fl
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G2 1o=+3./» — sz Jo I}

Gahh=+35 /1.2 + 955 /0.5 — Tess Jo ST

(82 o= —g5 /o + Grgs Jo 1 3 + 53856 /7 2 — 51530396 Jo S+

(02 h)3=— gm0 3.2 — s Jo )1 — sags Jo s + T Jo 3 /T
+imams [ — Trserse Jo ST

(42 h)4=+6435112f6 - 132771040f3f1f2 9289728f0f1f5 88473600f0f3

7 2 7
" 13271040 fl Ja+ 3822059520 fofl f+ 4586471424 f1 g

— seorsTessose0 J0.S1
(B2 h)s=+73m5 fo /1 + 5355535 /2 /5 + 7599805 J0 /1 + s539¢005 /3 /4
— 15506 S 2 3 — Toerersans Jo 2 1 — smsess Jo S S5
— g /1 J+  Temmssisesenn oS 5+ wsTemsmsms /i 2
— ssarrosasamono JoI1
G ho=+335 — ga o i o — 595 555 — o fi + e Jo fF
Gsh =+ fofi+ a2k ihi+ s f2 — s LI — s o fL f
_4971664 f 14 + 477715744 fo2 f 14
(53h)2=—%fs-l-ﬁfoﬂfl+ﬁfof3fz+ﬁf1f22 Wuof’%ff
+96768f0 S5 — 132771040 f3f02f12 - 5971968 fOfl = 95551488 fl
+agsrreses Jo 1
Gsh)s=W — 25 fofo — smo oo — o 1.5 — Timsms /o
+69637—1296f1f02f5 + mf0f12f4+mf12f22 66355200f0 f32

31 3 7
939360 /1 /3 t 7976620 S0 3 1.2

2 23 1 4 1 6
T 2866544640 fo f1 3= 1719926784 f0f1 fr= 34398535680 fl

+sosserrom Jo 1

10.6.2 Free-f case

(81 h)o=—f1B1

1h==2fP+ 5 /7B

(81 h)o==3F£Bs+ fioB1B — S 1B

(81 h)3=—4 faBs—4 faBa+ f1 [B1Bs+3 2 B3 — ¢ [L BB+ 1 BY

(81 W)a= =5 fsBs+ f1 faB1Ba+ 5 fo BB — 3 JE BB — 5 1 [2B1B3
+25 17 BB — w5 S B



193

(81 h)s=—6foBs + f1 [sB1Bs + 2 o faPaBa + 5 [3B7 — 15 S 4BEBs
—55 /283 — 5.1 Lo fsBiBabs + 155 /2 B Bs + 135 SRS BLBS
— a5 S BB + i SUBY
(&2 h)o=—foB1 + fofobBo — 1 fo SEBT
&2 h)1==3fsB+ 3 fo 383 + fLoBE — fofi BB+ 5 fo LB}
(82 h)a=—6fsBs + 3 [ f5B1B2 + 6 fo faBa + F2Br1B2 — 3 o /73
—2FLRB = 3o fL BB + L fo fR BBy — o fo S BY
(82 h)3=—10f5Bs + 2 f1 faP1Bs + Fo sB1Bs + 10 fo fsBs + 1 f3B3
=2 fo fi faBrBa — S FES3BE B2 — 3 11 F2BEB2 — fo o f3BaBs
+a LB+ LS fEBIB + Lo fi BB
~36 o/ BB+ i fo S B
(B3 h)o=—fsP1 + 3 [ foBa + 2 fo 3B — 5 LB — fE 1385
—3 L BB + 3 S BB B — 56 i B
Sshh=—4fiBo+ fiBE+ fifsBs + 3 f2BT + 8fo fuBs — 413 faBs
—1fERBB — /0 fEBB — 2 fo 3B B + 5 [ BT
IS8+ 3 fo L BB+ J FLBiBs — 5 S5 S BB
+1ia fo S B
(83 h)2=—10f5B3 + 2 f1 faP1B2 + 20 fo fsBa + 2 f1 faPa + 3 2 381 B2
—10/3 fsBs = 3 L 1B = 3 /L BB = §f1LI3B5 = 5 f f3BiBs
—2fo o 5Br = 2fo o f3B1Bs — 4 fo fi faBiBs + 5 fL BB
+2 o fi F2BIB2 + S fo fEFsBEB + fE o f3BaBs
2131 faBrBa — 55 [T B — 5o i oBY — ¢SS S f2B1B3
— 3 S FLFBBs + 56 15 17 FoBi B — 1as /o 1T BT
11 Tables relative to the 4; knot
11.1 The original generators Lo and Loo
[5] = cos(ﬂg)
Joy = 413 Joy=26[01: Joe=60[2] + 56 2]
Jos = 186[21+90[2]; Jojo= 348 [ %] +366[ 2] +22[]
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A
Joi = 650 [ 5] + 748 [ 5] + 624 [5]

A

Joiy = 1396 [ 5] + 1854 [ 5]+ 1030 [5] + 568 [ 3]

A

Joig = 2776 [{¢] + 3804 [{£] 4 2816 [ ] + 1570 [ 7]

A

Joig = 4862 ]+ 8078 [ &1+ 6550 [5] + 4802 [ ]+ 1472 [ %]

A

Joy = 9864 [35]+ 16588 [5] + 14484 [55] + 10242 [ 5]
+4646 [ 2]

J022 = 19238 [ 2]+ 34168 [ 3]
+14032[ 2] + 4882 (1]

Joy = 36622[ L] + 68070 [2] + 61092 [£] + 49618 [£]
36436 [ 2] + 18362 [19]

A

Joys = 72910 [5£] + 136798 [ %] + 123574 [5¢] + 105408 [ ]
+78140 [5:] 4+ 49554 [32] + 17140 [52]

A

Joss = 142414 [ 3]+ 270968 [ Z] + 250954 [+] + 217464 [£]
F171476 [ 5] + 118824 [10] 4 62910 [12]
A

Jozo = 276046 [ 55 g 5]+ 536500[ 5l + 501662[ 5l + 444608 [i]
+367512[ ol + 275698[ ] + 168622[ ] + 57032[

A
Joz = 546414 [—] + 1059780 [—] + 998970[ 51+ 899322 [32]
+761478 [ 51+ 597972[ ] + 413774[ ] + 208304 [;

1034 = 1069006[34] + 2090050 [Z] + 1978918 [+] + 1807392[34]
+1566682 [ 21+ 1276434 10] + 946554 [ 12] + 579596 [
+192316[‘6]

Joss = 2088162 [%] + 4103632 [ ] 4 3916262 [5£] + 3606154 [ ]
+3192168 [2] + 2678024 [52] + 2087512 [12] + 1424860 [%]
+723470 [E]

Josg = 4092062 [ 3]+ 8053558 [ %] + 7720542 [55] + 7184188 %]
+6434868 [ %] + 5524442 [ 18] + 4463534 [12] + 3272004 [;—4]
+2000440[‘6]+677250[ 5

A
Jogy = 7996624 1]+ 15773130 [ 2] + 15189306 [ ;5]
+14233202 [4%] + 12919072 [15] + 11281960 [35]
+9387198 [ 2] + 7241732 [ 53] + 4922634 [52] + 2500390 [ 5]

+29144 [55] + 23360 [53]
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A
Joo, =4 [%]

A

Joos = 12[9]

N

Joos = 20[2]+ 16[Z]
A

Joog = 44[3]+24[3]

N
Jooyy = 68147251+ 81]
N

Jooy, = 10851+ 128 [5]+ 96 [+5]
+264[ 2]+ 152[ 2] +80[ L]
[

Jooyy = 196[ 7]

Joois = 340 [ 2] + 480 [ 2] + 352 [£] +200 [ £}

Joois = 540[L] + 904 [2] + 728 [ 4] + 520[&] + 160 [ ]

J ooy = 980 [55] + 1664 [ 5] + 1440 [5] + 1032 [ 5] + 472 [ ]

A

Jooy = 1740 []+ 3104 [ 5] + 2656 [ 5] + 2128 [S]+ 1280 [ 5]
+440 [
A
J00y, = 3052 [55] + 5688 [ ] + 5088 [5;] + 4136 [ 5]+ 3008 [ ;]
10
) +1528 [19]
J 0035 = 5596 5] + 10520 [~ ]+9512[i6] + 8112 [55] + 6016 [ %]
+3816[12] + 1328 [12]
A

Joox = 10156 [35]+ 19360 [ 5]+ 17912 [55] + 15552 [5;]
+12256 [55] + 8496 [30] + 4488 [ 53]
A

Joozo = 18412[ %]+ 35792 [Z] + 33448 [ 4] + 29632 [ 5]
+24480 [ 351+ 18344 [12] + 11240 [3] 4 3808 [ 2]
A

Jooy = 34124 L]+ 66240 [ 5] + 62424 [32] + 56232 [fz]

+47592[38]+37392[ 1+ 25864 [55] + 13024 [55]

Jo0s; = 62860 [2]+ 122936 [34] + 116408 [ ]+ 106320 [ <]
+92168 4] + 75096 [19] + 55704 [12] + 34096 [ 13
+11312[49]

Joozs = 116012 [ ]+228032[36]+217576[ 1+ 200360 [£]
+177312[36]+148768[ 6]+ 115904 2] + 79136 [5¢]
+40168 [12]

J00gg = 215340 [ 5] + 423848 [ 2] + 406344 [ ] + 378128 [ 2]
+338688 [ 5]+ 290776 [10] + 234952 [12] + 172224 [ 12
+105296[16] + 35640[18]
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A A A A A
DJo, = Jo, —% Joo, = n (Lo, — Loo,)
7 SRR LT T R LR TR RETRRRRTS
DJ02 =

AN
DJo, =2[Y]

Dios = 8[2]

0908 = 10[3] — 6[3]

Diow = 8121+ 6[2] - 18[4]

Diop = 2141~ 2031 +48[%]

Dloy = 24181+ 6141~ 34141+ 8[5]

Doy = 56[L] —36[2] — 30[£]

DJow = 2151~ 58121~ 2[41+ 122[§] + 32[ 3]

Diox = 64151 - S2[2]+ 8441 — 7851 — T4[3]

Dloy = 98181+ 24121~ 72[4] — 48151 — 48 51 +42[2]

03024 = —2[2]— 186 [£]+36[5] — 14[2]+ 340 [2] +26[17]

DJoss = 162[3]+ 38 [2] - 82[4] — 48151 — 68 [5] — 54[10]
—124[2]

DJoss = 230 [g] — 72[ 5] + 186 [55] — 264 [ 5] — 108 [ 5]

—120[53] +78[53]

Dioy = —134 [35] — 380 [55] — 58 [55] + 128 [55] 4 312 [55]
+538 [55] + 22 [55] — 88 [55]

Dios, = 430 [5]—60[5]+ 186[55]1 —390[ 5]+ 6[+]—300[4]
—50[51 —80[3]

Dios; = 386 (] 4+ 138[5] — 185 ] —48[2] — 174]
—414[ 2] -36[2]+ 12[29]

A

DJoss = —54[ 5] — 944 [%] — 106 [5¢] — 326 [5] + 552 [~]
+200 [3¢] + 1240 [5] + 412 [5¢] + 446 [¢]

Dios = 602 [ 2]+ 446 [ 2]+ 6] — 244 [ 2] — 204 [ 2] — 302 [L2]
—554[ 5] —252[3] — 184 [32] + 90 [13]

DJog = 704 []— 150 [ 5]+ 666 [] — 558 [ 5]+ 672[ 5]
—600[30] — 162[32] — 828 [55] — 726 [12] — 570 [43].

26]

10
34] 19834
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11.2 The outer generators Lu and Luu

luz =37

lus = 3(7) 4

—~

12361
tug = 5538 7°

o _ 10771487 8
bug = 33576800

1;4 23554574521 10
11 = 70727580000

‘u 108745677770927
13 = 364105581840000 7*

S 941991271620333481 _14
Lu15 = 3379028834481200000 ™

2; _ 14052251175701893474367 716
17 = 36777750578733 184000000

KTA _ 338235853283681239466745241 18
19 = 1485476288391396292992000000

u 12480780079925641272419185817807 .
21 = 592705039068 16712090380800000000

Zl\l — 077464224865543063964283025725745801 .22
23 = 3463946059826089104698 125094400000000

é; _ 52286450764941086752360153711155317617247 724
25 = 7286814733753600177869004757816320000000000

é; 5576709094295748822539682325837453212563351161 726
27 = 337183907529419402904067 17747896704000000000000 *

Zt 802296252573476631792613234163716692455738580968687 728
29 = 3021225992072493692488138159334211369472000000000000 *

é; _ 152478111551613219380016146074649058491512195804169257321 730
31 = 7015668487546463661648038146179327604759948800000000000000

é; __ 37594440841319141317941608961252368209065786417175227931648127 32
33 = 265991388866568275421681414026611747755373471334400000000000000

é; _ 11835141477327660321229365086671544475799466913046047829189854440281 34
35 = 88786595646716157494380147595012868342004887864066048000000000000000

[u 4690764674086518863265619885194480115513650223236872317083239413123511567 736
37 = 37253079801449165361492022327915499298938410850004832419840000000000000000

luuy = % w2

» 1219 _4
lung = G5e1 ™

_ 401353 _6
tuug = 2657505

S _ 36170973257 _8
fuug = 387738577300

7690394022421 10
Cuu10 = 8326974259600

(;u — 6713640059454013219 12
12 = 66980988871833960000

270805989843610341382811
2995215671777347922904000% Pil4

E;u _ _1597861416008380213974 11486857 716
16 = 1940899755311721454041792000000 *

E;u _ 2058426515481430718046750683489449 718
18 = 27260713423255252510598585356800000

Z;u __ _841315703072694930111846430381192408987 720
20 = T20777351698394975554911096 2396800000000 *

Luuig =
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Uttt — ABA64413413521817263441986985302547012290219 22
22=7506296778045027938446770459 13923045 120000000

fuu 2628015254675206883185671779312299814183061534419657 24
24 = 43742674247373390690292770766897336442071756800000000 7*

E;ﬁ __60844567261073718471236142418467451722253518312277829879 726
26= T084770774949808596303293005485611664049855577600000000000

Z;; _936035972176127532431386156553924195730342423518027758335584419 728
28= 1782458455 19117719195329675465 1 77057557014499002268 16000000000000 *

Z;L __5440418927577589672811832264215414604679682864017117365339405633983 730
307 TT0384411296434710448227752930575693980376224423031902976000000000000

Z;; — . 9346982725501638131817161278540373564378744299131368001679213870917231163657 32
327 201635760121564836812811651572391186232301061415350378570886348800000000000000

f;h 262610914891683713017869263959215305212295039380981025198736546654546472958800889 734
34= 50119060268523269795693050173 7506040736 783369628 7414509977592665538560000000000000 *  *

11.3 The inner generators Li and Lii

Cin =(B)" 6% with  li%eQt  Vane—l4N

_1 o 11 k697 S 724351
L= £*12= 103 4% 2= 35907 % 2= 1717600
e 278392949
%72 = 31z277011200
i 244284791741

9/2 = 728970392102400
;" 1140363907117019

* —
L 11/2 = 12990252387264763000

¢ _ __212114205337147471
13/2 = 9119157175859867136000

0i* 367362844229968131557
15/2 = 39092138499571939041280000

0% 44921192873529779078383921
17/2 = 26852058655590484819748044800000

¢ 3174342130562495575602143407
19/2 = 7012781282343667708197471191040000

0i% _ 699550295824437662808791404905733
21/2 = 3686033191537069214483591616407142400000

0i* 14222388631469863165732695954913158931
23/2 = 723723193433342397863317247254660251648000000

0i* 5255000379400316520126835457783180207189
25/2 = 372026311135012237115478283793791339724800000000

i _ 382316740742735395243571101350366537155843
27/2 = 151638974842699607584430425049335958785228800000000

i _ 16169753990012178960071991589211345955648397560689
29/2 = 72331328685221506520422588162945626144235658543 1040000000000

i _ 119390469635156067915857712883546381438702433035719259
31/2 = 624423075049728306429986013563356506472078784184975360000000000

0 1116398659629170045249141261665722279335124967712466031771
33/2 = Z21141716475033700999106466447228124596131643474934895738880000000000

e 18640268802093894932827883966494225124248789786595330256830993
35/2 = T276073086981792191594455140948662707478126390514538 174742528000000000000

0i* 24603580980642759676977649849254935255106862146820276902982636291
37/2 = 6079801143190634212536720193852174675060014798129958882092515328000000000000

i _ 1346006922185440944067965138463911390263357783573661737568466592369
39/2 = T199042521109248556002894034752759318524879440187717108224854327296000000000000 *
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11.4 The exceptional generator Le

Lernyt

Eez,,

0
—~k
(Z)" 2732 fe,, with  A:=log2  and
k=3n Uk —~k
tey,, A tey, € Q

k=1
1
)

1493
i —1a

10 212 243 114 1 45 7 16
P42 203 hd o S T

1124 | 22442 | 2653 _ 5244 _ 4345 . 34 36 331 47
+ 9 A+ 45 AT+ 135)\' 135k 405)\' 2025)\' 24300)\'

_ T 48 _ _62 49
nsot ~ ;sst

440 8872 | 587273 _ 17654 _ 180255 _ 10146 | 2801 47
+oA+FA g5 354~ 28350~ oash T gs0s0

1 76 98 __ 17677 49 _ 8383 10 941 11 2159 12
' 4725A 14288400A 4762800)\ + 23814000)\' + 11907000)\'

16016 64064 42 | 231202493 ; 277024 44 _ 26208445 _ 1841646
+ 81 At 405 AT+ 42525 A+ 42525 A 127575 A 18225 A
__ 8186 17 7864 48 904423 49 220411 410 __ 4359167 11

91125 A+ 127575 AT+ 45927000 A 80372250 A 1928934000 A

235303 12 754321 13 _ 1469 14 _ 4526 15
+ 2411167500 A+ 3214890000 A 482233500 A 189448875 A

198016 198016 4 2 1369472 4 3 1637584 4 4 15535676 4 5
+ 243 A+ 243 A+ 3645 AT+ 18225 AT+ 4209975)\'

20733676 4 6 __ 2758192 47 __ 1401608 48 13879099 49 198337 4 10
4209975 A 1804275k 63149625)L + 126299250)L + 8419950)L

_ 45253739 )\11 _ 474994117 )\12_’_ 462208231 )\13
7956852750 159137055000 1909644660000

602881969 A4 89414441 )\15 ___ 3387032899 )»16
1909644660000 10503045630000 105030456300000

+
+ 48691583 )»17 + 977403607 A 18
+

183803298525000 298680360103125

826880 33075242 59576704 4 3 330795524 4 3920611264 4 5
243 A+ 81 A+ 25515 AT+ 42525 AT+ 29469825 A

_79270784)\6 _ 11637846268)\7 _ 1380040216A8 + 2690948354 )\‘9
11609325 1149323175 638512875 17239847625
153941804 4 10 6173415169 4 11 1334139179 412

+820945125)\' + 241357866750)\' B 120678933375)"

__ 28535702003 )\13 + 1985726927 )»14 + 2489824430263 )\.15
7240736002500 3620368001250 5734662913980000

21102007 )\16 11083211947 )\17 4 534608160781 )\18
907670610000 247794076530000 652317906465225000

+ 988383013399 )\.19 _ 567191 )\.20 _ 357848408 )\‘21
217439302155075000 22187683893375 776568936268125
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Brjuno conditions for linearization
in presence of resonances

Jasmin Raissy

Abstract. We present a new proof, under a slightly different (and more natural)
arithmetic hypothesis, and using direct computations via power series expansions,
of a holomorphic linearization result in presence of resonances originally proved
by Riissmann.

1 Introduction

We consider a germ of biholomorphism f of C" at a fixed point p, which,
up to translation, we may place at the origin O. One of the main questions
in the study of local holomorphic dynamics (see [1,2,4], or [11, Chap-
ter 1], for general surveys on this topic) is when f is holomorphically
linearizable, i.e., when there exists a local holomorphic change of coor-
dinates such that f is conjugated to its linear part A.

A way to solve such a problem is to first look for a formal transforma-
tion ¢ solving

fop=9oA,

i.e., to ask when f is formally linearizable, and then to check whether
@ is convergent. Moreover, since up to linear changes of the coordinates
we can always assume A to be in Jordan normal form, i.e.,

A
& Ay
En An
where the eigenvalues Ay, ..., A, € C* are not necessarily distincts, and

¢; € {0, ¢} can be non-zero only if A;_; = A;, we can reduce ourselves
to study such germs, and to search for ¢ tangent to the identity, that is,
with linear part equal to the identity.
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The answer to this question depends on the set of eigenvalues of d fo,

usually called the spectrum of d fp. In fact, if we denote by Ay, ..., A, €
C* the eigenvalues of d f, then it may happen that there exists a multi-
index Q = (q1, ..., q,) € N*, with |Q| > 2, such that

A —ai=Al o a — ;=0 (1.1)

for some 1 < j < n; a relation of this kind is called a (multiplicative)
resonance of f relative to the j-th coordinate, Q is called a resonant
multi-index relative to the j-th coordinate, and we put

Res;(A) :={Q e N" | |Q] > 2,12 = A;}.

The elements of Res(A) := U?:l Res;(A) are simply called resonant

multi-indices. A resonant monomial is a monomial z¢ := zI' ... z}" in
the j-th coordinate with Q € Res; ().

Resonances are the formal obstruction to linearization. Indeed, we
have the following classical result:

Theorem 1.1 (Poincaré, 1893 [7]; Dulac, 1904 [6]). Let f be a germ of
biholomorphism of C" fixing the origin O with linear part in Jordan nor-
mal form. Then there exists a formal transformation ¢ of C", without con-
stant term and tangent to the identity, conjugating f to a formal power
series g € Cllzy, ..., z,1" without constant term, with same linear part
and containing only resonant monomials. Moreover, the resonant part of
the formal change of coordinates ¢ can be chosen arbitrarily, but once
this is done, ¢ and g are uniquely determined. In particular, if the spec-
trum of d fo has no resonances, f is formally linearizable and the formal
linearization is unique.

A formal transformation g of C”, without constant term, and with lin-

ear part in Jordan normal form with eigenvalues A{,..., 4, € C*, is
called in Poincaré-Dulac normal form if it contains only resonant mono-
mials with respect to Ay, ..., A,.

If f is a germ of biholomorphism of C" fixing the origin, a series
g in Poincaré-Dulac normal form formally conjugated to f is called a
Poincaré-Dulac (formal) normal form of f.

The problem with Poincaré-Dulac normal forms is that, usually, they
are not unique. In particular, one may wonder whether it could be possi-
ble to have such a normal form including finitely many resonant monomi-
als only. This is indeed the case (see, e.g., Reich [12]) when d f belongs
to the so-called Poincaré domain, that is when d f is invertible and O is
either attracting, i.e., all the eigenvalues of d fp have modulus less than 1,
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or repelling, i.e., all the eigenvalues of d fp have modulus greater than 1
(when d f is still invertible but does not belong to the Poincaré domain,
we shall say that it belongs to the Siegel domain).

Even without resonances, the holomorphic linearization is not guaran-
teed. The best positive result is essentially due to Brjuno [5]. To describe
such a result, let us introduce the following definitions:

Definition 1.2. For A, ..., A, € Cand m > 2 set

wyy.ay(m) = min A2 — ;). (1.2)
2<|Q|=m
1<j<n
If A1,..., A, are the eigenvalues of dfp, we shall write w;(m) for

It is clear that w;(m) # O for all m > 2 if and only if there are no
resonances. It is also not difficult to prove that if f belongs to the Siegel
domain then

lim w;(m) =0,
m——+00

which is the reason why, even without resonances, the formal lineariza-
tion might be divergent.

Definition 1.3. Let n > 2 and let A, ..., A, € C* be not necessarily
distinct. We say that A satisfies the Brjuno condition if there exists a
strictly increasing sequence of integers {p,},_o with po = 1 such that

1 1
Y —log——— <. (1.3)

<
V>0 DPv Wi,..., An (pv—i—])

Brjuno’s argument for vector fields, when adapted to the case of germs
of biholomorphisms, yields the following result (see [8]).

Theorem 1.4 (Brjuno, 1971 [S]). Let f be a germ of biholomorphism
of C" fixing the origin, such that d fo is diagonalizable. Assume more-
over that the spectrum of d fo has no resonances and satisfies the Brjuno
condition. Then f is holomorphically linearizable.

In the resonant case, one can still find formally linearizable germs, (see
for example [9] and [10]), so two natural questions arise.

(Q1) How many Poincaré-Dulac formal normal forms does a formally
linearizable germ have?

(Q2) Is it possible to find arithmetic conditions on the eigenvalues of the
spectrum of d fo ensuring holomorphic linearizability of formally
linearizable germs?
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Riissmann gave answers to both questions in [13], an I.H.E.S. preprint
which is no longer available, and that was finally published in [14]. The
answer to the first question is the following (the statement is slightly dif-
ferent from the original one presented in [14] but perfectly equivalent):

Theorem 1.5 (Riissmann, 2002 [14]). Let f be a germ of biholomor-
phism of C" fixing the origin. If f is formally linearizable, then the linear
form is its unique Poincaré-Dulac normal form.

To answer to the second question, Riissmann introduced the following
condition, that we shall call Riissmann condition.

Definition 1.6. Let n > 2 and let Ay, ..., 4, € C* be not necessarily
distinct. We say that A = (Aq, ..., A,) satisfies the Riissmann condition
if there exists a function 2: N — R such that:

(1) k<Qk) <Qk+1)forallk e N;
(i) Y iy & logQ(k) < +oo, and
(iii) A2 — ;| > m forall j = 1,...n and for each multi-index
0 € N with |Q] > 2 not giving a resonance relative to j.

Riissmann proved the following generalization of Brjuno’s Theorem 1.4
(the statement is slightly different from the original one presented in [14]
but perfectly equivalent).

Theorem 1.7 (Riissmann, 2002 [14]). Let f be a germ of biholomor-
phism of C" fixing the origin and such that d fo is diagonalizable. If f
is formally linearizable and the spectrum of d fo satisfies the Riissmann
condition, then f is holomorphically linearizable.

We refer to [14] for the original proof and we limit ourselves to briefly
recall here the main ideas. To prove these results, Riissmann first studies
the process of Poincaré-Dulac formal normalization using a functional
iterative approach, without assuming anything on the diagonalizability
of d fo. With this functional technique he proves Theorem 1.5; then he
constructs a formal iteration process converging to a zero of the operator
F(p) := foe—¢@o A (where A is the linear part of f), and, assuming
A diagonal, he gives estimates for each iteration step, proving that, un-
der what we called the Riissmann condition, the process converges to a
holomorphic linearization.

In this paper, we shall first present a direct proof of Theorem 1.5 using
power series expansions. Then we shall give a direct proof, using ex-
plicit computations with power series expansions and then proving con-
vergence via majorant series, of an analogue of Theorem 1.7 under the
following slightly different assumption, which is the natural generaliza-
tion to the resonant case of the condition introduced by Brjuno.
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Definition 1.8. Let n > 2 and let Ay,..., A, € C* be not necessarily
distinct. For m > 2 set

w m)= min min |A¢ —A;
Alyeens A.n( ) 2<10|<m ]ijl’l| j|’

O¢Res; ()

where Res (1) is the set of multi-indices Q € N", with [Q| > 2, giving a
resonance relation for A = (A, ..., A,) relativeto 1 < j < n,i.e, 12 —
Aj =0.1If Ay, ..., A, are the eigenvalues of d fp, we shall write 5f(m)
fOI' Z&Almk" (m)

Definition 1.9. Let n > 2 and let A = (A1, ..., ;) € (C*)". We say
that A satisfies the reduced Brjuno condition if there exists a strictly in-
creasing sequence of integers {p,},_o with pg = 1 such that

1 1
Z —log m———— < o0.
Wiy, ... 5, (pv+1)

We shall then prove:

Theorem 1.10. Let f be a germ of biholomorphism of C" fixing the ori-
gin and such that d fo is diagonalizable. If f is formally linearizable
and the spectrum of d fo satisfies the reduced Brjuno condition, then f
is holomorphically linearizable.

We shall also show that Riissmann condition implies the reduced Br-
juno condition and so our result implies Theorem 1.7. The converse is
known to be true in dimension 1, as proved by Riissmann in [14], but is
not known in higher dimension.

The structure of this paper is as follows. In the next section we shall
discuss properties of formally linearizable germs, and we shall give our
direct proof of Theorem 1.5. In Section 3 we shall prove Theorem 1.10
using majorant series. In the last section we shall discuss relations be-
tween Riissmann condition and the reduced Brjuno condition.

ACKNOWLEDGEMENTS. I would like to thank Marco Abate for helpful
comments on a draft of this work.

2 Formally linearizable germs

In general, a germ f can have several Poincaré-Dulac formal normal
forms; however, we can say something on the shape of the formal conju-
gations between them. We have in fact the following result.
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Proposition 2.1. Let f and g be two germs of biholomorphism of C"
fixing the origin, with the same linear part A and in Poincaré-Dulac
normal form. If there exists a formal transformation ¢ of C", with no
constant term and tangent to the identity, conjugating f and g, then ¢
contains only monomials that are resonant with respect to the eigenvalues
of A.

Proof. Since f and g are in Poincaré-Dulac normal form, A is in Jordan
normal form. Let Aq, ..., A, be the eigenvalues of A. We shall prove that
a formal solution ¢ = I + @ of

fop=¢og (2.1)

contains only monomials that are resonant with respect to Ay, ..., A,.
Using the standard multi-index notation, for each j € {1, ..., n} we can
write

Fi@) = hjzj ez + 3 fR@) = hizj+ ez + 2 ) fo.izf

QeN;
A2=1
gj(Z) =Ajz;+€jZj1 +ng;-es(z) =Ajz;+¢€jzj-1+27; Z gQ,jZQ,
Q€eN;
1€=1
and
9;(2)=2z; (1+<p§“(z)+ ¢’ res(z)) =242, ) 90,28 +2, ) v0,7%,
Q€eN; Q€eN;
12=1 121
where

Nj={QeZ"||Ql=z1.q; = —1,q, = Oforall h # j},

and ¢; € {0, 1} can be non-zero only if A; = A;_;. With these notations,
the left-hand side of the j-th coordinate of (2.1) becomes

(fop);(2)
=30, () +0j1+0;) Y fo ] [en)®

Q€eN; k=1
22=1

=12, (149" () +¢] (@) +ej2)-1 (1467, () +0727(2))

2.2)

+2;(1+¢7°(2) +¢] res(z))X: fQ,szl_[(lJr(p,ﬁes(z)Jr(pk (@)™
Q€eN; k=1
9=
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while the j-th coordinate of the right-hand side of (2.1) becomes

(pog);(2)
=¢;(2)+8;()) _¢o. ,]_[gk(z)‘“+g](z)2<0g ]Hgk(z)‘”
Q€eN; Q€eN; k=1
19=1 AQ;EI
=Arjzjtejzj-1+2;85 ()
a (2.3)
+( /ZJ"‘@/Z/ ]+ng;es(Z)Z§0Q /ZQl_[()\.k—i_sk——i_gres(Z))
[ k=1
2Q=1
9k
+(hjzj+ezj- 1+z,gjes(z)2<pg,le_[(kkJrsk—JrgreS(z)).
Q€eN; k=1
2@#1

Furthermore, notice that if P and Q are two multi-indices such that A" =
12 =1, then we have A*P*+#C = [ for every o, B € Z.

We want to prove that ¢y ; = 0 for each multi-index Q € N; such
thatNAQ # 1. Let us assume by contradiction that this is not true, and
let Q be the first (with respect to the lexicographic order) multi-index in

= U;Zl N; so that A2 £ 1 and ¢5,; # 0. Let j be the minimal
in {1, ..., n} such that é € N;, and let us compute the coefficient of the
monomial 2+ in (2.2) and (2.3). In (2.2) we only have A%, because,
since f — A is of second order and resonant, other contributions could
come only from coefficients ¢p x with |P| < [Q] and AP #£ 1, but there
are no such coefficients thanks to the minimality of Q and j. In (2.3) we
can argue analogously, but we have also to take care of the monomials
divisible by &/ (zx_1/zx)"z", with A¥ = 1; in this last case, if & # 0,

we obtain a multi-index P — hey + hey_, and again A" ~hatha—r = ]
because Ay = A;—;. Then in (2.3) we only have AQ+€1¢~ Hence, we
have

(A2F — A peg =0,
yielding
5. =0
because 12 # l and A ; # 0, and contradicting the hypothesis. O
Remark 2.2. It is clear from the proof that Proposition 2.1 holds also in

the formal category, i.e., for f, g € Copllz1, ..., 2,1 formal power series
without constant terms in Poincaré-Dulac normal form.
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We can now give a direct proof of Theorem 1.5, i.e., that when a germ
is formally linearizable, then the linear form is its unique Poincaré-Dulac
normal form.

Theorem 2.3. Let f be a germ of biholomorphism of C" fixing the ori-
gin. If f is formally linearizable, then the linear form is its unique
Poincaré-Dulac normal form.

Proof. Let A be the linear part of f. Up to linear conjugacy, we may
assume that A is in Jordan normal form. If the eigenvalues Ay, ..., A, of
A have no resonances, then there is nothing to prove. Let us then assume
that we have resonances, and let us assume by contradiction that there
is another Poincaré-Dulac formal normal form g % A associated to f.
Since f is formally linearizable and it is formally conjugated to g, also g
is formally linearizable. Thanks to Proposition 2.1, any formal lineariza-
tion ¥ of g tangent to the identity contains only monomials resonant with
respect to Ap, ..., A,; hence, writing g = A 4+ g™ and ¢y = I + ™, the
conjugacy equation g o v = ¥ o A becomes

A AP 480 (I +9™) = (A +g™) o (I +¥™)
= +y™) oA
=A+Y=oA
= A+ AY™,

because ¥ o A = Ay, Hence there must be

g% oy =0,

and composing on the right with ¥ ~! we get g™ = 0. U

Remark 2.4. As a consequence of the previous result, we get that any
formal normalization given by the Poincaré-Dulac procedure applied to a
formally linerizable germ f is indeed a formal linearization of the germ.
In particular, we have uniqueness of the Poincaré-Dulac normal form
(which is linear and hence holomorphic), but not of the formal lineariza-
tions. Hence a formally linearizable germ f is formally linearizable via
a formal transformation ¢ = 1d +¢ containing only non-resonant mono-
mials. In fact, thanks to the standard proof of Poincaré-Dulac Theorem
(see [11, Theorem 1.3.25]), we can consider the formal normalization
obtained with the Poincaré-Dulac procedure and imposing ¢ ; = 0 for
all O and j such that A9 = 1;; and this formal transformation ¢, by
Theorem 2.3, conjugates f to its linear part.
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3 Convergence under the reduced Brjuno condition

Now we have all the ingredients needed to prove Theorem 1.10.

Theorem 3.1. Let f be a germ of biholomorphism of C" fixing the origin
and such that d fo is diagonalizable. If f is formally linearizable and
the spectrum of d fo satisfies the reduced Brjuno condition, then f is
holomorphically linearizable.

Proof. Up to linear changes of the coordinates, we may assume that the
linear part A of f is diagonal, i.e., A = Diag(A{, ..., A,). From the
conjugacy equation

fo(p:(poA, (31)

writing f(z) = Az + Y2, fr2h, and g(w) = w + 37512, pow?,
where f; and ¢o belong to C", we have that coefficients of ¢ have to
verify

L
Y Acpow? =) fi ( 3 waM> , (3.2)

101=2 IL|=2 IM|=1

where
Ap =291, — A.

The matrices Ay are not invertible only when Q € U;'.zl Res; (1), but,
thanks Remark 2.4, we can set ¢ ; = 0 for all QO € Res;(1); hence we
just have to consider Q ¢ ﬂ;le Res; (1), and, to prove the convergence
of the formal conjugation ¢ in a neighbourhood of the origin, it suffices
to show that |

sup — log [lpo|| < oo, (3.3)

o 10|

for |Q| > 2and Q ¢ ﬂ;'.leesj(A).

Since f is holomorphic in a neighbourhood of the origin, there ex-
ists a positive number p such that || f,|| < p!!! for [L|] > 2. The
functional equation (3.1) remains valid under the linear change of co-
ordinates f(z) — of(z/0), p(w) = op(w/c) with o = max{1, p?}.
Therefore we may assume that

VILIZ2  ftll =1

It follows from (3.2) that for any multi-index Q € N" \ ﬂ';zl Res; (1)
with |Q| > 2 we have

looll <e5" D> ool llgg, I (34)
Q1+ 40v=0
V=
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where
gp= min A2 — 1.
0 1<j=n | J|

O¢Res; (1)

We can define, inductively, for m > 2

Uy = E Oy ="y

mittmy=j
v>2

and
8o =& max S0, %0,
Q Q QI+"' Qv:Q Ql Qv
v>2
for Q € N"\ ﬂ;f:l Res;(A) with [Q] > 2, with @) = 1 and 6 = 1,
where E is any integer vector with |E| = 1. Then, by induction, we have
that

leoll < a10/80,
for every Q € N" \ ﬂf}:1 Res;(A) with |Q| > 2. Therefore, to establish

(3.3) it suffices to prove analogous estimates for «,, and 6¢.
It is easy to estimate «,,,. Letr = ), 2™, We have

m>
m
2
o
oz—tzZozmtmzz Zahth =7 .
m>2 m>2 \h>1 -

This equation has a unique holomorphic solution vanishing at zero

t+1 8t
a=—(1-]1—-—_1,
4 ( (1+t)2)

defined for |#| small enough. Hence,
sup — loga,,, < 00,
m m

as we want.

To estimate § we have to take care of small divisors. First of all, for
each multi-ipdex 0¢ ﬂ;zl Res;(A) with |Q] > 2 we can associate to 8¢
a decomposition of the form

—1 -1 -1
8o =¢p,60, " €L, (3.5)

where Lo = Q, Q| > |[Ly| = --- > |L,| >2and L; ¢ ﬂ;’.zl Res; (1)
forall j =1,..., pand p > 1. In fact, we choose a decomposition Q =
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Qi1+ -+ 0, such that the maximum in the expression of §¢ is achieved;
obviously, Q; does not belong to m?:1 Res;(d) forall j =1,...,v. We
can then express 8¢ in terms of 851 and 8Q} with |Q/j| < |Qj|. Carrying
on this process, we eventually arrive at a decomposition of the form (3.5).
Furthermore, for each multi-index Q ¢ ﬂ;:l Res; (1) with |Q] > 2, we
can choose an index i so that

&g = I)\,Q — )‘in-

The rest of the proof follows closely in [9, proof of Theorem 5.1]. For
the benefit of the reader, we report it here.
Form > 2 and 1 < j < n, we can define

N (Q)
to be the number of factors 6‘;1 in the expression (3.5) of 8¢, satisfying
e < 0 &Ef(m), and iL = j,

where @ ;(m) is defined in Definition 1.8, and in this notation can be
expressed as
or(m) = min €0,
rmy= " mm, ©e
Q¢ _ Res; (%)

and 6 is the positive real number satisfying

1<h<n

The last inequality can always be satisfied by replacing f by f~! if nec-
essary. Moreover we also have @ ;(m) < 2.

Notice that @ ;(m) is non-increasing with respect to m and under our
assumptions @ (m) tends to zero as m goes to infinity. The following is
the key estimate.

Lemma3.2. Form >2,1<j<nand Q ¢ ﬂ;'.zl Res; (), we have

0, if 19l =m,
NJ(Q) < 2|0|
— =1 if1Ql>m.
m
Proof. The proof is done by induction on |Q|. Since we fix m and j
throughout the proof, we write N instead of N;,.
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For [Q] < m,
gg =2 ws(1Q)) = ws(m) > 0 ws(m),
hence N(Q) = 0.
Assume now that |Q| > m. Then 2|Q|/m — 1 > 1. Write
8o =¢5'80,-+80,, Q=01+ +0u V=2

with |Q] > |Q] = --- > |Q,]|; note that Q — Q; does not belong
to ﬂ;le Res; (1), otherwise the other Q,’s would be in ﬂ?zl Res; ().
We have to consider the following different cases.

Case 1: ¢g > 0 w;(m) and i arbitrary, oreg < 0 @;(m) and iy # j.
Then
N(Q)=N(Q1) +---+N(Q)),

and applying the induction hypotheses to each term we get N(Q) <
Q|Q[/m) — 1.
Case2:e9 <O ws(m)andiyp = j. Then
N(Q)=1+N(Q1)+---+N(Q),
and there are three different subcases.

Case 2.1: |Q1] < m. Then

N(Q)=1<M—1,
m

as we want.

Case 2.2: Q1| > |Q2| > m. Then there is v' such that 2 < v/ < v
and |Q,| > m > |0,41|, and we have

2|Q| V/<@_

NQ=1+NQO)+---+NQy) <1+ — — 1.
m m

Case 2.3: |Q1| > m > |Q>|. Then
N(Q) =1+ N(Q1),

and there are again three different subcases.
Case 2.3.1:ip, # j. Then N(Q) = 0 and we are done.
Case2.3.2: Q1| < Q| —mandip, = j. Then

Q] —m 2|0
—1l<—-1
m m

N@Q) =142

Case 2.3.3: |Q1| > |Q| —m and ip, = j. The crucial remark is
that eéll gives no contribute to N (Q1), as shown in the next lemma.
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Lemma 3.3. If Q > Q; with respect to the lexicographic order, Q, Q
and Q — Qy arenotin(\;_, Res; (1), ig =ig, = j and

g <Owp(m) and eg, <Ows(m),
then |Q — Q1| = |Q] — [Q1] = m.

Proof. Before we proceed with the proof, notice that the equality |Q —

01| = 10| — 0] is obvious since Q > QO;.
Since we are supposing €9, = [A2! — A;| < 6 @;(m), we have

INC| > |Aj| — 0 @s(m) > 46 — 20 = 20.

Let us suppose by contradiction |Q — Q| = |Q| — |Qi| < m. By
assumption, it follows that
20 Ef)f(m) > e+ €g,
= A2 =]+ (A2 — 4]
> |32 =29
> A8 oo -1
= 203,10 — 01l + 1)

which is impossible. 0
Using Lemma 3.3, Case 1 applies to 8y, and we have
N(Q)=1+N(Q1)+---+N(Qy,),

where |Q| > [Q1| > [Q1,| = --- = |Q1, |and Q1 = Oy, +---+ O,
We can do the analysis of Case 2 again for this decomposition, and we
finish unless we run into Case 2.3.2 again. However, this loop cannot
happen more than m 4 1 times and we have to finally run into a different
case. This completes the induction and the proof of Lemma 3.2. U

Since the spectrum of d fy satisfies the reduced Brjuno condition, there
exists a strictly increasing sequence {p,},>o of integers with pyp = 1 and
such that

Xzilog~ !

< 0. (3.6)
v=0 Pv @ f(Pot1)

We have to estimate

1 L | "
—logdp = Z —loge;!, Q¢ ﬂResj(A).
10| = 10 7 i



214

By Lemma 3.2,

card {0<j<p: 0@ (por1)<er, <0@(p)} <N} (Q)+--- N (Q)
_ 210l
Pv

for v > 1. It is also easy to see from the definition of §, that the number
of factors azjl is bounded by 2| Q| — 1. In particular,

~ 2
card{0 < j < p:0@s(p1) <er,} <2nQ| = le'-
Po

Then,

L ogs, <2 Z L :
— 108 < Zn —10g ———
101 == T & p T 0@s(pus1)

1 1 1 1 S
=2n (Z—logf—kloggZ—) .

V=0 Dy wf(pv+l) V>0 Py

Since @ (m) tends to zero monotonically as m goes to infinity, we can
choose some  such that 1 > @ r(m) for all m > m, and we get

1 1 1 1
Z — < = Z _ 10g N
Sy T log(l/@pm) S py - B(prsn)

where v verifies the inequalities p,,—; < m < p,,. Thus both series in
parentheses in (3.7) converge thanks to (3.6). Therefore

1
sup — logdg < o0
Q

|0

and this concludes the proof. O

When there are no resonances, we obtain Brjuno’s Theorem 1.4.

Remark 3.4. If the reduced Brjuno condition is not satisfied, then there
are formally linearizable germs that are not holomorphically linearizable.
A first example is the following: let us consider the following germ of
biholomorphism f of (C2, O):

filz,w) = Az + 2%,

fZ(Z’ w) =w, (38)
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with A = ¥ 9 € R\ Q, not a Brjuno number. We are in presence
of resonances because Res; (A, 1) = {P e N> | P = (1, p), p > 1} and
Resy(A, 1) = {P e N> | P = (0, p), p = 2}. It is easy to prove that
f is formally linearizable, but not holomorphically linearizable, because
otherwise the holomorphic function Az + z> would be holomorphically
linearizable contradicting Yoccoz’s result [15].

A more general example is the following:

Example 3.5. Letn > 2,andletA(,...,A; € C*,be 1 < s < n complex
non-resonant numbers such that
1 1
limsup — log ———— = +o00. 3.9
m—+oco M Wiy,... ks (m)

Then it is possible to find (see e.g. [11, Theorem 1.5.1]) a germ f of

biholomorphism of C* fixing the origin, with d fo = Diag(Ay, ..., Ay),
formally linearizable (since there are no resonances) but not holomor-
phically linearizable. It is also possible to find w1, ..., u, € C*, with

r = n — s, such that the n-tuple A = (A1, ..., Ay, 1, ..., 1) € (C)"
has only level s resonances (see [9], where this definition was first intro-
duced, for details), i.e., for 1 < j < s we have

Res,-()»):{PeN”||P|Z2, pi=djforl=1,...,s, andu{jerl coeplr=1},
where § ; is the Kroenecker’s delta, and for s + 1 < h < n we have
Res, (M) ={PeN"||P|>2, py=---=p;=0, """ - pul"=p;_}.
Then any germ of biholomorphism F of C” fixing the origin of the form
Fi(z,w) = f;) forj=1,...,s,
Fh(z,w)zuh_swh_s—i-fh(z,w) forh=s+1,...,n,

with _

OrdZ(Fh) 2 15
forh =s+1,...,n, where (z, w) = (z1,..., 25, W1, ... w,) are local
coordinates of C" at the origin, is formally linearizable (see [9, Theorem
4.1]),but A = (A1, ..., A5, 11, ..., 4,) does not satisfy the reduced Br-

juno condition (because of (3.9)) and F' is not holomorphically lineariz-
able. In fact, if F' were holomorphically linearizable via a linearization
@, tangent to the identity, then Fo® = ®oDiag(ry, ..., Ay, 1, ..., Lr).
Hence, for each 1 < j < s, we would have
(F o ®);(z, w) = A;®;(z, w) + (P12, w), ... Dy(z, w))
= (® o Diag(A, ..., Ag, 1y ..y 1)) (2, W)
= q)j()"IZl» ey AgZey WIWL, ey W),
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yielding
(F o CD)](Z,O) = q)j()“lzh e 7)“SZS7O9 .. '50)7

and thus the holomorphic germ ¢ of C* fixing the origin defined by
9j(z) = ®;(z,0) for j = 1,...,s, would coincide with the unique for-
mal linearization of f, that would then be convergent contradicting the
hypotheses.

4 Riissmann condition vs. reduced Brjuno condition

Riissmann proves that, in dimension 1, his condition is equivalent to Br-
juno condition (see [14, Lemma 8.2]), and he also proves the following
result.

Lemma 4.1 (Riissmann, 2002 [14]). Let 2: N — (0, +00) be a mono-
tone non decreasing function, and let {s,} be defined by s, := 297", with
q € N. Then

1 1
> — log Q(sv11) < > 5 log (k).

v>0 "V k>24+1

We have the following relation between the Riissmann and the reduced
Brjuno condition.

Lemma 4.2. Letn > 2 and let A = (A1, ..., ,) € (C*)". If X satisfies
Riissmann condition, then it also satisfies the reduced Brjuno condition.

Proof. The function @;, ;, (m) defined in Definition 1.8 satisfies
Opyoay (M) <@y o, m+ D)7
forallm € N, and
1@ — A1 = @s,..5,(1QD)

for each j = 1,...,n and each multi-index Q € N with |Q| > 2 not
giving a resonance relative to j. Furthermore, by its definition, it is clear
that any other function 2: N — R such that k < Q(k) < Q(k + 1) for
all k£ € N, and satisfying, forany j =1, ...n,

1
)

for each multi-index Q € N with |Q| > 2 not giving a resonance relative
to j, is such that

e — ;] >

—— < Q(m)
Why,..hn (m)
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for all m € N. Hence

1 1 1
Z —log——— < Z — log Q(py41)
Py O (Do) g Py

for any strictly increasing sequence of integers {p,},.0 with po = 1.
Since A satisfies Riissmann condition, thanks to Lemma 4.1, there exists
a function €2 as above such that

1
> —1ogQsus1) < +o00,

v>0 “V
with {s,} be defined by s, := 297", with ¢ € N, and we are done. O

We do not know whether the Riissmann condition is equivalent to the
reduced Brjuno condition in the multi-dimensional case. As we said,
Riissmann is able to prove that this is true in dimension one, but to do so
he strongly uses the one-dimensional characterization of these conditions
via continued fraction.

Added in proofs. In: J. RAISSY, Holomorphic linearization of com-
muting germs of holomorphic maps, arXiv:1005.3434v1, it is proved that
the Riissmann condition and the reduced Brjuno condition are indeed
equivalent.
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Noncommutative symmetric functions
and combinatorial Hopf algebras

Jean-Yves Thibon

Abstract. We present on a few examples a class of algebras which are increas-
ingly popular in Combinatorics, and tend to permeate other fields as well. In par-
ticular, some of these algebras have connections with mould calculus and resur-
gence theory. They can be approached in many different ways. Here, they will be
regarded as generalizations of the algebra of symmetric functions.

1 Introduction

The theory of symmetric functions is a highly developed subject. One
may say that it is as old as algebra itself, its first manifestation being the
relations between the roots and the coefficients of a polynomial. How-
ever, the theory is not limited to the study of algebraic equations, and the
ninetenth century witnessed many contributions motivated by algebraic
geometry, elimination theory, interpolation problems, invariant theory or
combinatorics. With the introduction of group representations by Frobe-
nius and Schur at the beginning of the twentieth century, symmetric func-
tions became a basic tool for character calculations, and nowadays, defor-
mations of the classical families of symmetric functions, related to the de-
formations of the classical groups known as quantum groups, are a quite
active area of research, and find applications in various fields (see [28]
for a relatively recent sample, and [52] for the state of the art in 1995).
To better understand the algebra of symmetric functions, several alge-
bras closely related to it have been introduced over the years. Among
them, one finds the so called combinatorial Hopf algebras', whose first
example is Gessel’s algebra of quasi-symmetric functions [37], soon fol-
lowed by Noncommutative symmetric functions [36], and then by alge-

'S0 far, there is no general agreement on the precise definition of these objects. It has been proposed
to define them as graded connected bialgebras endowed with a character [2], which in my opinion
is not enough restrictive. Another approach related to operads [51] leads to a precise description of
an interesting subclass.
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bras based on permutations, tableaux, trees, and various combinatorial
objects [11,16,49,50,54,57,61].

It is indeed a common feature of these algebras to have bases labeled
by combinatorial structures (bases of symmetric functions are labeled by
integer partitions, whose combinatorics is highly non-trivial). In at least
one of these bases, the structure constants of the algebra are non-negative
integers, whose understanding is a basic issue.

It is thus reasonable to call such algebras “combinatorial”. It remains
to explain the “Hopf” part. This comes from the fact that symmetric func-
tions have a natural Hopf algebra structure (implicitely exploited long be-
fore Hopf algebras were formally defined, see, e.g., [33]), which can be
naturally extended to the other algebras.

The same algebras can however be introduced with quite different mo-
tivations. Among them, the theory of operads [12,42,48] is a rich source
of examples, the best known one being the Loday-Ronco algebra of pla-
nar binary trees [49]. The Hopf-algebraic interpretation of renormaliza-
tion in quantum field theory initiated by Kreimer [45] leads to various
algebras of trees, the most famous one being the Connes-Kreimer alge-
bra [15]. Such algebras of trees had been previously considered for the
formal [34] or numerical [35] solution of differential equations. Several
examples occur in representation theory. Zelevinsky [71] has classified
the examples coming from an inductive sequence of finite groups, which
are commutative-cocommutative (and self-dual). Some noncommutative
examples are known to be related to non-semisimple algebras (degenerate
Hecke algebras) [5,39,47].

Recently, it has been realized that this theory was also related to several
aspects of Ecalle’s works. For example, mould calculus is well-suited to
describe the relations between families of generators of the combinatorial
Hopf algebras, and can be used to build an operad [13, 14]. And more
surprisingly, we shall see that noncommutative symmetric functions arise
in resurgence theory, in the guise of alien operators [22,23,25,55].

This article is structured as follows. We shall start with a reminder
about symmetric functions, with emphasis on the Hopf algebra structure.
Next, we shall present noncommutative symmetric functions in some de-
tail. After that, we shall embark for a random walk through more com-
plicated examples

All our algebras are over some field K of characteristic 0.

2 Symmetric functions

Symmetric “functions” are polynomials in an infinite set of indetermi-
nates X, which are invariant under permutations of the variables. The
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basic example is provided by the so called elementary symmetric func-
tions, which can be compactly described by a generating series?

MXyor E(t: X) = [ +1x) =D en(X)t". 2.1)

i>1 n=0

More explicitely,
en= D XyXioX, (2.2)
i1>iy>...>Iy,
The “fundamental theorem” of the theory of symmetric functions [52,
(2.4) page 20] states that the e,(X) are algebraically independent, and
the algebra of symmetric functions is

Sym(X) = Kley, ez, ... ], (2.3)

naturally graded by the degree in X.
Now, let Y = {y;|i > 1} be a second set of indeterminates, and denote
by X + Y the disjoint union of X and Y. For f € Sym, set

Af = f(X+7Y). (2.4)

Itis clear that A,(X 4+ Y) = A, (X)A,(Y), so that

Ae, = ) ei(X)e,—i(Y), (2.5)

n
i=0

which determines Af for any f thanks to the “fundamental theorem”.
Identifying a product u(x)v(Y) with the element # ® v in the tensor prod-
uct of algebras Sym ® Sym, we can interpret A as a comultiplication, i.e.,
a linear map Sym — Sym ® Sym. If Z is a third set of variables, the ob-
vious equality

fX+)+2)=f X+ + 2)) (2.6)

means that A is coassociative. The no less obvious fact that A(fg) =
A(f)A(g) means that A is a homomorphism of algebras, so that A en-
dows Sym with the structure of a bialgebra. Being graded and connected
(this just means that the degree O component is one dimensional), it is
automatically a Hopf algebra (it has an antipode), but we don’t need to

2 %+(X) is Grothendieck’s notation for the generating series of exterior powers in a A-ring. And
indeed, Sym is the free A-ring on one generator.
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resort to this argument: the antipode is the map S : f(X) — f(—X),
where symmetric functions of —X are defined by

o(=X) =0,(X)' = A (X), (2.7)

sothat f(X — X +Y) = f(Y), as expected. In particular, f(X — X) =
f (D) is the constant term of f, which we may denote by €(f). Denoting
by u: f ® g+ fg the multiplication map, and by u : 1g > lgyy, wWe
can rewrite this as

no(I®S)oA=uoe. (2.8)

This is the usual definition of the antipode: the inverse of the identity map
I for the convolution x of endomorphisms, F x G = o (F ® G) o A,
for which the projection onto the scalar component u o € is the neutral
element. The linear form € is called the co-unit.

Thus, we see that at this point, the Hopf algebra formalism essentially
amounts to giving learned names to trivial properties. It will nevertheless
be quite useful in the sequel, especially when we shall come to noncom-
mutative generalizations. Actually, the Hopf structure of Sym is a typical
example of a Hopf algebra associated with a group. If we denote by G
the multiplicative group of formal power series with constant term 1,

G=1+1K[[l={a@t) =14+ait +ay*+---}, (2.9)
we can interpret e, as the coordinate function
en(a(r)) = ap, (2.10)

and Sym as the algebra of polynomial functions on G. With this interpre-
tation,

n

@ OYO) =Y xiyai = Y (@ ® e )@ @ y(1). (211

i=0 i=0

The standard coproduct for functions on a group (cf. [1]) turns a func-
tion f(x) into a function of two variables Af(x,y) = f(xy), and the
antipode is Sf(x) = f(x~!). Thus, this is precisely what the coproduct
of Sym does, although this structure has many other (and older) interpre-
tations.

This is perhaps a good place to mention that we can also consider e,
as a coordinate function on the group of formal diffeomorphisms of R
tangent to the identity

G, ={A@) =ta()|a(t) € G}. (2.12)
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This leads to a second Hopf algebra structure on Sym, which is known as
the Faa di Bruno algebra (see, e.g., [26]).

A graded bialgebra has a graded dual, the direct sum of the duals of its
homogeneous components, endowed with the product dual to its coprod-
uct, and with the coproduct dual to its product. On can show that Sym is
self-dual, i.e., that it is isomorphic to its graded dual. This is equivalent
to the existence of a scalar product satisfying

(f -8 h)=(f®g, Ah). (2.13)

This scalar product has a very explicit description. To define it, we need
some more bases of Sym.

We first have to introduce the complete homogeneous symmetric func-
tion h,, which is defined as the sum of all monomials of degree n. On
their generating series

o(X)or H(t; X) = ]_[(1 —tx;))" ' = Zhn(X)t” =i, (X)), (2.14)
i>1 n>0
we see their relation to the antipode: i1, (X) = (—1)"e,(—X) = (—1)"S(e,).
From the e, or the /,, we can build bases of Sym, which are labeled
by unordered sequences of positive integers (integer partitions), usually
displayed as nonincreasing sequences A = (A > Ap > ... > X, > 0):

€)= €),€x, """ €y, and ]’l)L zhklhkz"'hkw (215)

These are examples of multiplicative bases. But there is also an obvious
(non multiplicative) basis, the monomial symmetric functions (sums over
orbits)

my=3x"= Y  xt, (2.16)

neG)

where G()) denotes the set of distinct permutations of A. The dimension
of the homogeneous component Sym is thus the number of partitions
of n,

1,1,2,3,5,7,11, 15,22, 30, 42, 56, 77, 101,
135, 176, 231, 297, 385, 490, 627,792, 1002 . ..
a highly non-trivial combinatorial sequence. Now, Hall’s scalar product,

which is defined by
(hy, m,) = 6, (2.17)

satisfies (2.13). The relation between the basis # and m is neatly ex-
pressed by the identity

o(XY) =[] =xyp™ =D m(Xhu(¥), (2.18)
A

i,jzl
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a Cauchy type identity, which is satisfied by any pair (u#, v) of mutually
adjoint bases:

o1(XY) =) w (X)) iff (5, v,) = Sy, (2.19)
Py
(see [52, (4.6) page 63]).
The original Cauchy identity (a classical exercise on determinants) ex-
presses precisely this for the so-called Schur functions, of which a possi-
ble definition (not the original one) is

s, = det(hy,4j—i). (2.20)
It reads [52, (4.8) page 64]

o1(XY) =) 5. (X)si(Y) (2.21)
A

which is equivalent to the fact that the Schur functions form an orthonor-
mal basis for the Hall scalar product.

The importance of the Schur functions comes from the fact that they
encode the irreducible characters of the symmetric groups. This funda-
mental result, due to Frobenius, as well as the character theory of finite
groups in general, reads

Xt = (50 py) (2.22)

where x ﬁ denotes the value of the irreducible character x* on an element
of the conjugacy class u, and the p, are the power sums:

PaX) =D X' pu=pu - Pu- (2.23)
i>1

For further reference, let us note that p,(X + Y) = p,(X) + p,(Y), so
that the p, are primitive elements of Sym, and that their relation to the
other generators is given by the identity [52, (2.10) page 23]

tm

0, (X) = exp [Z pm(X)E:| : (2.24)
m>1

3 Noncommutative symmetric functions

3.1 Basic definitions

The Hopf algebra Sym of noncommutative symmetric functions has a
very simple definition: replace the complete symmetric functions 4, by
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non-commuting indeterminates ,, and keep the coproduct formula

AS, = Z S ® Sy_s. (3.1)

k=0

That is, Sym is the free associative algebra K(Sj, S, . ..) over an infinite
sequence S,,, with the grading deg S,, = n and the coproduct as above. It
can be realized in terms of polynomials over an auxiliary set A = {a;|i >
1} of noncommuting variables, endowed with a total order:

0, (A) = ]_[(1 —ta) ' = Z S,(A)t" (> hy, fora; — x;), (3.2)

i>1 n>0

so that

A (A) = ]_[(1 +ta;) = ZA,,(A)I" (> e, fora; = x;). (3.3)

1<i n>0
Equivalently,
Si(A) = > ana,--a, (3.4)
i1<i2<...<ip
An (A) = Z aap, - -+ 4a;,. (35)
i|>i2...>in

Then, the coproduct is again
AF =F(A+ B) (3.6)

where A + B is now interpreted as the ordinal sum of the ordered sets A
and B (the disjoint union, ordered by a < b fora € A and b € B, so
that this sum is not commutative) and where A commutes with B for the
multiplication (so that the terms in A and B can be separated).

This structure has again an obvious interpretation in terms of the mul-
tiplicative group of formal power series over a noncommutative algebra®.
It has also more exotic interpretations. For example, one can learn in [3]
that it is H,(QXCP*>)), the homology of loop space of the suspension
of the infinite dimensional complex projective space.

Calling this algebra Noncommutative Symmetric Functions implies to
look at it in a special way. In particular, to look for analogues of the

3 Although such series do not form a group under composition, the noncommutative version of the
Faa di Bruno algebra does exist, and has applications in quantum field theory [10].
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classical families of symmetric functions, of the numerous operations
(internal products, plethysms) existing on Sym, and of the various in-
terpretations of Sym. For example, in representation theory, Sym is to
the tower of 0-Hecke algebras what Sym is to the sequence of symmetric
groups® [47].

As a Hopf algebra, Sym is not self-dual. This is clear from the defi-
nition of the coproduct, which is obviously cocommutative. Its (graded)
dual is the commutative algebra QSym of quasi-symmetric functions [32,
36], about which a few words will be said in the sequel.

3.2 Generators and linear bases

From the generators S,, we can form a linear basis

Sl=58, 8. -8 (3.7)

r

of the homogeneous component Sym,,, parametrized by compositions of
n, that is, finite ordered sequences I = (iy, ..., i,) of positive integers
summing to n. One often writes / = n to mean that / is a composition of
n. The dimension of Sym,, is 2"~! forn > 1.

Similarly, from the A, we can build a basis A’. We can also look for
analogues of the power-sum symmetric functions. It is here that the non-
trivial questions arise. Indeed, in the commutative case, the power-sum
Pn 18, up to a scalar factor, the unique primitive element of degree n (this
is easily seen by writing an arbitrary primitive element as a polynomial
in the p;). Here, the primitive elements form a free Lie algebra (more on
this later), and it is not immediately obvious to identify the ones which
should deserve the name “noncommutative power sums”.

However, we can at least give one example: the series o, being group-
like (Ao, = 0; ® o;), its logarithm is primitive, and writing

logo; =Y @, —, (3.8)

n>1

we can reasonably interpret @, as a noncommutative power-sum (of
course, it is not Zi a!, this element is not even in Sym).

Recall now from (3.4) and (3.5) that in terms of our auxiliary ordered
alphabet A = {ay, az, ...} S, is the sum of nondecreasing words, and A,
the sum of strictly decreasing words.

4 With this difference that these algebras are not semi-simple. To be precise, Sym,, is K (H,; (0))
(Grothendieck group of projective modules).
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Let us say that a word w = a;,a;, - - - a;, has a descent at k if iy > iryq,
and denote by Des(w) the set of such k (the descent set of w).

Thus, §,(A) is the sum of words of length n with no descent, and
A, (A) the sum of words with descents at all possible places. Now, obvi-
ously,

St =88, (3.9)

r

is the sum of words of length iy + i, 4+ --- + i, whose descent set is
contained in

(it it 4oy oo it i+ ip_i). (3.10)

Let us denote this set by Des(/) and call it the descent set of the com-
position I. Symmetrically, we call I the descent composition, and write
I = C(w), of any word of length n having Des(/) as descent set.

It seems now natural to introduce the noncommutative ribbon Schur
functions’

Ri(A)= > w (3.11)
C(w)=I1
so that we have
sl = Z R, (3.12)
J<I

where J < [ is the reverse refinement order, which means that Des(J) C
Des(1).

The commutative ribbon Schur functions were investigated by McMa-
hon before 1915 in connection with combinatorial problems. We shall
now see that the noncommutative version has an interesting interpreta-
tion.

3.3 Solomon’s descent algebras

Apart from the already mentioned relation with 0-Hecke algebras, which
will not be covered here (see [47]), there is another noncommutative ana-
logue of the relation between symmetric functions and characters of sym-
metric groups. The story goes back to a discovery of Louis Solomon [66].
His construction, which provides a noncommutative lift in the group al-
gebra of Mackey’s formula for a product of induced characters, is valid
in general for finite Coxeter groups, but we shall only need the case of
symmetric groups.

5 Their commutative images are indeed the so-called skew Schur functions indexed by ribbon dia-
grams.



228

Let (W, S) be a Coxeter system. One says that w € W has a descent
at s € S if w has a reduced word ending by s. For W = G, and s5; =
(i,i + 1), this means that w(i) > w(i + 1), whence the terminology. In
this case, we rather say that i is a descent of w. Let Des(w) denote the
descent set of w, and for a subset £ C S, set

Dp= Y w €ZW. (3.13)

Des(w)=FE

Solomon has shown that the Dg span a Z-subalgebra X (W) of ZW.
Moreover

DpDpr = chp D (3.14)
E

where the coefficients %, ., are nonnegative integers.

In the case of W = &,,, we encode descent sets by compositions of
n as explained above. If £ = {d|,...,d,_1}, wesetdy = 0,d, = n
and I = C(E) = (i, ...,1i,), where iy = d; — d;_,. From now on, we
shall write D; instead of Dg, and denote by X, the descent algebra of
G, (with coefficients in our ground field K).

Thus, X, has the same dimension as Sym,,, and both have natural bases
labelled by compositions of n. It is therefore tempting to look for a good
isomorphism between them.

Remembering what has been said about descents, the map o : D; —
R; may appear as a natural choice for a correspondence X, — Sym,,.

This choice is not only natural, it is canonical. Indeed, Solomon had
proved that the structure constants of his descent algebra were the same
as the decomposition coefficients of certain tensor products of represen-
tations of G,,. Precisely, if we set

B'=) "D, €%, (3.15)
J<I
and
B'B’ = b}/ BX, (3.16)
K

then, the Kronecker products of the characters B/ of &, induced by the
trivial representations of the parabolic subgroups &;, x - - - x G; , decom-
pose as
B'B = by B~ (3.17)
K
Such products of induced characters can be calculated by Mackey’s for-
mula, whence the title of Solomon’s paper [66].
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So, why is the above correspondence canonical? This is because it is
compatible with the Frobenius characteristic map, from &,,-characters to
symmetric functions. Indeed, ch(8!) = h;, the commutative image of
st

The Frobenius characteristic map allows one to define the internal
product % on symmetric functions, by setting h; * h, = ch(8*B"). We
can now do the same on noncommutative symmetric functions, using the
descent algebras instead of the character rings.

For technical reasons which will soon become clear, we want our cor-
respondence to be an anti-isomorphism. We set

STx 8T =) by sk, (3.18)

K

This is because we want to interpret permutations as endomorphisms of
tensor algebras: if f,(w) = wo, then f, o f; = f;» (see below).

3.4 Permutational operators on tensor spaces

Let V be a vector space over some field K of characteristic 0. Let 7 (V)
be its tensor algebra, and L (V) the free Lie algebra generated by V. We
denote by L,(V) = L(V) N V®" its homogeneous component of degree
n. The group algebra K&, acts on the right on V®" by

WOV - ®Vy) 0 =Vs(1) ®Vs2) @+ ® VUg(n)- (3.19)

This action commutes with the left action of GL(V), and when dimV >
n, which we shall usually assume, these actions are the commutant of
each other (Schur-Weyl duality).

Any G L(V)-equivariant projector I, : V®* — L,(V) can therefore
be regarded as an idempotent 7, of KS,: I1,(v) = v - m,,. By definition
(cf. [64]), such an element is called a Lie idempotent whenever its image
is L,(V). Then, a homogeneous element P, € V®" is in L,(V) if and
only if P,mr, = P,.

From now on, we fix a basis A = {a;,as,...} of V. We identify
T (V) with the free associative algebra K(A), and L (V') with the free Lie
algebra L(A).

3.5 The Hausdorff series

Lie idempotents arise naturally in the investigation of the Hausdorff series

H(a. @, ....ay) =log(e"e™ - ¢™) =Y H,(4)  (3.20)

n>0
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which is known to be a Lie series, i.e., each homogeneous component
H,(A) € L, (A). This is known as the Baker-Campbell-Hausdorff (BCH)
“formula”. It follows immediately from the characterization of L(A) as
the space of primitive elements of the standard comultiplication of K(A)
(Friedrichs’ criterion®).

Actually, the BCH formula is not a formula at all, only a (very im-
portant) property, which is the basis of the correspondence between Lie
groups and Lie algebras. However, various applications (including real-
world ones) require explicit calculation of the polynomials H,(A). This
is where Lie idempotents come into play.

For small values of n and N, this can be done by hand, and one obtains
for example

1 1 1 1
Hs(ai, az, a3) = P + T — cana + R

+1 1 " 1 " 1
30102613 601613611 1261103613 1202611611
1 1 " 1 " 1
6(12611612 6(120103 12612612611 1261202613
1 1 n 1 N 1

— —araza|; — —arasza —araza —azaa
6231 6232 12233 12311
1 1

— —aza — —aza —asd —aza
6613 142 6613 1as + 3613 201 + 12613 202
1 " 1 n 1
6613612613 12613613611 1261361302.

Already, it might not be obvious, at first sight, that this is indeed a Lie
polynomial, which can be rewritten in the form

1 1 1
Hi(ay, a, a3) = E[als [ai, a2]] + E[[ah @), ax] + E[alv [ai, a3]]

1 1 1
+ E[[al’ az], az] + E[az, [az, az]] + E[[Ch, a3], as]

1 1
+ —lai, [az, a3]] + =llai, a2, as].
6 6
The problem of finding a systematic procedure for expressing the Haus-
dorff series as a linear combination of commutators was raised at the

6 This criterion, which appears only as a footnote [29, page 203] in a text on quantum field theory, is
for us, together with its converse (the Milnor-Moore theorem, due to Cartier) the “founding act” of
combinatorial Hopf algebra theory, which has actually little to do with Hopf’s original motivations.
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Gelfand seminar in the 1940’s, and Dynkin [20] came up with the fol-
lowing solution (also discovered independently by Specht [68] and Wever

[69]):
Theorem 3.1.
1
O = ;[- A0, 21,30, ... 1, nd (3.21)
is a Lie idempotent. Therefore, expanding H, as a linear combination of
words, and writing H, = H,0,, gives the required expression.

In order to apply this recipe, we need a reasonably efficient way to find
the expansion on words

H,(A) = Z CopW. (3.22)

weA"

One can show that H, (A) is the image of the homogeneous component
E, (A) of the product of exponentials

E(A) = e“e® ... %W = Z E,(A). (3.23)

n>0
under an element of KS,,
H,(A) = E,(A) - ¢n, (3.24)
where
1

Gn=—

n 0e®, (Z(;l))

(=1’
—_— (d(o) = |Des(o)]). (3.25)

Here, Des(o) = {i|o (i) > o (i + 1)} denotes the descent set of o. This
formula is due to Solomon [65] and independently to Bialynicki-Birula,
Mielnik and Plebanski [6]. It can be shown, although none of these prop-
erties is clearly apparent on the expression (3.25), that ¢, is a Lie idem-
potent. It has been rediscovered many times, and is also known as the
(first) Eulerian idempotent.

We can now write the Hausdorff polynomials

H,(A) = Ey(A)¢uth = Y cu - wh, (3.26)

we A"

as linear combinations of commutators w6,. However, these commuta-
tors are far from being linearly independent, and one would be interested
in an expansion of H, on a basis of the free Lie algebra.
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One way to achieve this is to use Klyachko’s basis of the free Lie al-
gebra. This little known basis is obtained from a third Lie idempotent,
discovered by A. Klyachko [43], and originally introduced as the solu-
tion of a different problem.

This problem was the following. The character of GL(V) on L,(V) is
known (Witt has given formulas for the dimensions of its weight spaces),
and its expression shows that as a GL(V)-module, L, (V) is isomorphic
to the space I',,(V), image of the idempotent

1 n—1
Yo ==y otc, (3.27)
=0
where ¢ = (12...n) is an n-cycle of G, and w a primitive nth root

of unity. Klyachko’s idempotent «,, is an intertwiner between these two
isomorphic representations. This means that for any word w € A", (i)
wk, = 0 is w is not primitive (i.e., w = v? for some non-trivial divisor d
of n), and (ii) if w is primitive, wck, = wwk,.

Hence, applying «, to some set of representatives of circular classes
of primitive words, for example to Lyndon words (words which are lex-
icographically minimal among their circular shifts), we obtain a basis of
L,(A).

There is a closed formula:

1 maj (o)
n = — a 3.28
K " E w o ( )

0ce®,

where @ = ¢?™/" and maj (o) = ZjeDes(a) Jj is the major index of o .

Now, applying «, to the Lyndon words appearing in the expansion
of E,(A) obtained from the Eulerian idempotent gives an expansion of
H,(A) on a basis of L, (A), which can be further expanded in terms of
commutators by means of Dynkin’s idempotent if needed.

At this point, we are facing three idempotents, which, admittedly, are
given by rather different formulas.

It may therefore come as a surprise that the element

1 —1d@ o
p@=r Y e 3
0eB,
) [d(o) \

is a Lie idempotent, interpolating between our three examples [46].
Apart from the from the fact that ¢, (1) = ¢,, none of these properties
is evident. Nevertheless, one can show that ¢,(0) = 6, and ¢, (w) = k,,.
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The explanation of this strange fact starts with the observation that the
three idempotents do have something in common: they all belong to the
descent algebra.

3.6 Lie idempotents in the descent algebra

It is clear from the definitions that ¢, and «,, are in the descent algebra of
&,,. For 6,, this is also quite easy to see:

292:_

2 3
393:|1|2|3|— AEIRE
(2] 3] 4]
494=|1|2|3|4|— ! 3|4|+1 2|4|+1 2|3|
Dy
Dy3
B[] [
2 2 3
RNEERNERRE =
Di12
That is,
n—1
nfy = > (=D Dy,y. (3.30)
k=0

3.7 Lie idempotents as noncommutative symmetric functions

As already mentioned,the first really interesting question about noncom-
mutative symmetric functions is perhaps “what are the noncommutative
power sums?”. Indeed, the answer to this question is far from being
unique.
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If one starts from the classical expression

k
0/(X) =) ha(X)t" = exp { p,f—} : (3.31)
k>1

n>0 k

one can choose to define noncommutative power sums ®; by the same

formula
k
0:1(A) =Y S, (A)" = exp {Z %%} , (3.32)

n>0 k>1

but a noncommutative version of the Newton formulas
nhn == hn—lpl + hn—2p2 + -+ Pn (333)

which are derived by taking the logarithmic derivative of (3.31) leads to
different noncommutative power-sums ¥ inductively defined by

1Sy = Sy 1 Wy + Sy oWy + - + . (3.34)

A bit of computation reveals then that

n—1
V,=R,—Ri,-1+Ri1p2—= Z(_l)le",nfkv (3.35)
k=0

which is analogous to the classical expression of p, as the alternating
sum of hook Schur functions. Therefore, in the descent algebra, W, cor-
reponds to Dynkin’s element, n6,.

The ®,, can also be expressed on the ribbon basis without much diffi-
culty, and one finds

(D=1
A

———R (3.36)
[1|=n (1(1)—1)

so that &, corresponds to ng,.
The case of Klyachko’s idempotent is even more interesting, but to
explain it, we shall need the (1 — g)-tranform, to be defined below.

3.8 The (1 — g)-transform

In its classical (commutative) version, the (1 — g)-transform ¥, is the
algebra endomorphism of Sym defined on the power sums by ¥, (p,) =
(1 —g") py. In A-ring notation, which is particularly convenient for deal-
ing with such transformations, it reads f(X) — f((1 —¢)X). One has
to pay attention to the abuse of notation in using the same minus sign
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for the A-ring and for scalars, though these operations are quite differ-
ent. That is, 9_; maps p, to 2p, if n is odd, and to O otherwise. Thus,
V_1(f(X)) = f((1—qg)X)4=—1 isnot the same as f((1+1)X) = f(2X).

In [46], a consistent definition of ¥,(F) = F((1 —q)A) has been
introduced as follows. One first defines the complete symmetric functions
S, ((1 — g)A) via their generating series [46, Definition 5.1]

o:((1 =q)A) = Zt"Sn((l —QA) =0 4 (A7 lo(A), (337

n>0
and then 1, is defined as the ring homomorphism such that
Vg (Sn) = Su((1 = @) A). (3.38)

It can then be shown [46, Theorem 4.17] that

F((I—q)A) =F(A)*xo((1-q)A). (3.39)
For generic g, ¥, is an automorphism, and its inverse is the 1/(1 — q)-
transform
A <~
o <—) = ]—[o—,qn(A). (3.40)
1- q n>0

Computing the image of S, one arrives at

A i
K,(q) = (q),S, (E> = Z gm DR, (A). (3.41)
[TI=n

Hence, Klyachko’s element nk, = K(w) is the specialization of this
expression at ¢ = w. This is puzzling: the commutative image of (3.41)
is a Hall-Littlewood function (Q’(l,,), precisely), and the specialization of
such functions at roots of unity are known. In this case, one gets the
power sum p, [52, Example 7, page 234].

3.9 Hopf algebras enter the scene

At this point, we can see that the commutative images of our three Lie
idempotents are the same: % Pr- The symmetric functions % pn have two
significant properties: (i) they are idempotent for the internal product,
and (ii) they are primitive elements for the coproduct of Sym.

One may therefore suspect that our Lie idempotents might be primitive
elements of Sym. That this is true can be verified directly for each of
them, but we have the following much stronger result [46]. Let us say
that an element e of an algebra is quasi-idempotent if e* = ¢ - e for some
(possibly 0) scalar c.
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Theorem 3.2. Let F = a(w) be an element of Sym,, where w € X,,.

(1) The following assertions are equivalent:

1. 7 is a Lie quasi-idempotent,
2. F is a primitive element for A;
3. F belongs to the Lie algebra L (V) generated by the \V,,.

(i) Moreover, w is a Lie idempotent iff F — %‘-Dn is in the Lie ideal
[L(W), LOY)].

Thus, Lie idempotents are essentially the same thing as ‘“noncommuta-
tive power sums” (up to a factor n), and we shall from now on identify
both notions: a Lie idempotent in Sym, is a primitive element whose
commutative image is p,/n.

3.10 A one parameter family of Lie idempotents

Theorem 3.2 suggests a recipe for constructing new examples. Start from
a known family, e.g., Dynkin elements, and take its image by a bialgebra
automorphism, e.g., 9, ! The result is then automatically a sequence of
Lie idempotents. In the case under consideration, we get

1—g" A
n

l—¢q
0(1)—1
= > e (D gy, O
nose | n— 1
o —1],

that is, (3.29). The obtention of the closed form in the r.h.s. requires a
fair amount of calculation, but the fact that ¢,(¢g) is a Lie idempotent is
automatic. This being granted, it is not difficult to show that

1 1 1
n(0) = =W, gp(@) = —Ky(@) , gu(1) = - P, . (3.43)
n n n

Other Hopf automorphisms, like the noncommutative analogs of the
transformation

1—1¢

f(X)— f (l X) (3.44)
—4q

used in the theory of Macdonald polynomials, lead to other families of

Lie idempotents. It is not always possible, however, to obtain such a

clean closed form for them.
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3.11 The iterated g-bracketing and its diagonalization

There is another one-parameter family of Lie idempotents, for which no
closed expression is known, but which is of fundamental importance.

The reproducing kernel of o, S,((1 — g)A) is easily seen to be the
image under « of the iterated g-bracketing operator

a natural g-analog of Dynkin’s idempotent. For generic ¢, this is not an
idempotent at all, but an automorphism.

The most important property of @, is its diagonalization [46, Theo-
rem 5.14]: there is a unique family of Lie idempotents 7, (g) with the
property

Vq(ma(q)) = (1 — g")a(q). (3.46)

Moreover, ¥, is semi-simple, and its eigenvalues in Sym,,, the nth homo-
geneous component of Sym, are p; (1 — q) = [[;(1 — ¢*') where X runs
over the partitions of n. The projectors on the corresponding eigenspaces
are the maps F — F x !(q) [46, Section 3.4].

Here are the first values of 7, (q):

‘-IJZ ‘-IJ3 1 1—q
m(g) =V, mg)=—, m@)=— +=

—[qu,\ljl]7
_¥, 1 d-9@+D
@)=+ (I+4q+2q% il
1 (1-g¢)?
TR [[¥2, W1], W11,
U1 (1-9Bg*+2q+ 1)
NS(Q)—?—F% (2q3+q2+q+1) [Wy, ]
1 1-g)g+2)
0 2 +2g 41 Y
1 1— 2 4 3 7 2 7 2
(I—-¢)(“q"+79" +79 +2) [[Ws3, W], W]

60 24> +q+2)2¢° +q>+q+ 1)
I (A —9)*@4q*+9 +7)
120 (¢2+3g + D(2g% + 1 +29)
I (1—9)°Q2q° +2¢* + ¢* + 54> + 9q + 6)
120 243 —q2+q+3)2¢2+q+2) 23 +q>+q+1)

(W2, W11, W11, W]

[V, W], W]
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The idempotents 1, (q) have interesting specializations. The easiest one
isqg =1:

Yy
T, (1) = —. (3.47)
n
This has the strange consequence that, for any Lie idempotent F, €

Sym,,,

Fu(1—q)A) O,
im D=0 _ ¥ (3.48)
g—1 1—g" n

Next, we have, for w a primitive n-th root of unity,

() = Kk, . (3.49)

Again, a curious consequence is that
, A
lim (1 —¢g")F,| —— | = «u, (3.50)
g 1—gq
for any Lie idempotent F,, € Sym,,.
To describe the next specialization, we need to introduce a new family

of noncommutative power sums. The noncommutative power sums of the
third kind Z,, are defined by

(37) (T
0/(A) =exp(Z;t) exp 7t ... €Xp 71‘ ) (3.51)

The Fer-Zassenhauss formula (cf. [70]) shows that every Z, is a Lie ele-
ment. It is also clear that the commutative image of Z,, is p,.
The first values of Z,, are

1
Zl=‘1’1,Zz=‘112,Z3=‘I’3+§[‘1’2,‘111],
1 1
Z4=\I’4+§[‘1’3,‘1’1]+8[[‘112,‘1"1],‘111],
1 1 1
Zs = Vs + 7 [Wy, W] + 3 (W3, Ws] + Iz [[W3, W], W]
7 1
— — [¥,, [W,, ¥ — [[[¥s, ¥q], W], Pq].
24[2[2 1]]+24[[[2 11, Wi, Wil

Then, we have [19,46]
Zy
7,0) = —. (3.52)
n
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3.12 Noncommutative symmetric functions and mould calculus

Recall that a mould, in the sense of Ecalle [22], is “a function of a vari-
able number of variables”, that is, a family of coefficients M, 4. ...
indexed by finite sequences of elements of some set 2. We shall see that
noncommutative symmetric functions provide us with interesting exam-
ples of moulds, €2 being here the set of positive integers, and with good
illustrations of the basic notions of mould calculus.

Recall that by definition, Sym is a graded free associative algebra, with
exactly one generator in each degree. We have seen several sequences of
generators of special importance, some being composed of primitive ele-
ments, other being sequences of divided powers, so that their generating
series is grouplike.

Each pair of such sequences (U,), (V,) defines two moulds, whose
coefficients express the expansions of the V,, on the U’, and vice-versa.
Ecalle’s four fundamental symmetries reflect the four possible combina-
tions of the primitive or grouplike characteristics.

If we denote by L the (completed) primitive Lie algebra of Sym and
by G = exp L the associated multiplicative group, we have the following
table

L — L | Alternal
L — G | Symmetral
g — L | Alternel
G — G | Symmetrel

The characterization of alternal moulds in terms of shuffles is equivalent
to Ree’s theorem (cf. [64]): the orthogonal of the free Lie algebra in the
dual of the free associative algebra is spanned by proper shuffles.

A mould can also be interpreted as a nonlinear operator, mapping the
formal series U = ), U, to the formal series V. The composition of
moulds is then the usual composition of the corresponding operators.
Since the relationship between two sequences of generators of the same
type (divided powers or grouplike) can always be written in the form

Vi(A) = Uy(XA) (or V(1) =U(@) *01(XA)), (3.53)
where X is a virtual alphabet (commutative and ordered, i.e., a special-
ization of QSym), the composition of alternal or symmetrel moulds can
also be expressed by means of the internal product, as

W, (A) = Vo(XA) = U,(XYA) = U,  01(XA) x 01 (YA)  (3.54)

(see [46]).
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3.12.1 S, and A,: symmetrel The simplest example just gives the co-
efficients of the inverse of a generic series regarded as A_;(A). Itis a
symmetrel mould:

Se=Y_ fih,  fr=(=D)"", (3.55)

IFn
3.12.2 S and V¥: symmetral/alternel The mould

1
_ 3,
Ji iy i) (i .. i) (3.56)

gives the expression of S, over W!:

S, = Z Fwl (3.57)

IEn

If we define the series ¥ (¢) by

vy =)y "'y, (3.58)

n>1

we have o’(t) = o (¢) ¥ (¢), and the above mould expresses the solution
of the differential equation in terms of iterated integrals

o(1) :1+/df11ﬁ(f1)+/ dﬁ/ dt Y ()Y (1)
0 0 0

+/dt1/ld12/ dis Y ()Y (L)Y (1) + - - (3.59)
0 0 0

=T exp {/tlp(s)ds},
0

or as Dyson’s T-exponential.
Similarly, the relation between A, and W is obtained by solving

M) = =y (@)A(), (3.60)

which yields
Ay =) (=D o, (3.61)

IEn

where I = (i, ..., 02, i1).

Interestingly, such expressions occur in the application of mould cal-
culus to the linearization of non-resonant vector fields (here in the no-so-
exciting one dimensional case, but the generalization is easy).
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Here is how it goes’. Consider the differential equation

dx =u(x) =x + Z Upx"t (3.62)

n>1

We are looking for a formal diffeomorphism

P =x+ ) dux", (3.63)

n>1
tangent to the identity, such that
y=¢(x) satisfies 9,y =y. (3.64)

That is, we want to conjugate the vector field u(x) to its linear part. In
one dimension, the problem is trivial, but the approach by mould calculus
sketched below will work in arbitrary dimensions.
Instead of looking for ¢, one can try to compute the substitution auto-
morphism
F: A(x) — A(p(x)). (3.65)

From Taylor’s formula, we see that F' can be written as a series of differ-
ential operators

F=>"F, (3.66)

n>0

where Fj is the identity map, and F), shifts degrees by n, thatis, F,(x™) =
m+n
CumX™ T
Obviously, the differential equation (3.62) can be written as

dx = (BO +y B,,) x = Bx, (3.67)

n>1

where By = x9, and B, = u,x"'9,.
The trick consists in looking for F' in the form

F=Id+ Y M, ;B - B,=)Y MB (3.68)
TR A I

The B, being derivations, the condition that ' be an automorphism is
that the mould M; be symmetral.

7 I am indebted to Frédéric Menous for these explanations.
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The conjugation equation reads
0,y =¢'(x)3x = ¢ (x)u(x) =y = ¢(x), ie., BFx = FByx. (3.69)
One can solve the operator equation
BF = FB, (3.70)
by remarking that
[Bo. Bi, -+ Bi,] = (iy+ - +i,)B". (3.71)
Then, Equation (3.70) can be written

[By, F]=—-CF, C= Z B,. (3.72)

n>1

Introducing a homogeneity variable and setting

F(1) =Zm" and C(z):Zan"*‘ (3.73)

n>0 n>1
we can finally recast (3.70) as
F'(t) = —C(1)F (1), (3.74)

which is exactly (3.60), with F(¢) in the role of A(¢) and C(¢) in the role
of ¥ (¢). So the required mould M; is given by (3.61), which is indeed
symmetral by our previous considerations.

3.12.3 An alternal mould: the Magnus expansion The expansion of ¥,
in the basis (®X) is given by

0(K) p
1 (UK)—1 d
V=) [ =D =N | -2 @)

Ki=n Li=1 i—1 L(K)!m(K)
where w(K) = k; - - - k.. Using the symbolic notation

(@, - @;, F} =ad ®;,ad @;, - - - ad @, (F)

(3.76)
= [®;, [Py, [...[Di,, F]...]]]

and the classical identity

ebe =3 (a(’lﬁ)n b={e, b}, (3.77)

n>0



243

we obtain
| — e ®®

o)

-
w(r>=z( ) {cb(z)”,d(r)}:{

2+ 1)) @ (r)} 3.78)

which by inversion gives the Magnus formula:

D (1) }

B,
<I><r>—{ T en VO =) S@de@) v (79

n>0

the B, being the Bernoulli numbers (see [36] and [46] for two diffferent
derivations of these identities).

3.12.4 Another alternal mould: the continuous BCH expansion The ex-
pansion of ®(¢) in the basis (W) is given by the series

®(1)

_1)d(@) -1 3.80
= /dll / dt, ( i (d( )> w(to(r)) T w(to(l)) . ( )
UGS

r>1

Thus, the coefficient of W/ = W; ---¥; in the expansion of ®, is equal

to
1 tr_1 (=@ /r — 1 - |
n| dy--- an, Yy ——— Aol (3.81)
/0 ! /0 Z r <d(0)> o) " oy

oeS,

It is worth observing that this expansion, together with a simple expres-
sion of W, in terms of the dendriform operations of FQSym, recently led
Ebrahimi-Fard, Manchon, and Patras [21], to an explicit solution of the
Bogoliubov recursion for renormalization in Quantum Field Theory.

3.12.5 Moulds related to the Fer-Zassenhaus expansion Recall that the
noncommutative power sums of the third kind Z,, are defined by [46]

Zy , Z,
0/(A) =exp(Z;t) exp Tt ... exp 71‘ (3.82)

This also defines interesting alternal moulds. There is no known expres-
sion for Z, on the W/, but Goldberg’s explicit formula (see [64]) for the
Hausdorff series gives the decomposition of ®,, on the basis Z'.
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3.12.6 A one-parameter family We have seen that

—1)d@ d(0)+1
on(q) = % Z %qmaj(")( o (3.83)
- [d(o)]

is a Lie idempotent. Define a nonlinear operator i () — E,[h(t)], where
h(t) = anl Hntn_l by

Elh)] =) c/(q)H". (3.84)

1

Then, )
E\[h(t)] = exp/ h(s)ds (3.85)
0

while E is Dyson’s chronological exponential

Eolh(t)] = Texp/ h(s)ds
0 (3.86)

t t 131
=l+/ dtlh(ﬁ)—i-f dt1/ dvh(t)h(t) + - --
0 0 0

Thus, we interpolate between the chronological exponential and the true
exponential.

3.12.7 Another one-parameter family Recall that there is a unique se-
quence 7, (q) of Lie idempotents which are left and right eigenvectors of
o1((1 — q) A) for the internal product:

o1(1 —q)A) *m,(q) = 7u(q) x 01 (1 — ) A) = (1 — q")m,(q) (3.87)
and that these elements have the specializations
v, 1 1
(1) = —, 1, (8) = =K, (§), m,(0) = —Z,. (3.88)
n n n

In particular, the associated alternal moulds provide an interpolation be-
tween Dyson’s T-exponential and the Fer-Zassenhaus expansion.

3.13 Noncommutative symmetric functions and alien calculus

There is also a rather surprising occurence of Sym in the theory of resur-
gent functions [22-24]8.

8 The content of this section is the result of discussions with Frédéric Menous and David Sauzin.
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The algebra RESUR(R™//N, int.) of resurgent functions on R with
singularities at positive integers is defined as the space of functions ¢
which (i) are defined and holomorphic on (0, 1), (ii) are analytically con-
tinuable along any path that follows R* and dodges any point of N* to the
left or to the right, without ever going back, and (iii) all determinations
are locally integrable on R*.

It can be shown that this is a convolution algebra.

A sequence € = (&1, ..., &,—1) € {&£}"~! encodes a path like this one

o ¥ - - ¥ - I ¥ ¢
Figure 3.1.

and defines an operator D,, on RESUR(R*//N, int.) by

N

Deap = @°F (L 4 1(g0)) — §°7 (£ + I(0)). (3.89)

Here, I[(c¢e) = n is the length of the sequence (e1,...,&,_1, ), e+ =
(¢1,..., 61, +D) and e— = (eq, ..., €41, —1).
The composition of such operators is given by

Daono = Db+ao - Db—ao (390)

which is, up to a sign, the product formula for noncommutative ribbon
Schur functions

Ri-R;=Ryj+ Ry (3.91)
where I - J = (iy,...,0, j1,...,jsyand I > J = (@y,...,0i_1,0, +
Jis 2, -+, js) (note that this formula is fairly obvious from the interpre-

tation in terms of words).
The signs can be taken into account, and if we denote by ALIEN the
algebra spanned by the D,,, we have a natural isomorphism of algebras

ALIEN —> Sym (3.92)

which in turn is also an isomophism of Hopf algebras, for the Hopf struc-
ture introduced by Ecalle on ALIEN. It is given by

Dg. <> E1... 8,1_1R8 (393)

where the ribbon Schur function R, is obtained by reading backwards the
sequence £+:

_l’_
—[+[+][+

¢+ =+—-——+++—+ — R.= SIES ENCET)
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Under this isomorphism®,
At =D; 4.« S,
Ay =—D__. o (=1)'A,

1g! 1
A=Y _ P’ po o,
et (p+q+D! n

(3.95)

Given these identifications, it is not so surprising that ALIEN can be
given Hopf algebra structure, for which A™ and A~ are grouplike, and A
primitive. However, the analytical definition of the coproduct is not triv-
ial [22]. Grouplike elements are the alien automorphisms, and primitives
are the alien derivations.

Thus, alien derivations correspond, via the isomorphism with Sym, to
Lie idempotents in descent algebras. Nontrivial examples are known on
both sides. For example, alien derivations from the Catalan family [25]:

Dam, = Y ca‘ D, (3.96)
l(c@)=n
where
2n)! (3.97)
ca, = ——————, .

nl(n + 1)!
e=(e1,..., &) =" (F)*(X)?... ()" (n+...+n,=n), (3.98)
ca® = ca,, cay, ...Ca,,. (3.99)

For example,
Damy = SRs — 5Ri111 —2R13 + 2Ry — 2R31 + 2R 112> — Ry + Ryay.

The corresponding Lie idempotents were not known, and up to now, no
natural way to prove their primitivity in Sym is known either.

On another hand, one may ask whether there is any application in alien
calculus of the g-Solomon idempotent or of the other non trivial examples
already presented.

4 Permutations and free quasi-symmetric functions
4.1 Free quasi-symmetric functions

To go further, we need larger algebras. The simplest one is based on per-
mutations. It is large enough to contain algebras based on binary trees or

9 The symbols A here have nothing to do with the coproduct!
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on Young tableaux. To accomodate other kinds of trees, one can imitate
its construction, starting from special words generalizing permutations.

The algebra of permutations has been first investigated by Reutenauer
[64], as a the convolution algebra of graded G L(V)-endomorphisms of
a tensor algebra 7' (V). Its Hopf algebra structure has been explicited
in [54].

There is however a more direct and elementary approach [16]. Recall
that our noncommutative ribbon Schur function R; has two interpreta-
tions:

(i) as the sum of words of shape I in the free associative algebra, and
(ii) as the sum of permutations of shape I in the group algebra of the
symmetric group.

So, one may ask whether is is possible to associate with each word of
shape I a permutation of shape I, so as to reconcile both approaches, and
interpret each permutation as a sum of words.

This is indeed possible, and the solution is given by the classical stan-
dardization process, familiar in combinatorics and in computer science.
The standardized word Std(w) of a word w € A* is the permutation ob-
tained by iteratively scanning w from left to right, and labelling 1, 2, . ..
the occurrences of its smallest letter, then numbering the occurrences of
the next one, and so on. Alternatively, c = Std(w)~! can be charac-
terized as the unique permutation of minimal length such that wo is a
nondecreasing word. For example, Std(bbacab) = 341625.

Obviously, std(w) has the same descents as w. We can now define
polynomials

G,(A):= Y  w. 4.1)

std(w)=0o

It is not hard to check that the linear span of these polynomials is a sub-
algebra, denoted by FQSym(A), an acronym for Free Quasi-Symmetric
functions.

Since the definition of the G,(A) involves only a totally ordered al-
phabet A, we can apply it to an ordinal sum A 4 B, and as in the case
of Sym, this defines a coproduct if we assume that A commutes with
B. Clearly, this coproduct is coassociative and multiplicative, so that we
have a graded (and connected) bialgebra, hence again a Hopf algebra. By
definition,

Ri(A) = Y Go(4) 4.2)

C(o)=I

so that Sym embeds into FQSym as a Hopf subalgebra.
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It is also easy to check that FQSym is self-dual. If we set F, = G-
and (F,, G;) = 6,.,then (FG, H) = (F ® G, AH).

The graded dual of Sym is the (commutative) algebra QSym of quasi-
symmetric functions (cf. [36,37,54]). Hence, we have a surjective homo-
morphism FQSym* — QSym. Its description is particularly simple: it
consists in replacing our noncommuting variables @; by commuting ones
x;. Then, F, (X) depends only on the descent composition / = C (o), and
this can be taken as a definition of the quasi-symmetric function F; [32].

One can embed many combinatorial Hopf algebras into FQSym, by
classifying permutations according to various features (in the case of
Sym, the feature was the descent set). For example, one can build a Hopf
algebra of standard Young tableaux by means of the Robinson-Schensted
correspondence [61]. When interpreted in FQSym, this construction
proves in one stroke the famous Littlewood-Richardson rule for the multi-
plication of Schur functions [16]. Replacing standard tableaux by binary
trees and the Robinson-Schensted insertion by the binary search tree in-
sertion, familiar to computer scientists, one arrives [38] at the Loday-
Ronco Hopf algebra of binary trees [49].

4.2 From permutations to binary trees

The original construction of Loday and Ronco, motivated by operadic
considerations, was based on the notion of decreasing tree of a permuta-
tion.

The decreasing tree 7 (o) of a permutation (of some set of integers, not
necessarily {1, ..., n}), is defined as follows. If o = (i), the tree consists
of a unique vertex labelled i. Otherwise, if n is the greatest letter of o,
write as a word 0 = « - n - v. Then 7 (o) has a root labelled n, 7 (&) as
left subtree and 7 (B) as right subtree. For example,

4375612 — T . 1.
13 5612 47 ~6
Y /N
3 5 12
= T = T(437562)
1 6
< 0
3 5 2
5
1
Now, define
Pr= ) G, 4.3)
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and
PBT = @ KP;. (4.4)

As the reader may have guessed, PBT is a Hopf subalgebra of FQSym. In
the operadic language, it is the free dendriform algebra on one generator,
and it is precisely for this reason that Loday and Ronco constructed it.

But other questions can lead to the same algebra. We have already
mentioned the combinatorics of binary search trees, we shall now see
how it arises from a “formal Dyson-Schwinger equation”. Other com-
binatorial Hopf algebras can be obtained by similar considerations, see
in particular [27], where continuous families interpolating between sym-
metric functions and the Faa di Bruno Hopf algebra (and their noncom-
mutative versions) are found.

4.3 Trees from functional equations

Consider the functional equation
x=a+ B(x,x) 4.5)

where x lives in some graded associative algebra, and B is a bilinear map
such that deg B(x, y) > deg(x) + deg(y). It can be (formally) solved by
iterated substitution

x=a+ B(a,a)+ B(B(a,a),a)+ B(a, B(a,a)) +---

so that its unique solution is

x = Z Br(a) (4.6)

T: Complete Binary Tree
For example, x(t) = i is the unique solution of

D2 0 =1 4.7
—_— =X, X = .
dt

This is equivalent to the fixed point problem

x=1 +/ x2(s)ds = 1 + B(x, x) (4.8)
0
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where .
B(x,y) :=/ x(s)y(s)ds 4.9)
0

The terms in the tree expansion look like

which yields Br(1) = %. The general expression is:

Br() =" [

ocT’

1
HL(e)

(4.10)

where T’ denotes the incomplete tree obtained by removing the leaves of
T, and H L(e) is the size of the subtree rooted at e. For example,

e = l__[ # = i
. /<\( @/(D\' b
D/) (4.11)

Now, it is known that the number of permutations whose decreasing tree
has shape T is n!Br(1) [44]. In FQSym, we have

B . (1)

Gi=)> G, (4.12)
eSS,
and
tn
¢: G, —> - foro € G, 4.13)
n!
is a homomorphism of algebras. Hence, on can write
1
x(t) = = ¢ (1-Gn7'). (4.14)

Actually, one can find a derivation 0 of FQSym such that X = (1 —

G,) ! satisfies 91X = X2. Moreover, there is a bilinear map B such that

0B(f, g) = fg. Hence, X is the unique solution of X = 1 + B(X, X).
For this equation, the tree expansion produces

Br(1) = Pr, (4.15)
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the Loday-Ronco basis. This approach may motivate the introduction of
Pr. Moreover, it can lead to new combinatorial results by using more so-
phisticated homomorphisms. In particular, one can recover the Bjorner-
Wachs g-analogues of Knuth’s formula from x = 1 + B, (x, x), with

t
Bx.y) = [ x(5) y(as)dys (4.16)
0
(the Jackson g-integral) [40], and even obtain (g, t)-analogues [59].

S Parking functions and other algebras
5.1 Special words and normalization algorithms

A whole class of combinatorial Hopf algebras whose operations are usu-
ally described in terms of some elaborate surgery on combinatorial objets
are in fact just subalgebras of K(A):

e Sym: R;(A) is the sum of all words with the same descent set.

e FQSym: G, (A) is the sum of all words with the same standardiza-
tion.

e PBT: P;(A) is the sum of all words with the same binary search tree.

To these examples, one can add:

e WQSym: M, (A) is the sum of all words with the same packing.

e It contains the free tridendriform algebra one one generator, based on
sums of words with the same plane tree.

e PQSym: based on parking functions (sum of all words with the same
parkization).

In all cases, the product is the ordinary product of polynomials, and the
coproduct is A + B. Basic information on WQSym can be found in [40].
We shall conclude with a brief presentation of PQSym.

5.2 A Hopf algebra on parking functions

A parking function of length n is a word over w over [1, n] such that in
the sorted word w', the ith letter is < i.

For example w = 52321 is a parking function since w' = 12235, but
52521 is not. Again, this notion comes from computer science.

To replace standardization, one can define a parkization algorithm: sort
w, shift the smallest letter if it is not 1, then if necessary, shift the second
smallest letter of a minimal amount, and so on. Then put each letter back
in its original place.
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For example, with w = (5,7,3,3,13,1, 10, 10, 4), we have w! =
(1,3,3,4,5,7,10, 10, 13), p(w)" = (1,2,2,4,5,6,7,7,9), and finally
p(w)=4,6,2,2,9,1,7,7, 3).

The sums of words having the same parkization

G, = Z w (5.1

p(w)=a

span a subalgebra of the free associative algebra, which can once more
be turned into a Hopf algebra by the A + B trick [57]. This is PQSym,
the Hopf algebra of Parking Quasi-Symmetric functions. It has many
interesting quotients and subalgebras.

The number of parking functions of length n is PF, = (n + 1)"~'.
Bijections with trees are known, and parking functions are related to the
combinatorics of Lagrange inversion. They also explain the noncommu-
tative Lagrange inversion, which can be interpreted as the antipode of the
Hopf algebra of noncommutative formal diffeomorphisms (noncommu-
tative version of the Faa di Bruno algebra [10]).

5.3 A Catalan algebra related to quasi-symmetric functions

As our last example, we shall see a cocommutative Hopf algebra based
on a Catalan set, whose dual refines quasi-symmetric functions.

It is somewhat natural to group the parking functions a according the
the sorted word = = a', which occurs in their definition, and also in the
noncommutative Lagrange inversion formula. Then, the sums

P” = Z G, 5.2)

alt=nr

span a Hopf subalgebra CQSym of PQSym. We have dimCQSym, = ¢,
(Catalan numbers 1,1,2,5,14). Moreover,P” is a multiplicative basis:
P!1PI233 — PII3455 (shifted concatenation). It is free over a Catalan set
{1, 11,111, 112, ...} (nondecreasing parking functions with an extra 1
on the left). It is cocommutative. So, by the Cartier-Milnor-Moore the-
orem, it must be isomorphic to the Grossman-Larson algebra of ordered
trees [34]. However, it has a very different definition (no trees at all!).
This definition reveals an interesting property of its (commutative) dual:
CQSym* contains QSym in a natural way

Recall the monomial symmetric functions m; = Xx*. They can be cut
into pieces

=Y M, M= Y b 63

Iv=x Ji<jp<..<Jr
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The M; are the monomial quasi-symmetric functions [37].
Let M, be the dual basis of P™. It can be realized by polynomials:

Me= ) w (5:4)

p(w)=m

where w means commutative image (¢; — x;). For example,

Z 3
M]]] = X;
i
_ 2
M = E X; Xit1

1
Mz = 2
113 = X X

i,j;j=i+2
} : 2

M122 = x,'xj
i,jii<j

M123 = E X,-ijk.
i,jkii<j<k

Then,
M, = § M;, (5.5)

t(r)=I

where ¢ (7) is the composition obtained by counting the occurences of
the different letters of 7. For example,

Mz = My, My =M+ Mz, Mp= M.
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